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Abstract 

Identifying accurate centers of vortices of fluid flow is one of the accuracy measures for 

computational methods. After verifying the accuracy of the 2D adaptive mesh refinement 

(AMR) method by the benchmarks of 2D lid-driven cavity flows, this paper shows the accuracy 

verification by the benchmarks of 2D backward facing step flows. The AMR method refines a 

mesh using the numerical solutions of the Navier-Stokes equations calculated on the mesh by 

an open source software Navier2D which implemented a vertex centered finite volume method 

(FVM) using the median dual mesh to form control volumes about each vertex. The accuracy 

of the refined meshes is shown by the centers of vortices given in the benchmarks being held 

within the twice refined cells. The accuracy is also shown by the comparison between vortex 

center locations calculated from the linearly interpolated numerical solutions and those obtained 

in the benchmark. The AMR method is proposed based on the qualitative theory of differential 

equations, and it can be applied to refine a mesh as many times as required and used to seek 

accurate numerical solutions of the mathematical models including the continuity equation for 

incompressible fluid or steady-state fluid flow with low computational cost. 
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Introduction 

The AMR is a computational approach to increase the accuracy of numerical solutions of 

differential equations with low computational cost. A big number of papers on AMRs and their 

applications have been published [1]. Some common AMR methods take local truncation errors 

as a refinement criterion (e.g. Almgren et al. [2]). Other common AMR methods include h-

refinement (e.g. Lohner [3]), p-refinement (e.g. Bell et al. [4]) or r-refinement (e.g. Miller et al. 

[5]), and different combinations of the above (e.g. Capon et al. [6]). These AMR methods aim 

to obtain a balance between the accuracy and the computational cost in finding numerical 

solutions of differential equations.  

 

We introduced AMR methods for calculating accurate 2D (Li [7]) and 3D numerical velocity 

fields (Li [8]) based on a theory derived from Theorem 1.14 in the book by Ye et al. [9]. The 

theorem states that a 2D vector field has no one sided limit cycles if it satisfies the continuity 

equation. In other words, all trajectories of a vector field are closed curves in bounded domains 

if the vector field satisfies the continuity equation. A vector field which satisfies continuity 

equation is called divergence free field. The benchmarks (e.g. Erturk et al. [10]) confirm the 

theorem numerically. The AMR method refines a mesh based on the velocity fields calculated 

numerically on it. The refinement can be performed as many times as required. The more the 



refinements, the less the area on which the linearly interpolated velocity field is not equivalent 

to a divergence free vector field is. 

 

Locating singular points, and drawing accurate asymptotic lines (planes) and closed streamlines 

of a calculated velocity field are commonly used to measure the accuracy of computational 

methods. We demonstrated the accuracy of the AMR methods using examples of analytical 

velocity fields by comparing the exact results from the analytical velocity fields with the 

corresponding results from the numerical velocity fields that take vectors of the analytical 

velocity fields at nodes of the meshes: the singular points and asymptotic lines for 2D [11]; the 

singular points and asymptotic plane for 3D [12]; and closed streamlines (Li [11]-[12]). We 

also demonstrated the accuracy of the 2D AMR method using numerical velocity fields of 2D 

steady incompressible lid-driven cavity flows (Lal et al. [13]). We obtained numerical velocity 

fields of the Navier-Stokes equations with the boundary conditions using a second order 

collocated FVM (GSFV) with a splitting method for time discretization (Faure et al. [14]). We 

applied the AMR method once to the initial meshes based on the numerical velocity fields 

calculated by GSFV on them, and estimated the singular point locations using the centers of 

refined cells in the corresponding vortex regions. The estimated locations are accurate by 

comparing with the corresponding benchmarks. 

 

Mesh refinement is necessary for calculating accurate numerical solutions since different levels 

of vortices requires different densities of mesh nodes (Li [15]). The same conclusion was 

obtained by Armaly et al. [16]. We conducted a study starting from relatively coarse initial 

meshes and demonstrating that the centers of vortices were held within the refined cells of once 

refined meshes (Li et al. [17]). We also verified the accuracy of the AMR method by applying 

the method twice to the initial meshes. Li et al. [1] applied the AMR method twice to the initial 

meshes and the twice refined meshes show that centres of the vortices are held within the twice 

refined cells. Li [18] considered flow past a square cylinder over symmetrical domain but the 

streamlines drawn on the initial mesh are not symmetrical. The symmetry of streamlines on the 

refined meshes are improved significantly after applying the AMR method once on the initial 

meshes.  

 

This paper demonstrates the accuracy of the 2D AMR method proposed by Li [7] using the 

benchmarks for 2D backward facing step flows. The backward facing step flows have features 

of separation, reattachment, recirculation and shear layers in the flow region. We conduct study 

with constant boundary and initial conditions at the inlet channel and apply the AMR method 

twice to the initial meshes. We compare the profiles of the exact horizontal component of the 

velocity field and the profiles obtained numerically after the flow is well developed at the step 

[19]. Finally we show the differences between calculated locations of all detachment, 

reattachment and centres of vortices and the corresponding benchmarks [19].    

Governing equations 

This paper considers the 2D incompressible or steady backward facing step flow. The governing 

equations are as follows: 

∇ ∙ 𝑽 = 0 
𝜕𝑽

𝜕𝑡
+ 𝑽 ∙ ∇𝑽 =

1

𝜌
∇𝑃 + 𝜈∇2𝑽 

where 𝑽 = (𝑢, 𝑣) is the velocity field, 𝜈 is the kinematic viscosity, and 𝑃 is the pressure. The 

governing equations are implemented in MATLAB, named Navier2D by Darren Engwirda 

[20], and it is used to calculate the velocity field 𝑽 on triangular meshes numerically. 



 

The computational domain is illustrated in the top figure of Figure 1. The height of the step is 

designated as ℎ . We choose the length of the upstream channel as 250ℎ  since the initial 

conditions for both velocity components in this study are constants at the inlet so the 𝑢 profile 

can be developed well enough for long channel.  The length of the downstream channels of the 

step is 50ℎ.  

 

 

 

 

 

 

 

 

 

 

Figure 1. Computational domain and boundary conditions 

 

The boundary conditions and the locations of detachments and reattachment are shown in the 

bottom figure of Figure 1. The detachments and reattachments 𝑦0, 𝑥0, 𝑥1, 𝑥2 and 𝑥3 are shown 

in blue, red, cyan, magenta and green dots in the figures in Section 3. The locations of centers 

of vortices are shown by *. The computational domain is normalized using $h=1$. The outputs 

in terms of detachments, reattachments and locations of vortices are also normalized and 

compared with the results in Erturk [19]. 

Review of AMR Method 

This section summarizes the 2D AMR method proposed by Li [7] based on the theory 

developed from qualitative theory of differential equations [9]. 

 

Assume that 𝑽𝑙 = 𝑨𝑿 + 𝒃 is a vector field on a triangle obtained by linearly interpolating the 

vectors at the three vertexes of the triangle, where 

𝑨 = (
𝑎11 𝑎12

𝑎21 𝑎22
) 

is a matrix of constants, 

𝒃 = (
𝑏′1
𝑏′2

) 

is a vector of constants and  
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𝑢 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝑣 = 0 



𝑿 = (
𝑥1

𝑥2
) 

is a vector of spatial variables. The continuity equation for 𝑽𝑙  and a steady flow or an 

incompressible fluid is 

∇ ∙ 𝑽𝑙 = 𝑡𝑟𝑎𝑐𝑒(𝑨) = 0.     (1) 

 

Let 𝑓 be a scalar function depending on spatial variables only. Substituting 𝑓𝑽𝑙 into the vector 

field 𝑽  of the continuity equation ∇ ∙ 𝑽 = 0  obtains a differential equation. Solving the 

differential equation for 𝑓 for the four different Jacobian forms of the coefficient matrix 𝑨 gives 

the expressions of 𝑓 as shown in Table 1. In Table 1, (𝑦1, 𝑦2)𝑇 = 𝑽−1𝑿 and (𝑏1, 𝑏2)𝑇 = 𝑽−1𝒃 

 where 𝑽 satisfies 𝑨𝑽 = 𝑽𝑱 and 𝑱 is one of the Jacobian matrices in Table 1. Vectors 𝑽𝑙 and 

𝑓𝑽𝑙 produce same streamlines if 𝑓 ≠ 0, ∞ (refer to Section 2.2 of [11]). The introduction of 

functions 𝑓 reduces the number of refined cells in refined meshes dramatically [21]. 

 

Table 1. Jacobean matrices and corresponding expressions of 𝑓 (𝐶 ≠ 0) 
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The conditions (MC)(MC is the abbreviation of mass conservation) are the functions 𝑓 in Table 

1 not equaling zero or infinity at any point on the triangular domains. 

 

We review the algorithm of AMR method for quadrilateral meshes [17]. The algorithm can 

also be used to a triangular mesh after a subdivision scheme for a triangle is defined. We 

describe the algorithm of AMR method into two parts:  

 cell refinement algorithm - describes how to use the conditions (MC) to refine a 

quadrilateral cell in a given mesh.  

 the algorithm of AMR method. 

 

The AMR is an infinite process. To avoid an infinite refinement of a mesh, we choose a pre-

specified threshold number of refinements 𝑇  based on the accuracy requirements. The 

algorithm of cell refinement is:  



Step 1 Subdivide a quadrilateral cell into two triangles. If 𝑽𝑙 satisfies Eq. (1) on both 

triangles, no refinement for the cell is required. Otherwise, go to Step 2; 

 

Step 2 Apply the conditions (MC) to both of the triangles. If the conditions (MC) are 

satisfied on both triangles, no refinement for the cell is required. Otherwise, we 

subdivide the cell into a number of small cells such that the lengths of all sides of the 

small cells are truly reduced (e.g. connecting the mid-points of opposite sides of a 

quadrilateral by line segments produces four small quadrilaterals and the lengths of the 

sides of the four small quadrilaterals are truly reduced). 

 

The algorithm of AMR method is:  

Step 1 Evaluate the numerical velocity field for a given initial mesh; 

 

Step 2 Refine all cells of the initial mesh one by one using the above algorithm of cell 

refinement; 

 

Step 3 Take the refined mesh as initial mesh and go to Step 1 until a satisfactory 

numerical velocity field is obtained or the threshold number 𝑇 is reached. 

 

In this paper, we subdivide a quadrilateral cell by connecting the mid-points of two opposite 

sides of a quadrilateral [1] and set 𝑇 = 2, that is, we subdivide the cells on which one of the 

MC conditions is satisfied at most twice. 

Accuracy Verifications by Comparison with Benchmarks 

The accuracy is examined by using numerical velocity fields with the residuals less than 10−8 

for both 𝑢 and 𝑣. The initial mesh has a step size of 0.1 in both 𝑥 and 𝑦 directions. The initial 

velocity field is 𝑢 = 𝑣 = 0. The accuracy of the AMR method depends fully on the accuracy 

of the numerical velocity fields calculated by Navier2D. The profiles of 𝑢 of the numerical 

velocity fields show the accuracies of the calculated fields (refer to Figs. 2, 3, 5, 6, 8, 9, 11, and 

12). The refined meshes show the accuracy of the AMR method. 

 

The Reynolds number is defined as 𝑅𝑒 =
𝑈𝐷

𝜐
 where 𝑈 is the inlet mean velocity or in other 

words two thirds of the maximum inlet horizontal component of the velocity field and the 𝐷 is 

the hydraulic diameter of the inlet channel which is equivalent to twice the inlet channel height 

ℎ [19]. However, as you will see, the Reynolds numbers 𝑅𝑒 are not same using the above two 

definitions for each of the cases considered in this section. Therefore, the 𝑅𝑒 in the following 

subsections are estimates. In this study, we make the maximum horizontal component of the 

numerical velocity fields at the step approximately 1.5 by choosing appropriate boundary 

condition at the inlet. We set different CFL numbers in Navier2D for different Reynolds 

numbers. The CFL condition is a necessary condition for convergence and stability of a 

numerical method. We choose suitable CFL numbers to obtain reliable numerical solutions. 

𝑅𝑒 = 100 

Figs. 2 and 3 show the comparisons between the profile of the horizontal component 𝑢 of the 

exact analytical velocity and the calculated ones on the initial and once refined meshes at the 

step. From these figures, we understand the differences between the exact 𝑅𝑒 and calculated 

ones. The difference between the profiles of analytical 𝑢 and the calculated one on the initial 

mesh is smaller than that on the once refined mesh. However, the profile on the once refined 

mesh has better agreement with the profile generated using 500 uniform cells on the inlet 



channel upstream of the step with length 20ℎ and width ℎ, and the analytical 𝑢 profile as the 

inlet boundary condition (Figure 3 [19]). The 𝑢 profiles for low Reynolds numbers are slightly 

different from the corresponding exact analytical profiles [19]. 

 

 

 

 

 

 

Figure 2.  Comparison of the profiles of 𝑢 at the step for 𝑅𝑒 = 100 between the current 

study and the analytical solutions on initial mesh 

 

 

 

 

 

 

Figure 3.  Comparison of the profiles of 𝑢 at the step for 𝑅𝑒 = 100 between the current 

study and the analytical solutions on once refined mesh 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.  Twice refined mesh for 𝑅𝑒 = 100 with locations of detachment, reattachments 

and vortex centre 

 

 

 



The once refined and twice refined meshes are shown in Figure 4. The locations of all 

detachment, reattachment and centers of vortices are held within the twice refined cells. 

𝑅𝑒 = 200 

The 𝑢 profiles for 𝑅𝑒 = 200 are shown in Figs. 5 and 6. They present similar patterns to those 

for 𝑅𝑒 = 100  in Figs. 2 and 3 but bigger differences between the analytical and calculated 𝑢 

profiles at the step for both cases.  

 

The locations of all detachment, reattachment and centers of vortices are held within the twice 

refined cells as shown in Figure 7. 

 

 

 

 

 

 

 

Figure 5.  Comparison of the profiles of 𝑢 at the step for 𝑅𝑒 = 200 between the current 

study and the analytical solutions on initial mesh 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.  Comparison of the profiles of 𝑢 at the step for 𝑅𝑒 = 100 between the current 

study and the analytical solutions on once refined mesh 

 

𝑅𝑒 = 400 

The 𝑢 profiles for 𝑅𝑒 = 400 are shown in Figs. 8 and 9. Once again, similar patterns to those 

for 𝑅𝑒 = 100 are obtained with even bigger differences between the analytical and calculated 

𝑢 profiles for both cases.  

 

The locations of all detachment, reattachment and centres of vortices below the middle line of 

the channel and 𝑥2 are held within the twice refined cells but the locations of 𝑥3 and the centre 

of vortex 𝑥2-𝑥3 are held within the once refined cells only as shown in Figure 10. Finer initial 

mesh or more accurate computational velocity field is required for 𝑅𝑒 = 400  from the 𝑢 

profiles. 

 

 



 

 

 

 

 

 

 

 

 

Figure 7.  Twice refined mesh for 𝑅𝑒 = 200 with locations of detachment, reattachments 

and vortex centre 

 

 

 

 

 

 

Figure 8.  Comparison of the profiles of 𝑢 at the step for 𝑅𝑒 = 400 between the current 

study and the analytical solutions on initial mesh 

 

 

 

 

 

 

 

 

 

 

 

Figure 9.  Comparison of the profiles of 𝑢 at the step for 𝑅𝑒 = 400 between the current 

study and the analytical solutions on once refined mesh 

 

 

 

 



 

 

 

 

 

 

 

 

 

Figure 10.  Twice refined mesh for 𝑅𝑒 = 400 with locations of detachment, 

reattachments and vortex centre 

𝑅𝑒 = 800 

Figs. 11 and 12 show the largest differences between the analytical and calculated 𝑢 profiles 

for all Reynolds numbers considered. The differences may be not acceptable in practice. Finer 

initial mesh or more accurate computational velocity field is required for better outcomes. 

 

 

 

 

 

 

 

 

 

Figure 11.  Comparison of the profiles of 𝑢 at the step for 𝑅𝑒 = 800 between the current 

study and the analytical solutions on initial mesh 

 

 

 

 

 

 

 

 

 

 

 

Figure 12.  Comparison of the profiles of 𝑢 at the step for 𝑅𝑒 = 800 between the current 

study and the analytical solutions on once refined mesh 

 

 

 



The locations of 𝑦0, 𝑥1, and the centre of primary vortex are held within the twice refined cells 

but 𝑥0 and center of vortex 𝑦0-𝑥0 are held within the once refined cells as shown in Figure 13. 

The locations of 𝑥2 and 𝑥3 are held within the twice refined cells but the center of vortex 𝑥2-𝑥3 

is held within a cell without any refinements as shown in Figure 14.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13.  Twice refined mesh for 𝑅𝑒 = 800 with locations of detachment, reattachment 

and vortex centre for 𝑦 in [0, 1] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 14.  Twice refined mesh for 𝑅𝑒 = 800 with locations of detachment, reattachment 

and vortex centre for 𝑦 in [1, 2] 

Estimated Locations of the Centres of Vortices 

Table 2 shows the coordinates of vortex centers from the benchmark [20] and the corresponding 

coordinates for 𝑅𝑒 = 100 , 200 , 400 , and 800  calculated from the linearly interpolated 

velocity fields 𝑽𝑙  on the initial and once refined meshes. The first row in the table are the 

 

 



estimated centres using initial mesh, the second row are the estimated centers using the once 

refined mesh and the last row are benchmarks for each category. There are a number of 

singularities around point (13.8705, 1.6494) in the MATLAB outputs for vortex 𝑥2-𝑥3 and case 

𝑅𝑒 = 800 on the once refined mesh with one example illustrated in Table 2 below. 

 

Table 2. Estimated locations of the centers of vortices 

 

 

 

 

 

 

 

 

 

 

 

 

Conclusions 

We applied the AMR method twice to the initial meshes based on the numerical solutions of 

2D backward facing step flow produced by Navier2D. The accuracy of the AMR method shown 

is sufficient for 𝑅𝑒 = 100 and 200, and is acceptable for 𝑅𝑒 = 400 and 800 based on the 

differences between the profiles of the horizontal component of the velocity fields at the step. 

The conclusion is that one setting for the domain, initial mesh and the residual error cannot 

achieve similar accurate numerical velocity fields for different Reynolds numbers. Therefore, 

the further research topics may include:  

 Use longer lengths of upstream and downstream channels of the step for bigger 

Reynolds numbers.  

 Use finer initial meshes when Reynolds number increases. 

 Calculate more accurate numerical velocity fields when Reynolds number increases.  
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