Calculation of the approximate upper bound of knockdown factors for
cylindrical shells based on the Willis-form finite element method

Yixiao Sun' and t*Zhihai Xiang*
!Department of Engineering Mechanics, Tsinghua University, China.

*Presenting author: xiangzhihai@mail.tsinghua.edu.cn
+Corresponding author: xiangzhihai@mail.tsinghua.edu.cn

Abstract

To meet the requirements of light-weight and economic efficiency for structures used in
aeronautical and aerospace engineering, thin-walled structures including shells are widely
adopted. As is known to all, buckling is one of the major issues for shells when evaluating
their load capacity. For cylindrical shells under axial compression, linear perturbation theory
gives a theoretical prediction for the value of critical compression stress [1]. However, it has
been confirmed by various researches that the experimental results are significantly lower
than the corresponding theoretical predictions, leading to the concept of knockdown factor,
namely the ratio of the actual buckling load over the predicted value. An empirical formula
established by NASA in 1965 has long been regarded as a lower bound of knockdown factors
with respect to different radius to thickness ratios [2]. The main aspect that results in this
severe difference is considered to be imperfections caused during manufacturing and loading
processes, and many researches in early years intended to reveal the impact of imperfections
[3]-[6]. This problem has lasted for nearly a hundred years, and many recent researches have
paid further attention to imperfections, as well as the new concept of energy barriers [2], [7]-
[11].

It has been proved that the Willis-form equations with displacement coupling terms explicitly
contain the pre-stress gradients [12], and have been verified by an experiment of rotational
spring [13]. Since the deformation process for buckling problems are geometrically nonlinear,
there may exist inhomogeneous pre-stresses in each incremental load step. In order to take the
gradient of pre-stresses into consideration, an updated Lagrangian finite element formulation
has been derived based on the Willis-form equations. The corresponding finite element code
has been incorporated into the Multiphysics Finite-element Analysis (MFA) programming
platform from Tsinghua University. When conducting finite element analysis to cylindrical
shells under axial compression with different radius to thickness ratios, it is found that the
buckling load obtained is generally lower than the conventional linear value, but still higher
than most existing test results. Thus, an approximate upper bound of knockdown factors has
been established, and may serve as a more precise reference at the designing stage. For a
certain quasi-perfect shell, the numerical result consists very well with the experimental result
without introducing imperfection into the finite element model in advance [14]. Conclusively,
it can be asserted that the pre-stress gradients have a significant impact on the buckling of
cylindrical shells, and further investigations for other shell buckling problems remain to be
continued in future studies.
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