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WELCOMEMESSAGE

Dear Distinguished Guests, Speakers, and Participants,

On behalf of the Organizing Committee, it is my distinct honor and privilege to welcome you
to the 17th International Conference on Computational Methods (ICCM2026), taking
place online as a virtual conference from August 16th to 19th, 2026.

ICCM continues its proud tradition as a premier global forum for academics, researchers, and
industry professionals to share cutting-edge research, numerical innovations, and practical
applications across computational engineering and the sciences.

We had initially planned to gather in person in the magnificent city of Istanbul, hosted by our
sponsor, Istanbul Aydin University, Faculty of Engineering. However, due to ongoing
regional conflicts and unrest surrounding Türkiye, the committee decided to convert
ICCM2026 into a fully virtual event. Although Türkiye itself remains entirely uninvolved in
these surrounding conflicts, the broader geopolitical circumstances introduced significant
travel challenges and safety considerations for our international attendees. Our top priority
remains the convenience, safety, and inclusive participation of our global community.

While we are unable to meet physically in Istanbul this year, the virtual format allows us to
connect seamlessly across time zones without geographical barriers. We are confident that
this online gathering will foster the same spirit of rigorous scientific debate, knowledge
exchange, and international collaboration that ICCM has championed for years.

We express our sincere gratitude to our sponsor, Istanbul Aydin University, Faculty of
Engineering, for their steadfast support during this transition. Special recognition and
heartfelt thanks go to our Honorary Chairman, Professor G.R. Liu (University of Cincinnati,
USA), whose vision and guidance continue to inspire the ICCM community. We also thank
all session chairs, reviewers, track organizers, and participants for their dedicated
contributions and flexibility.

Over the coming days, I encourage you to actively engage in the technical sessions, join the
digital Q&A discussions, and connect with colleagues old and new.

Thank you for your participation and support. I wish you all a successful, inspiring, and
rewarding conference.

Professor Cengiz Toklu
Conference Chairman
Istanbul Aydin University
Türkiye
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A Unified Mobile System for AI-Assisted Vehicle Inspection Booking and
Compliance Management in the UK

Thomas Pearson¹, and †*Sokyna Alqatawnah¹
1Department of Science and Digital, School of Computing, Bradford College, UK.

*Presenting author: s.alqatawnah@bradfordcollege.ac.uk

†Corresponding author: s.alqatawnah@bradfordcollege.ac.uk

Abstract

Annual Ministry of Transport (MOT) inspections are a legal requirement for vehicles over
three years old in the United Kingdom. Despite this, existing digital services supporting MOT
compliance and booking remain fragmented, offering limited functionality in terms of
comparison, personalisation, and user engagement. This paper presents MOT+, an
Android- based mobile application designed to unify MOT booking, automated reminders,
and garage comparison within a single platform. The system integrates AI- driven chatbot
support, location- based garage search, real- time MOT reminders with calendar
synchronisation, and gamification features aimed at improving user motivation and
engagement.

A mixed-methods evaluation was conducted. Quantitative findings indicate high perceived
usefulness of the chatbot (M = 4.2/5) and strong appreciation for automated MOT reminders
(M = 4.5/5), while gamification demonstrated a moderate positive effect on booking
motivation (M = 3.9/5). Qualitative feedback highlighted improved clarity of MOT- related
information and reduced reliance on complex government websites.

The results align with the Technology Acceptance Model and Self-Determination Theory,
suggesting that perceived ease of use, usefulness, and intrinsic motivation are key drivers of
adoption in AI- enabled public service applications. This study contributes practical insights
into the design of unified MOT platforms and extends existing work on chatbot integration
and gamification in mobile public services.

Keywords:MOT booking, chatbot adoption, gamification, mobile applications, Technology
Acceptance Model, user engagement.

Introduction

In the United Kingdom, vehicles over three years old are legally required to undergo an
annual Ministry of Transport (MOT) inspection to ensure roadworthiness and environmental
compliance [1]. Failure to maintain a valid MOT certificate can result in fines, penalty points,
and invalid insurance. Despite the importance of compliance, existing digital services
supporting MOT information and booking remain fragmented across government platforms
and private providers.
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The official GOV.UK MOT service provides authoritative information and reminder
functionality; however, its information- dense presentation and formal structure may reduce
accessibility for non- expert users. Prior research indicates that perceived ease of use plays a
critical role in digital service adoption, particularly in regulatory contexts [2][3]. Commercial
platforms such as Kwik Fit offer online booking capabilities but are restricted to affiliated
garages, limiting user choice and price comparison [4].

Recent advances in mobile computing and artificial intelligence offer opportunities to
improve compliance- related services through conversational interfaces, automation, and
user- centred design. Studies have shown that AI- driven chatbots can enhance accessibility
and reduce user effort in complex service environments [5][6]. Similarly, gamification
techniques have demonstrated positive effects on motivation and recurrent usage in mobile
applications [7][8].

This paper introduces MOT+, a unified mobile system designed to address usability,
accessibility, and engagement gaps in existing MOT services. The contributions of this paper
are threefold:

1. The design and implementation of a unified mobile system integrating MOT booking,
reminders, and AI assistance.

2. The application of gamification and conversational AI within a vehicle compliance
context.

3. An exploratory evaluation grounded in established technology acceptance and
motivational theories.

Related Work

Government- led digital services prioritise accuracy and regulatory compliance; however,
usability challenges are common due to complex navigation and formal presentation styles.
Prior work highlights that such characteristics can negatively affect user engagement and
adoption [2][3]. While GOV.UK provides reliable MOT data and reminders, its limited
interactivity and lack of booking comparison reduce consumer choice [1]. Commercial
services such as Kwik Fit improve convenience through online booking but restrict service
options to internal networks [4].

AI chatbots are increasingly adopted in public- facing and regulated service domains.
Research demonstrates that chatbots improve accessibility, reduce cognitive load, and
enhance service understanding when aligned with authoritative data sources [5].
Trustworthiness and reliability are particularly important in public sector applications, where
errors can have legal or safety implications [6].

Gamification strategies such as points, rewards, and progress indicators have been shown to
positively influence user engagement and repeat usage across mobile platforms [7][8].
Self-Determination Theory explains these effects by emphasising autonomy, competence, and
relatedness as drivers of intrinsic motivation [9].
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Theoretical Framework

The Technology Acceptance Model (TAM) proposes that perceived usefulness and perceived
ease of use are the primary determinants of technology adoption [2]. In MOT+, simplified
navigation, booking automation, and chatbot guidance directly target these constructs.

The Unified Theory of Acceptance and Use of Technology (UTAUT) extends TAM by
incorporating social influence and facilitating conditions as predictors of behavioural
intention [3]. MOT+ addresses facilitating conditions through integrated reminders, garage
comparison, and unified booking workflows.

Gamification features in MOT+ are grounded in Self-Determination Theory, which posits
that sustained engagement emerges when systems support autonomy, competence, and
relatedness [9]. Loyalty points and progress tracking in MOT+ aim to reinforce these
motivational dimensions.

Methodology

A mixed-methods research design was employed to support both system development and
evaluation. Mixed-methods approaches are particularly suitable for exploratory system
studies where user perception and behavioural intent must be captured alongside functional
performance.

Quantitative data were collected via structured questionnaires using five- point Likert scales to
measure perceived usefulness, ease of use, and engagement in line with prior TAM- based
studies [2]. Qualitative feedback was gathered through open- ended responses to capture user
perceptions of clarity, usability, and trust, consistent with chatbot evaluation practices in
complex service environments [5].

Ethical approval was obtained prior to data collection. All participant data were anonymised
and handled in accordance with GDPR principles [1].

System Architecture and Design

This section describes the design and implementation of the MOT+ mobile system. Figure 1
illustrates the system architecture.
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Figure 1. System architecture of the MOT+ mobile application

The Android client interacts with the core MOT+ mobile application, which orchestrates user
authentication, booking management, and service integration. Firebase Authentication is used
to manage secure user access, while Firestore stores user profiles, booking records, MOT
dates, and gamification data. External services are integrated through APIs, including Google
Maps and Places for location- based garage search, Google Calendar for automated MOT
reminders, ThinkStack AI for chatbot functionality, and EmailJS for notification delivery.
This modular architecture enables scalability while maintaining a clear separation between
client- side logic, backend services, and third- party integrations.

Building on the architecture shown in Figure 1, MOT+ was developed as an Android
application using Kotlin and Firebase services. Firebase Authentication and Firestore support
secure user management and booking storage, while Google Maps and Places APIs enable
location- based garage search and comparison [10]. Automated MOT reminders are integrated
with Google Calendar to enhance compliance through timely notifications, reflecting prior
findings on the effectiveness of real- time alerts [11][12]. EmailJS is used to deliver booking
confirmations and alerts [13]. The AI chatbot is implemented using ThinkStack AI and
embedded via WebView [14]. The chatbot is trained on certified government MOT data to
ensure reliability and trustworthiness, aligning with best practices for public sector AI
systems [9].

Results and Discussion

System- level testing confirmed that booking flows, authentication, garage search, and
payment processes performed reliably under expected usage scenarios. In addition, user
acceptance testing indicated strong satisfaction with chatbot clarity and reminder functionality.
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Quantitative results demonstrate high perceived usefulness of the chatbot and reminder
features, supporting TAM predictions that perceived ease of use and usefulness positively
influence user acceptance [2]. The moderate impact of gamification on booking motivation
aligns with prior findings suggesting that gamification enhances engagement but is most
effective when combined with meaningful incentives [7][8]. Descriptive statistics (mean and
standard deviation) indicated positive user perceptions across key dimensions, as summarised
in Table 1. All evaluation measures were assessed using a five- point Likert scale (1 =
strongly disagree, 5 = strongly agree).

Qualitative feedback indicates that users valued reduced reliance on complex government
websites, consistent with research demonstrating the effectiveness of conversational interfaces
in simplifying regulated services [5]. Trust and payment security concerns raised by
participants further reinforce the importance of transparency and regulatory compliance in
AI- enabled public systems [6]. Moreover, participants consistently reported that the interface
was intuitive and easy to navigate, supporting the system’s design emphasis on simplicity and
perceived ease of use.

Table 1. Descriptive statistics for user evaluation measures.
Measure Mean SD
Chatbot improved understanding of MOT info 4.2 0.6
Chatbot was easy to use 4.0 0.8
Gamification increased motivation to book 3.9 0.7
MOT reminders were useful 4.5 0.5
Overall satisfaction with MOT+ 4.3 0.6

While the proposed system is specific to the UK MOT context, the findings suggest that
AI- assisted support, automated reminders, and gamification can be effective design strategies
for improving user engagement in compliance- driven digital services.

Conclusion and Future Work

This paper presented MOT+, a unified mobile system designed to support AI- assisted vehicle
inspection booking and compliance management in the UK. By integrating conversational AI,
automated reminders, and gamification features, MOT+ addresses key usability and
engagement gaps in existing MOT services. Evaluation results support established technology
adoption and motivational theories, demonstrating the potential of user- centred AI design in
regulatory and compliance- driven domains.

Future work will focus on cross- platform deployment, enhanced payment security through
PCI-DSS- compliant solutions, longitudinal user studies to assess sustained engagement, and
expanded chatbot functionality to support broader vehicle maintenance guidance.
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Abstract
While the conventional displacement-based Finite Element Method (FEM) is the cornerstone
of structural analysis, it encounters fundamental mathematical limitations when dealing with
unconstrained (free-free) or under-constrained systems. In such cases, even if the external
loading is self-equilibrated and the total moment is zero, the global stiffness matrix ([K])
becomes singular. This singularity prevents the attainment of a unique displacement solution,
as the system remains indeterminate due to undefined rigid body motions. Consequently,
while internal forces may be computable, the absolute displacement field remains non-unique,
requiring an additional selection criterion to identify a physically meaningful representative
solution.
This study proposes the Finite Element Method with Energy Minimization (FEMEM) as a
robust alternative to overcome these algebraic constraints. The primary argument of this paper
is that FEMEM resolves the solution-space ambiguity inherent in classical FEM by
employing an energy-based selection principle. Unlike the traditional approach, which yields
a singular algebraic system, FEMEM formulates the problem as the minimization of the total
potential energy functional (Π).
The findings demonstrate that FEMEM successfully identifies a stable and unique
displacement solution without the need for artificial reference constraints. Furthermore,
numerical applications reveal that FEMEM, through its inherent geometric nonlinearity,
successfully captures non-unique equilibrium states and snap-through mechanisms (kinematic
inversions) in unconstrained structures under severe loading—phenomena that classical linear
FEM fails to detect. By navigating the energy landscape to select the most suitable global or
local representative solution, FEMEM proves to be a superior framework for analyzing
structures where conventional boundary conditions are absent or ill-defined, such as orbiting
space trusses or floating structures. This work highlights the potential of energy-based
methods to extend the boundaries of traditional computational mechanics.

Keywords: FEM, FEMEM, energy minimization, truss systems, singular stiffness matrix.

Introduction

The conventional displacement-based Finite Element Method (FEM) is one of the most
widely used computational tools and constitutes a cornerstone of structural analysis [1][2].
However, the method encounters fundamental mathematical limitations when applied to
unsupported (free-free) or insufficiently constrained systems, such as space trusses and
floating structures. In such unconstrained systems, the global stiffness matrix, ([K]), becomes
singular because of the presence of undefined rigid-body modes, even when the applied
external loads are self-equilibrated and the resultant moment is zero [3].

This singularity renders the system mathematically indeterminate and prevents the
determination of a unique displacement solution. Consequently, although the element internal
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forces of a free-free system may be determined using the conventional FEM formulation, the
absolute displacement field remains non-unique. An additional selection criterion is therefore
required to identify a physically meaningful representative solution from the admissible
solution set [4].

In practice, this difficulty is commonly addressed by imposing artificial constraints on
selected degrees of freedom (DOFs) or by employing mathematical techniques such as the
Moore–Penrose pseudoinverse [5][6]. However, the resulting displacement solution becomes
dependent on either the arbitrarily selected reference constraints or the imposed minimum-
norm condition. Therefore, such solutions may be governed primarily by mathematical
assumptions rather than by the inherent physical characteristics of the structural system.

This study proposes the Finite Element Method with Energy Minimization (FEMEM),
presented in the literature as a current state-of-the-art methodology, as a robust alternative to
overcome these algebraic constraints [7]. The central argument of this study is that FEMEM
reformulates the structural problem as the minimization of the total potential energy
functional, (Π), and resolves the inherent indeterminacy of the classical FEM solution space
through an energy-based selection principle. Furthermore, energy-based optimization methods
are highly effective in handling structural systems undergoing large deflections and can
accurately compute non-unique equilibrium solutions, a domain where classical linear matrix
formulations severely struggle [8]. Within this framework, the study investigates how
FEMEM identifies an energetically optimal and stable representative solution without
requiring artificial constraints. Its performance and resulting displacement solutions are
comparatively evaluated against the limitations of the conventional FEM formulation and the
outcomes obtained using the Moore–Penrose pseudoinverse approach.

Methodology

Classical FEM Formulation and the Singularity Problem

In conventional finite element analysis (FEM), the equilibrium equation for a linear elastic
system is established using the formulation (Ku = F), which defines the relationship among
the global stiffness matrix ([K]), the nodal displacement vector (u), and the external load
vector (F) [1]. However, when no physical supports or boundary constraints are assigned to
the structure, the classical static FEM formulation cannot be applied directly.

A two-dimensional (2D) unsupported truss structure possesses three rigid-body modes:
translation in the (x)-direction, translation in the (y)-direction, and in-plane rotation. Because
these degrees of freedom remain unconstrained, the global stiffness matrix ([K]) becomes
singular. The singularity of the matrix, indicated by a zero determinant (det(K) = 0), prevents
the computation of its inverse (K-1) and, consequently, precludes the determination of a
unique solution to the equilibrium equation (Ku = F).

Practical Approaches for Unconstrained Systems

In the literature and engineering practice, two principal approaches have been adopted to
overcome the singularity problem encountered in the analysis of unsupported structures:

Artificial Degree-of-Freedom (DOF) Constraint: To eliminate the rigid-body modes, three
degrees of freedom (e.g., the (ux) and (uy) displacements of one node together with the (ux) or
(uy) displacement of another node) are artificially constrained to zero. This procedure does not
represent the introduction of physical supports; rather, it merely establishes a reference
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coordinate system for the numerical solution. Under this approach, the computed member
deformations, internal forces, and stresses remain physically meaningful and accurate,
whereas the nodal displacements are expressed only relative to the selected reference point.

Pseudo-Inverse (Minimum-Norm) Solution: A mathematically more appropriate approach for
unsupported systems is to replace the inverse of the singular stiffness matrix with its Moore–
Penrose generalized inverse (K+) [5][6]. The displacement field is then obtained from the
formulation (u = K+F). This method automatically removes the rigid-body modes from the
solution space and returns the minimum-norm representative solution, i.e., the displacement
vector with the smallest Euclidean norm (||u||) among the infinitely many admissible solutions.
Nevertheless, the resulting displacement field does not represent absolute physical
displacements.

Finite Element Method with Energy Minimization (FEMEM)

To overcome the algebraic singularity limitations of the classical finite element method, this
study proposes the Finite Element Method based on Energy Minimization (FEMEM). Rather
than attempting to solve a singular algebraic system, FEMEM formulates the problem as the
minimization of the total potential energy functional (Π) [9]. For a linear elastic structure, the
total potential energy is defined in Eq. (1).

(1)

where the first term on the right-hand side represents the internal strain energy stored in the
system, while the second term denotes the potential of the work performed by the external
forces. Classical FEM transforms the equilibrium equations established at the element level
into global coordinates to form a matrix equation (assembly stage). In contrast, FEMEM
adopts a fundamentally different computational strategy; instead of assembling a global
stiffness matrix, it explicitly minimizes the potential energy stored in each finite element [7].
Thus, nodal displacements are obtained directly as the result of an optimization problem
rather than the solution of an algebraic equation system.

Minimizing the Π functional allows the use of metaheuristic optimization algorithms in
problems with singular stiffness matrices [7][10]. The Total Potential Optimization using
Metaheuristic Algorithms (TPO/MA) approach inherently accounts for geometric
nonlinearities, offering robust solutions for plane-stress/strain and truss systems without
requiring complex modifications to the global stiffness matrix [11][12]. Thus, nodal
displacements are obtained directly as the result of an optimization problem, successfully
capturing global minimum energy states even in highly non-linear deformations. The
fundamental theoretical and operational differences between classical FEM and FEMEM are
summarized in Table 1.

Table 1. Comparison between FEM and FEMEM approaches [7]

Comparison Criterion Classical FEM FEMEM

Basic Principle Based on differential
equilibrium equations.

Based on the minimization of
total potential energy.

Assembly Stage Requires the assembly of the
global stiffness matrix ([K]).

Does not require global
matrix assembly; energies
are directly summed.
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Solution Methodology Solution of algebraic
equation systems (Ku = F).

Solution via metaheuristic
(TPO/MA, etc.) optimization
algorithms.

Unconstrained (Free)
Systems

Matrix becomes singular;
requires artificial constraints.

Operates stably; finds the
minimum energy state
naturally.

Boundary Conditions Mandatory to prevent rigid
body motions.

Provides high flexibility for
missing or unconventional
boundary conditions.

Consequently, a stable and unique representative solution is obtained without introducing any
artificial reference constraints. Unlike the classical FEM, which requires an external
intervention such as the artificial assignment of support conditions to eliminate rigid-body
modes, FEMEM resolves the indeterminacy of the solution space solely through the natural
principle of energy minimization.

Results and Discussion

Truss Model and Loading Conditions

A 2D truss system model with 8 nodes and 13 elements was used to examine the proposed
approaches. The plan of the model is given in Fig. 1. For all members, the cross-sectional area
was defined as A = 200 mm² and the modulus of elasticity as E = 200,000 N/mm² ((for the
initial pseudo-inverse analysis). The structural geometry was configured with a span of 3000
mm along the x-axis and a height of 4000 mm along the y-axis, starting from the coordinate
(0,0). A downward load of 2,000,000 N was applied at Node 2, while upward loads of
1,000,000 N were applied at Nodes 4 and 8. The resultant vertical force is zero (1,000,000 +
1,000,000 − 2,000,000 = 0); therefore, the system is in self-equilibrium (internal static
equilibrium).

Figure 1. The examined case-the initial geometry and loading
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Internal Forces, Stresses, and Member Elongations

The member internal forces, stresses, and axial deformations obtained from the pseudo-
inverse solution of the unsupported truss system implemented in Python are fully consistent
with the symmetric nature of the applied external loading.

Internal Forces and Stresses: The bottom chord members (11 and 12) experienced the largest
tensile force (1,500,000 N, 7500 MPa). The top chord members (1 and 2) were subjected to
compression (-750,000 N, -3750 MPa). Among the diagonal members, Members 3, 5, 7, and
9 carried compressive forces of (-1,250,000 N, -6250 MPa). The central vertical member
(Member 6) acted as a zero-force member (0 N).

Axial Deformations: The greatest elongation was observed in Members 11 and 12 (112.50
mm), whereas the largest contraction occurred in Members 3, 5, 7, and 9 (-156.25 mm).

The internal forces, stresses, and axial deformations obtained using the pseudo-inverse
algorithm accurately satisfy the structure's self-equilibrium condition ( ) and therefore
constitute unique, reliable, and physically meaningful engineering results.

Displacement Field and Solution Ambiguity

Because the displacement field cannot be obtained directly using classical FEM, the pseudo-
inverse approach was employed, yielding maximum upward vertical displacements of
392.969 mm at Nodes 4 and 8, and maximum downward vertical displacements of -350.781
mm at Nodes 2 and 6. The deformed model is given in Fig 2.

Figure 2. The deformed forms obtained using pseudo-inverse (Deformation scale
coefficient = 3)

The pseudo-inverse method selects a specific representative displacement field by identifying
the displacement vector with the minimum Euclidean norm. Consequently, the computed
nodal displacements should not be interpreted as absolute physical displacements but rather as
a mathematical reference solution.
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FEMEM Solution: Geometric Nonlinearity and Multiple Equilibrium States

To demonstrate the advanced capabilities of FEMEM over linear matrix solutions, the same
truss system was analyzed using the FEMEM algorithm. To observe the structural response
under an even stiffer scenario, the Modulus of Elasticity was increased to E= 2,000,000
N/mm2.

Classical FEM (and its pseudo-inverse derivative) inherently relies on the "small
displacement theory," formulating the stiffness matrix based on the initial geometry. It,
therefore, captures a local linear equilibrium state. FEMEM, conversely, computes the total
potential energy based on the exact deformed nodal coordinates, inherently possessing
geometric non-linearity (large displacement capability) [8][12].

Given the massive magnitude of the applied loads (2,000,000 N downwards, 1,000,000 N
upwards) and the completely unconstrained (free-free) nature of the system in space, the
metaheuristic optimization of FEMEM discovered a profoundly different global equilibrium
state (Fig. 3).

Figure 3. The exact kinematic inversion (snap-through) behavior captured by the
FEMEM analysis

As seen in Fig. 3, rather than maintaining its original topology by excessively straining its
elements, the unconstrained truss underwent a severe kinematic inversion, commonly known
as a "snap-through" mechanism. The structure literally folded inside-out; Node 2 displaced
massively in the downward direction, while Nodes 4 and 8 displaced heavily in the upward
direction.

Mathematically, this extreme geometric deformation resulted in a total potential energy (Π =
U - W) of approximately -16,755,791,485 N-mm. Although the internal strain energy (U) of
the elements remains positive, the external loads performed an immense amount of positive
work (W) because the nodes displaced extensively in the exact direction of the applied forces.
The subtractive external work term (-W) vastly overpowered the strain energy, driving the
functional into a deep global minimum. If physical boundary conditions (supports) were
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present, they would obstruct this inversion, and FEMEM would converge to the standard
geometric shape. However, in a free-free space, FEMEM accurately highlights the physically
most probable lowest-energy state (snap-through), proving that it can identify multiple and
non-unique equilibrium configurations that linear classical FEM completely overlooks [8].

Conclusions

This study investigated the algebraic limitations encountered in the analysis of unsupported
(free-free) structures and discussed the mechanism by which the Finite Element Method based
on Energy Minimization (FEMEM) provides a stable and unique and geometrically non-linear
solutions. Based on the theoretical and numerical investigations performed on the truss
system, the following principal conclusions can be drawn:

Limitations of the Classical FEM: The conventional displacement-based finite element
method cannot determine the displacement field directly for unsupported structures because
the rigid-body modes render the global stiffness matrix singular. It also heavily relies on
linear, small-displacement assumptions.

Limitations of Mathematical Filtering: The Moore-Penrose pseudo-inverse method produces
accurate internal forces for a localized linear state. However, the resulting minimum-norm
displacement field does not represent absolute physical displacements but a mathematically
constrained reference.

Geometric Nonlinearity and Snap-Through Detection: FEMEM naturally resolves the
indeterminacy of the displacement space. More importantly, as demonstrated by the numerical
results, its optimization-based algorithm inherently accounts for large deflections. It
successfully captures extreme kinematic inversions (snap-through behavior) and multiple
equilibrium states driven by massive external work, leading to deep negative energy
minimums ( N-mm) that linear algebraic formulations cannot detect.

In conclusion, for structures in which conventional boundary conditions are absent—such as
orbiting space trusses—metaheuristic energy-based approaches like FEMEM provide a robust
and physically consistent computational framework that vastly extends the boundaries of
conventional computational mechanics.
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Abstract

In this study, the Generalized Finite Difference Method (GFDM), a meshless approach, is
applied to incompressible viscous flow in an eccentric annulus using the vorticity–stream
function formulation. The method is validated with the lid-driven cavity problem and then
used to analyze flow between eccentric cylinders for Reynolds numbers between 250 and
1000 and eccentricity ratios up to 80%.

The results show that increasing Reynolds number and eccentricity significantly affect
velocity distributions and streamline patterns, including the emergence of Taylor vortices. For
the concentric case, numerical results agree well with the analytical solution, with an average
deviation of about 5%. At high Reynolds numbers, convergence difficulties arise due to
dominant convective effects.

The findings indicate that GFDM is an effective tool for modeling annular flows, although
additional numerical treatments may be required for convection-dominated regimes.

Keywords: Eccentric annulus, generalized finite difference method, meshless methods,
Taylor vortices

Introduction

Flows in annular geometries are encountered in a wide range of engineering applications,
including drilling operations, journal bearings, rotating machinery, heat exchangers, and
various process industries. In such systems, fluid motion occurs in the confined space between
two cylindrical surfaces, and the prediction of flow behavior is essential for evaluating
hydrodynamic forces, torque, and transport characteristics. In particular, annular flows play a
critical role in situations where the relative motion between the inner and outer boundaries
significantly influences system performance.

A special class of these flows arises when the axes of the inner and outer cylinders are not
aligned, forming an eccentric annulus. In practical systems, eccentricity may result from
manufacturing tolerances, mechanical deformations, or operational conditions such as
vibrations and thermal stresses. The presence of eccentricity introduces strong asymmetry into
the flow domain, leading to complex velocity distributions and flow structures that differ
significantly from the concentric case. In addition, the combined effects of rotation and
eccentricity may give rise to flow instabilities such as Taylor vortices, particularly at higher
Reynolds numbers.
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The analysis of flow in eccentric annuli is therefore of considerable importance for both
design and performance assessment. However, the governing Navier–Stokes equations for
such configurations are generally not amenable to analytical solutions, except for simplified
cases such as concentric geometries. As a result, numerical methods are required to obtain
accurate predictions of the flow field. Classical numerical approaches, including finite
difference, finite volume, and finite element methods, have been widely used for this purpose.
Nevertheless, these methods often rely on structured or body-fitted meshes, which may
become difficult to generate and maintain for geometries involving strong irregularities or
large eccentricities.

In recent years, meshless methods have emerged as a promising alternative for solving fluid
flow problems. These approaches eliminate the need for predefined mesh connectivity and
instead approximate the governing equations directly using scattered nodes. Among them, the
Generalized Finite Difference Method (GFDM) offers a flexible framework for discretizing
partial differential equations while maintaining high-order accuracy. Its ability to handle
complex geometries with relative ease makes it particularly attractive for problems involving
eccentric configurations.

In this study, the GFDM is applied to the analysis of incompressible viscous flow in an
eccentric annulus. The governing equations are formulated using the vorticity–stream function
approach, which removes the pressure variable from the system and automatically satisfies the
continuity equation. The proposed formulation is first validated using a benchmark cavity
flow problem and subsequently employed to investigate the effects of Reynolds number and
eccentricity on the flow characteristics [1]. The results are analyzed in terms of velocity fields
and streamline patterns, with particular attention to the development of asymmetric flow
structures and vortex formation.

A substantial body of work has been devoted to understanding flow behavior in eccentric
annuli, both analytically and experimentally. Early analytical studies provided exact solutions
for fully developed laminar flow, offering fundamental insight into velocity distributions and
wall shear stresses [2]. Experimental investigations further examined turbulent flow
characteristics, including pressure drop, friction factors, and velocity distributions,
highlighting the strong influence of eccentricity on flow asymmetry [3][4]. Later studies
focused on flow stability and bifurcation, showing the transition from Couette flow to more
complex regimes involving Taylor vortices as Reynolds number and eccentricity increase [5].
Additional experimental and numerical works further emphasized the role of eccentricity and
rotational effects in modifying flow regimes and stability characteristics [6][7].

From a numerical perspective, a wide range of methods have been applied to annular flow
problems. Classical techniques such as finite difference and finite volume methods have been
successfully used in various configurations [8][9], but their reliance on structured or body-
fitted meshes limits their flexibility in highly eccentric geometries. More advanced
simulations have demonstrated improved accuracy but at a significant computational cost [10].
In recent years, meshless methods have emerged as an attractive alternative due to their ability
to handle complex geometries without mesh generation. In particular, the Generalized Finite
Difference Method (GFDM) has gained attention following foundational works on derivative
approximations based on Taylor series expansions and weighted least squares formulations
[11][12]. Subsequent studies demonstrated that GFDM can achieve high accuracy and
efficiency, often outperforming other meshless approaches, especially in problems involving
irregular node distributions and higher-order derivatives [13][14]. These developments
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highlight the potential of GFDM as a robust and flexible tool for solving complex fluid flow
problems in eccentric geometries.

Methodology

Generalized Finite Difference Method

The Navier-Stokes equations governing the flow field include both convective and diffusive
terms for velocity, along with a pressure term. The absence of a pressure term in the
continuity equation introduces a constraint that couples the momentum and continuity
equations. Classical mesh-based approaches, such as the finite volume method (FVM) and
finite element method (FEM), are well established in computational fluid dynamics (CFD).
However, their application to irregular geometries-such as the eccentric annular domain
considered in this study-can be challenging due to mesh generation and grid quality
requirements.

To address these limitations, a meshless approach based on the Generalized Finite Difference
Method (GFDM) is employed. The GFDM eliminates the need for mesh connectivity and
instead relies on local Taylor series expansions combined with a weighted least-squares
minimization of the truncation error [15][16]. This formulation allows spatial derivatives to be
approximated directly from scattered nodes.

Consider an arbitrary point P(x0, y0) and a cloud of n neighbouring nodes, as illustrated in Fig.
1. A second-order Taylor series expansion of a scalar function f at a neighbouring node (xi, yi)
about point P can be written as Eq. (1).
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Where hi = xi – x0 and ki = yi – y0 represent the relative coordinates of the ith node represent the
relative coordinates of the P. Neglecting higher-order terms and applying this expansion to all
neighbouring nodes yields a system of algebraic relations. Summation of these expressions
leads to a compact form that is used to construct the error norm to be minimized.

Figure 1. A set of points neighboring point P
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To determine the unknown derivatives at point P, a weighted least-squares approach is
adopted. The error norm is defined as Eq. (2).
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where �� is a weighting function associated with each node. In this study, a distance-based
weighting function of the form �� � ࿣h��

� is used, where �� is the Euclidean distance between
node � and point �. This choice ensures that nodes closer to � have a stronger influence on the
approximation, improving local accuracy and numerical stability.

The derivatives at point P, namely �f
��
� ∂f
∂y
� ∂�f
∂x�

� ∂
�f

∂y�
and ∂�f

��∂y
are obtained by minimizing the

error norm �. This results in a system of five linear equations corresponding to the five
unknown derivatives.

The resulting system can be expressed in matrix form as Eq. 3

� � �� � � (3)

where the matrix � is constructed from weighted sums of the relative coordinates of the
neighbouring nodes, and therefore depends solely on the node distribution and weighting
function. The vector �� contains the unknown derivatives at point � , and the vector � is
formed from the function values at the neighbouring nodes.

By rearranging the system, the derivatives can be expressed explicitly in terms of the nodal
function values (Eq. 4).

�� � ��࿣ � � � � � � � � (4)

where � is referred to as the coefficient (or star) matrix. Each row of matrix � provides the
coefficients required to approximate a specific derivative as a linear combination of the
function values at the surrounding nodes.

These derivative expressions are then used to discretize the governing equations over the
entire computational domain. In this way, the partial differential equations are transformed
into a system of algebraic equations defined at the nodal points.

Advantages of the Method

The GFDM provides several advantages for the analysis of flow in eccentric annular
geometries. Since the method is meshless, it naturally accommodates irregular node
distributions, which is particularly beneficial for non-concentric cylindrical domains. The
formulation is local, meaning that derivatives at each node are computed using only
neighbouring nodes, resulting in a straightforward and flexible implementation. Furthermore,
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the method allows for easy insertion of additional nodes without requiring re-meshing,
enabling adaptive refinement in regions of interest. Boundary conditions can be incorporated
directly at boundary nodes, and the method is capable of producing stable and accurate
solutions even for highly distorted node configurations.

Computational Framework and Node Distribution

The numerical solution procedure is implemented through a dedicated computational program
consisting of a main solver and auxiliary subroutines. The main program is responsible for
solving the governing equations iteratively, while the subroutines construct the spatial
derivative operators based on the Generalized Finite Difference Method (GFDM) and
assemble the resulting algebraic system.

The computational domain, corresponding to the eccentric annular geometry, is discretized
using a structured distribution of nodes without employing any mesh connectivity. The node
distribution is generated by placing nodes along concentric circles of varying radii, with their
centers offset according to the prescribed eccentricity. Nodes along each circular layer are
distributed at constant angular increments. An example of the resulting node arrangement for
an eccentricity of 60% is illustrated in Fig. 2.

Figure 2. The node structure built for 60% eccentricity

The node set used in this study consists of 864 nodes, with 12 nodes aligned in the radial
direction. The angular spacing between nodes is 5°, ensuring sufficient resolution of the flow
field. The eccentricity is introduced by shifting the center of the inner cylinder relative to the
outer cylinder, resulting in a non-uniform node distribution that accurately represents the
geometric asymmetry.

For each node � , the spatial derivatives required in the governing equations are computed
using a local cloud of neighboring nodes. The selection of these neighboring nodes plays a
crucial role in the accuracy and stability of the GFDM approximation.
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A structured selection strategy is adopted, as shown in Fig. 3, where nodes surrounding point
� are chosen within a predefined influence region. Since five derivative components are to be
determined (i.e., first-order derivatives in � and �, and second-order derivatives ��h��� , ��h
��� , and ��h����), at least five neighboring nodes are required. In this study, a total of 12
neighboring nodes are used to enhance robustness and minimize numerical error.

Figure 3. The selection of nodes

The derivatives at each node are obtained by minimizing the weighted residual defined in Eq.
2, leading to a linear system expressed in Eq. 3. The system is then inverted to compute the
coefficient matrix �, as given in Eq. 4, which directly relates the derivatives at node � to the
function values at surrounding nodes.

These coefficient matrices are computed locally for each node and stored in a global matrix
structure, allowing efficient reuse during the iterative solution process.

Governing Equations: Vorticity–Stream Function Formulation

The flow is modeled using the two-dimensional incompressible Navier–Stokes equations,
reformulated in terms of vorticity (�) and stream function (�). This formulation eliminates the
pressure variable, thereby avoiding the need for pressure–velocity coupling schemes such as
SIMPLE. The vorticity transport equation is given in Eq.5.
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where � and � are velocity components, and � is the kinematic viscosity.

The vorticity is defined in Eq. 6.
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Velocity components are obtained from the stream function (Eq. 7).
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Substituting these relations into the vorticity definition yields the Poisson equation for the
stream function (Eq. 8).

���
���

ᵈ
���
���

�� � (8)

Temporal and Spatial Discretization

The vorticity transport equation is solved using a fully implicit time integration scheme. The
temporal derivative is approximated using a first-order forward difference (Eq. 9).
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All spatial derivatives at time level � ᵈ ࿣ are computed using GFDM through the coefficient
matrices �. For example, the first derivative in the �-direction is expressed in Eq. 10.
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Substituting these expressions into the vorticity transport equation results in the discretized
equation at node � (Eq. 11).
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where �� and �� denote lagged velocities used to linearize the convective terms.

Boundary Conditions and Solution Strategy

Boundary conditions are applied based on physical constraints of the problem. The outer
cylinder is treated as a solid wall with a constant stream function value, typically set to zero.
The inner boundary is also a solid wall, but its stream function value is related to the flow rate
between the boundaries (Eq. 12).

�����a � �t���a � �� (12)

The resulting algebraic system is written in matrix form as Eq. 13.
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�� � �� � �� (13)

This system is solved using an LU decomposition-based solver with iterative refinement to
ensure numerical stability and accuracy.

Iterative Solution Procedure and Stability Considerations

The solution procedure is iterative in time, advancing until a steady-state solution is achieved.
At each iteration:

1. Vorticity is updated using Eq. 11
2. Stream function is computed by solving the Poisson equation
3. Velocity components are updated from Eq. 7
4. Boundary conditions are recalculated

The time step size Δt is selected based on stability considerations. The Courant–Friedrichs–
Lewy (CFL) condition is used as a guideline (Eq. 14).

�a �
���
��

� ࿣ (14)

Although the implicit scheme is theoretically unconditionally stable, excessively large time
steps may lead to divergence due to nonlinear coupling and boundary condition sensitivity.
Therefore, appropriate time step values are chosen to ensure convergence for all eccentricity
and Reynolds number cases.

Boundary Conditions and Case Selection

The computational domain consists of two cylindrical boundaries forming an eccentric
annulus. The outer cylinder is stationary, whereas the inner cylinder rotates with the
prescribed angular velocity �࿣ . The angular velocity of the outer cylinder is taken as zero,
�� � � , corresponding to a fixed outer wall. No-slip boundary conditions are imposed on
both solid boundaries.

In the vorticity–stream function formulation, the velocity components are expressed in terms
of the stream function as given in Eq. 7. Since a solid wall is itself a streamline, a constant
stream function value is assigned along each wall. The stream function at the outer boundary
is set to zero, while the value at the inner boundary is related to the flow rate between the two
streamlines, as expressed in Eq. 12. This treatment is illustrated schematically in Fig. 4.
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Figure 4. Boundary conditions for streamlines

The wall vorticity is evaluated using the definition of vorticity given in Eq. 6. For curved wall
boundaries, no term is neglected; therefore, the boundary vorticity is calculated from the
velocity gradients. These boundary values are updated during the iterative solution procedure
together with the velocity field.

The geometric parameters are kept constant in all case studies, with the outer and inner
cylinder radii taken as �t���a � ��⺁ m and �����a � ���⺁ m , respectively. The eccentricity
ratio is varied between 0% and 80%, corresponding to eccentricity values from 0 to 0.20 m.
The working fluid is modelled with water-like properties, with � � ࿣�� � ࿣��� ��� h ��� � �
࿣�� � ࿣��� ���h�� ��� � � ttt��th���

The Reynolds number is defined using Eq. 15.

�� �
� � �
� (15)

For the present two-dimensional rotational flow, the representative Reynolds number is
expressed in terms of the angular velocity of the inner cylinder as given in Eq. 16. Three
Reynolds numbers, namely 250, 750, and 1000, and three eccentricity ratios, namely 0%, 40%,
and 80%, are resulting in 9 computational cases (Table 1).

�� �
� � �����a

�

� (16)

Table 1. Case studies

Ecc
Re 0 40% 80%

250 Case 1 Case 2 Case 3
750 Case 4 Case 5 Case 6
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1000 Case 7 Case 8 Case 9

This selection allows the comparison of both Reynolds number effects and eccentricity effects
without overloading the results section with repetitive figures.

Results and Discussion

A total of nine simulations were performed to investigate the effects of Reynolds number and
eccentricity on the flow within an eccentric annulus (Figs. 5-7 ).

(a) (b)

(c)
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Figure 5. Streamline plot for Case 1 (a), Case 2 (b), and Case 3 (c)

(a) (b)

(c)

Figure 6. Streamline plot for Case 4 (a), Case 5 (b), and Case 6 (c)
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(a) (b)

Figure 7. Streamline plot for Case 7 (a), and Case 8 (b)

Case 9 did not converge on a stable solution within the present numerical framework. This
case corresponds to a highly convection-dominated regime due to the combined effect of high
Reynolds number and large eccentricity. The absence of stabilization techniques, such as
upwinding for convective terms, leads to numerical instability under these conditions.
Therefore, this case is excluded from the detailed analysis, although it provides useful insight
into the limitations of the method.

The flow behavior is evaluated through velocity fields and streamline patterns. As the
Reynolds number increases, the flow gradually shifts from a viscous-dominated regime to a
convection-dominated one. This transition not only alters the flow structure but also affects
numerical stability. In particular, for high Reynolds numbers and large eccentricities, the
governing equations become strongly convection-dominated, which may lead to convergence
difficulties in the absence of stabilization techniques.

Increasing eccentricity introduces significant geometric asymmetry, resulting in non-uniform
velocity distributions. At low Reynolds numbers, the flow remains smooth and predominantly
laminar. However, with increasing Reynolds number, inertial effects become dominant and
lead to the formation of Taylor-type vortical structures, which intensify with both Reynolds
number and eccentricity.
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All simulations are carried out using a time-marching approach until steady-state is reached.
Computational effort increases with Reynolds number and eccentricity due to stronger
nonlinear effects.

The computational cost of the simulations, evaluated in terms of CPU time, is presented in Fig.
8 and Fig. 9 as a function of Reynolds number and eccentricity. As seen in Fig. 8, CPU time
increases consistently with Reynolds number for all eccentricity levels due to the increasing
dominance of convective effects, which introduce stronger nonlinearities and require more
iterations for convergence. Similarly, Fig. 9 shows that higher eccentricity leads to increased
CPU time, as geometric asymmetry results in more complex flow structures and slower
convergence. The combined effect of high Reynolds number and large eccentricity
significantly amplifies the computational effort, indicating that both parameters play a crucial
role in determining not only the flow behavior but also the efficiency of the numerical
solution procedure.

Figure 8. Effect of Reynolds number on CPU time
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Figure 9. Effect of Eccentricity on CPU time

Validation of Results

The accuracy of the proposed numerical approach is assessed by comparing the computed
results with the analytical solution available for the concentric annulus case. In this
configuration, the inner cylinder rotates while the outer cylinder remains stationary, allowing
a direct evaluation of the velocity distribution in the radial direction.

Fig. 10 presents the comparison between numerical and analytical velocity profiles for
Re=250. A very good agreement is observed throughout the domain, with both solutions
exhibiting nearly identical trends. The numerical results slightly overpredict the velocity
values, particularly in the intermediate radial region, but the overall deviation remains limited.

Figure 10. Comparison of Results with Analytical Solution for Re=250
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This level of agreement demonstrates that the generalized finite difference method provides
reliable predictions for laminar flow in annular geometries. The small deviations observed can
be attributed to discretization effects and the numerical treatment of boundary conditions.

Conclusion

In this study, the flow within an eccentric annulus was successfully simulated using the
generalized finite difference (meshless) method. The results demonstrate that the method is
capable of accurately capturing the velocity distribution and flow structure over a range of
Reynolds numbers and eccentricity ratios. The comparison with analytical solutions for the
concentric case showed good agreement, with deviations remaining within acceptable limits.

The analysis revealed that both Reynolds number and eccentricity significantly influence the
flow behavior, leading to increased asymmetry and the development of vortex structures at
higher values. From a numerical perspective, it was observed that high Reynolds numbers and
large eccentricities introduce convergence difficulties due to the dominance of convective
effects. Although the method provides accurate and flexible solutions for complex geometries,
it requires relatively high computational effort and may need stabilization techniques for
convection-dominated flows. Future work should focus on incorporating turbulence modeling,
improving the treatment of convective terms, and extending the approach to three-dimensional
problems.
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Abstract

The Finite Element Method (FEM) has long been one of the most powerful computational
techniques in structural engineering for the analysis of linear and nonlinear systems.
Nevertheless, conventional FEM approaches may encounter significant limitations in
problems involving severe geometric nonlinearity, unstable or under-constrained systems,
multiple equilibrium configurations, progressive failure, and displacement constraints. To
address these challenges, the Finite Element Method with Energy Minimization (FEMEM)
has emerged as an alternative framework based on direct minimization of the total potential
energy of structural systems. This paper presents a comprehensive state-of-the-art review of
FEMEM in structural analysis. The theoretical background of FEMEM is discussed together
with its fundamental differences from classical matrix-based FEM formulations. Existing
FEMEM applications on trusses, cable networks, plane-stress and plane-strain systems, and
three-dimensional continuum structures are reviewed to demonstrate the capabilities of the
method in solving highly nonlinear structural problems. Particular emphasis is placed on
tensegrity structures as representative examples of complex nonlinear systems. These
examples demonstrate the effectiveness of FEMEM in capturing large displacements,
prestressing effects, nonlinear material behavior, and multiple stable equilibrium states
without requiring specialized nonlinear iterative formulations commonly employed in
traditional FEM approaches. The findings indicate that FEMEM provides a robust and flexible
computational framework for advanced structural analysis and shows strong potential for
future applications in adaptive, deployable, and intelligent structural systems.

Keywords: Finite Element Method with Energy Minimization; FEMEM; nonlinear structural
analysis; total potential energy optimization; tensegrity structures; cable-strut systems;
metaheuristic algorithms; prestressed structures; structural stability; computational mechanics;
deployable structures; energy minimization

Introduction

The Finite Element Method (FEM) has been the dominant numerical tool in structural
mechanics for several decades and is widely recognized as the standard approach for
structural analysis [1-2]. While conventional FEM is highly effective for linear structural
analysis, numerous enhanced formulations have been developed to successfully address
material and geometric nonlinearities [3-5]. Despite these advances, some static structural
problems remain difficult or impossible to solve using conventional equilibrium-based FEM
formulations. In certain cases, although the solution is straightforward from the perspective of
energy minimization, an appropriate matrix equilibrium equation cannot be established.
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To overcome this limitation, the Finite Element Method based on Energy Minimization
(FEMEM), first introduced in 2004 [6, 7], was proposed. Like FEM, FEMEM begins by
discretizing the structure into finite elements. However, instead of establishing equilibrium
equations, it determines the structural response by minimizing the total potential energy stored
in the elements. This energy-based formulation allows the analysis of structural problems that
cannot be handled by either conventional or nonlinear FEM. Since its introduction, FEMEM
has been successfully applied to several such problems, although further research is still
needed to extend its applicability to a wider range of structural analysis problems.
FEM and FEMEM follow the same initial steps, including structural modeling, discretization
into finite elements, node selection, and definition of shape functions. Their main difference
lies in the solution procedure. FEM formulates and solves global equilibrium equations based
on the stiffness matrix, whereas FEMEM determines the structural response by minimizing
the total potential energy of the system while allowing displacement constraints to be
incorporated naturally. As a result, FEMEM can successfully analyze problems involving
geometric or material nonlinearities, multiple equilibrium configurations, under-constrained
systems, and support failures, where conventional FEM may encounter difficulties or fail to
converge. However, for linear structural analysis, FEM remains computationally more
efficient and generally provides higher numerical accuracy. Therefore, FEMEM should be
considered a complementary approach that extends the applicability of conventional FEM to a
broader class of structural analysis problems.
The remainder of this paper is organized as follows. First, the fundamental concepts of the
Finite Element Method with Energy Minimization (FEMEM) are introduced, together with a
comparison between FEMEM and the conventional Finite Element Method (FEM),
highlighting their respective advantages and limitations. This is followed by a comprehensive
review of FEMEM applications to various structural systems, including truss structures, cable
networks, plane-stress and plane-strain problems, and three-dimensional continuum structures.
A brief description of the review methodology adopted for tensegrity-related studies is then
provided. Subsequently, representative applications to tensegrity structures are presented to
illustrate the capability of FEMEM in modeling highly nonlinear structural behavior, such as
large displacements, prestressing effects, and multiple equilibrium configurations. Finally, the
main findings of the review are summarized, current limitations of FEMEM are discussed,
and potential directions for future research and practical structural engineering applications
are outlined.

FEMEM Applications for Structural Systems

Truss structures were the first structural systems analyzed using FEMEM, initially introduced
as Total Potential Optimization using Metaheuristic Algorithms (TPO/MA) [6,7]. Early
studies demonstrated that FEMEM accurately solves both linear and nonlinear trusses with
various constitutive models, including elastic, elastoplastic, strain-hardening, strain-softening,
and buckling behaviors, while enabling progressive failure analysis through user-defined
stress–strain relationships. Subsequent research extended FEMEM to space trusses [8],
structures with multiple equilibrium configurations [9,10], unilateral supports [11, 12], smart
trusses [13], thermal loading [14, 15], and unstable or under-constrained systems [16].
Numerous optimization algorithms have been integrated into FEMEM [17-22], while neural
networks have also been explored as an alternative solution strategy [23]. More recently,
FEMEM has been successfully applied to progressive failure analysis of trusses,
demonstrating its capability to capture structural collapse sequences that are difficult to
simulate using conventional FEM [24].
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Cable network structures represent another important application area of FEMEM. Since
cable elements cannot resist compression, these systems are inherently nonlinear and are
commonly analyzed using iterative nonlinear FEM techniques [25]. FEMEM has been
successfully applied to both prestressed and non-prestressed cable networks, producing highly
accurate predictions while avoiding specialized nonlinear formulations [25-28]. Comparisons
with established numerical solutions reported by Lewis [29], Thai and Kim [30] and Hau [31]
confirmed the excellent accuracy and robustness of the FEMEM approach.
Tensegrity structures, consisting of discontinuous compression members and continuous
tension elements, exhibit highly nonlinear behavior due to prestressing, large displacements,
and multiple equilibrium states [32]. Conventional analysis methods generally rely on
iterative Newton–Raphson-based formulations or other specialized nonlinear procedures [33-
38]. In contrast, FEMEM analyzes tensegrity systems directly through energy minimization
without requiring dedicated nonlinear solution strategies. The method has been successfully
applied to various three-dimensional and planar tensegrity structures, including towers,
habitats, cantilever beams, and multi-module systems, demonstrating accurate prediction of
prestressed configurations and highly nonlinear responses [39-42].
FEMEM has also been extended to plane-stress and plane-strain problems, including plates
with openings, soil–structure interaction, and other two-dimensional continuum systems [43-
47]. For linear problems, FEMEM results show excellent agreement with conventional FEM,
while hypothetical nonlinear constitutive models have been introduced to evaluate its
performance in nonlinear analyses. Different metaheuristic optimization algorithms have been
investigated, with most providing solutions comparable to FEM in terms of total potential
energy, demonstrating the flexibility and effectiveness of the energy-minimization framework.
The application of FEMEM to three-dimensional continuum structures is relatively recent.
Existing studies have considered cantilever beams, thick plates, and three-dimensional prisms
discretized using eight-node hexahedral elements [48]. The reported results indicate that
FEMEM achieves satisfactory accuracy, with improved solution quality obtained through
finer finite-element discretizations, suggesting promising potential for more complex three-
dimensional structural analyses in future research.
In Fig. 1, the progress of FEMEM for different types of structural analyses were shown. Also,
recent review studies have summarized the development and applications of FEMEM in
structural engineering [49, 50]. Building upon these contributions, the present review provides
a more comprehensive discussion of FEMEM applications across different structural systems,
with particular emphasis on tensegrity structures.

FEMEMMethodology for Tensegrity Structures

Tensegrity structures exhibit highly nonlinear behavior due to large displacements,
prestressing, and the interaction between tension-only cables and compression struts. Their
equilibrium is governed by the minimum total potential energy rather than solely by force
equilibrium. Unlike conventional finite element formulations, which solve nonlinear
equilibrium equations iteratively, the Finite Element Method with Energy Minimization
(FEMEM) determines the equilibrium configuration by directly minimizing the total potential
energy of the structure using a metaheuristic optimization algorithm.
The analysis starts with the discretization of the tensegrity structure into bar and cable
elements. The initial geometry, material properties, prestressing conditions, external loads,
and boundary conditions are defined. The nodal displacement vector,

�  �� �� �� � ��t ��t ��t � (1)

is considered as the set of optimization variables.

ICCM2026, 16th-19th August 2026

32



For each candidate displacement field, the deformed length of every member is evaluated
from its nodal coordinates. The corresponding strain is computed as

�  �����
��

� (2)

where ��and �denote the initial and deformed member lengths, respectively. The constitutive
model is then used to determine the stress, including prestress when applicable,

�  � � � ��. (3)

The strain energy density is obtained from the stress–strain relationship,

� �  �
�� � ��� � ���. (4)

and the strain energy of each element is calculated by

�  ���� (5)

where � is the cross-sectional area. The total potential energy of the structure is then
formulated as

� � 
��
�

t  �
�t�t�t �

��
�
�  �

���� (6)

where the first term represents the total internal strain energy and the second term denotes the
work done by the external loads. Additional prestressing energy can be incorporated when
required.
The objective of FEMEM is to determine the displacement vector that minimizes the total
potential energy using a metaheuristic optimization algorithm. Since the optimization
procedure is independent of the energy formulation, different algorithms such as Harmony
Search, Genetic Algorithms, Particle Swarm Optimization, Differential Evolution, JAYA,
Teaching–Learning-Based Optimization, and other population-based methods can be
employed within the same framework. After convergence, the optimal displacement field is
used to evaluate member forces, stresses, reactions, and the final deformed configuration. This
energy-based formulation naturally accommodates large displacements, prestressing, tension-
only cable behavior, and multiple equilibrium states without requiring specialized nonlinear
iterative solution schemes. In Fig. 2, the general methodology is summarized.
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Figure 1. FEMEM Applications for Structural Systems and Advantages
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Figure 2. FEMEMMethodology for Tensegrity Structures
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Tensegrity Structure Example

The example considers a single-layer cyclic tensegrity structure [51] consisting of 8 struts and
24 cables, with the base nodes fully restrained and a concentrated vertical load applied to the
upper node. The structural geometry, nodal coordinates, and properties including harmony
search (HS) [52] parameters are presented in Fig. 3, Table 1, and Table 2, respectively.

Figure 3. The structural geometry [42]

Table 1. Joint Coordinates [51]

Node Coordinates (mm)
x y z

1 0 500 0
2 -353.553 353.553 0
3 -500 0 0
4 -353.553 -353.553 0
5 0 -500 0
6 353.553 -353.553 0
7 500 0 0
8 353.553 353.553 0
9 0 500 1000
10 -353.553 353.553 1000
11 500 0 1000
12 -353.553 -353.553 1000
13 0 -500 1000
14 353.553 -353.553 1000
15 500 0 1000
16 353.553 353.553 1000

Table 3. Joint Coordinates

Symbol Definition Value
�th� Harmony Memory Considering Rate 0.5-1
�th��tInitial Harmony Memory Considering Rate 0.5
�t Fret Width 0-0.05
�t�t Initial Fret Width 0.05
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�� Maximum iteration number 100000
� Iteration number 1-100000
�t
s
c

Population number
Number of struts
Number of cables

30
8
24

A1

A2

E

Cross-sectional area of struts (mm2)
Cross-sectional area of cables (mm2)
Modulus of elasticity of all elements (kN/mm2)

Different for cases
Different for cases

200

To investigate the influence of member stiffness on the structural response, a parametric study
was performed by considering sixteen cases with different cross-sectional areas of the struts
( �� ) and cables ( �2 ). The cross-sectional areas of both member types were increased
proportionally from 50–200 mm² for the struts and 5–20 mm² for the cables. For each case,
the equilibrium configuration was determined using the HS within the FEMEM framework.
The optimization process was terminated when the minimum total potential energy was
obtained or the maximum number of iterations was reached. The resulting minimum total
potential energy, convergence iteration, and nodal displacements are summarized in Table 4.

Table 4. The results for different cases

Maximum and Minimum Displacements (mm)

Case A1 (mm2) A2 (mm2) Energy (Nmm) Iteration u v w u v w

1 50 5 -1.4807E+09 66714 624.4828 0 0 0 -1769.9 -1000

2 60 6 -1.4249E+09 54476 612.4459 0 0 0 -1771.79 -1000

3 70 7 -1.3714E+09 99814 603.19 0 0 0 -1773.45 -1000

4 80 8 -1.3193E+09 79486 595.8676 0 0 0 -1774.91 -1000

5 90 9 -1.2682E+09 100000 589.9274 0 0 0 -1776.21 -999.934

6 100 10 -1.2174E+09 99996 587.2166 0 0 0 -1767.09 -956.6

7 110 11 -1.1669E+09 99998 572.7811 0 0 0 -1747.09 -878.937

8 120 12 -1.1172E+09 99998 527.3383 0 0 0 -1671.58 -750.143

9 130 13 -1.0714E+09 99636 484.2275 0 0 0 -1631.42 -673.352

10 140 14 -1.0294E+09 99971 432.3103 0 0 0 -1583.08 -580.892

11 150 15 -9.9112E+08 99981 388.253 0 0 0 -1537.46 -520.713

12 160 16 -9.5606E+08 99403 338.5127 0 32.95075 0 -1487.37 -465.076

13 170 17 -9.2390E+08 98718 289.9687 0 90.12741 -67.9236 -1426.5 -530.816

14 180 18 -8.9483E+08 99029 438.202 0 107.2765 -81.954 -1399.78 -417.525

15 190 19 -8.6791E+08 99999 232.4078 0 129.0144 -122.335 -1358.53 -360.782

16 200 20 -8.4310E+08 99555 201.7603 53.23456 143.5578 -156.855 -1320.08 -336.901

The results demonstrate that increasing the cross-sectional areas of both the struts and cables
significantly affects the structural response. As the member areas increase from Case 1 to
Case 16, the minimum total potential energy gradually increases from -1.48 × 10⁹ Nmm to -
8.43 × 10⁸ Nmm, indicating a reduction in the strain energy stored in the structure due to the
increased overall stiffness.
A similar trend is observed for the displacement response. The maximum displacement in the
�-direction decreases continuously from 624.5 mm to 201.8 mm, while the largest negative
displacement in the � -direction is reduced from approximately -1770 mm to -1320 mm.
Likewise, the maximum negative �-displacement decreases from -1000 mm to approximately
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-337 mm. These results confirm that increasing the cross-sectional areas leads to a
considerably stiffer tensegrity system with reduced deformation under the same external
loading.
The optimization converged successfully for all sixteen cases. The first four cases converged
before 80000 iterations, whereas most of the remaining cases required nearly the maximum
allowable iterations, suggesting that stiffer structures produce a more complex optimization
landscape. Nevertheless, stable equilibrium configurations were obtained for every case,
demonstrating the robustness of the HS-based FEMEM approach over a broad range of
structural stiffnesses.
An interesting observation is that the response remains nearly symmetric for the first eleven
cases, where the maximum displacement occurs mainly in the �-direction. For larger member
cross-sectional areas (Cases 12-16), non-zero displacements also develop in the transverse �-
and �-directions, indicating a change in the equilibrium configuration and the emergence of a
different deformation mode. This behavior illustrates the capability of FEMEM to capture
changes in equilibrium states associated with variations in structural stiffness.

Conclusions

This paper presented a comprehensive review of the Finite Element Method with Energy
Minimization (FEMEM) and its applications to structural analysis. Unlike the conventional
finite element method, which determines the equilibrium state by solving matrix equilibrium
equations, FEMEM directly searches for the minimum total potential energy of the structural
system through optimization. This energy-based formulation enables the analysis of structural
problems involving large displacements, prestressing, multiple equilibrium configurations,
unstable or under-constrained systems, and other highly nonlinear behaviors that may be
difficult to address using conventional FEM formulations.
The review demonstrated that FEMEM has been successfully applied to a wide range of
structural systems, including truss structures, cable networks, plane-stress and plane-strain
continua, three-dimensional solid structures, and tensegrity systems. The flexibility of the
formulation allows different metaheuristic optimization algorithms to be incorporated without
modifying the underlying energy equations, making FEMEM a versatile computational
framework for nonlinear structural analysis.
A representative tensegrity example was also presented to demonstrate the practical
application of the method. A parametric investigation involving different cross-sectional areas
of struts and cables showed that increasing member stiffness reduced the structural
deformation and increased the minimum total potential energy, while the optimization
algorithm successfully converged for all investigated cases. Furthermore, changes in member
stiffness altered the equilibrium configuration and deformation pattern, illustrating the
capability of FEMEM to capture multiple nonlinear equilibrium states and complex structural
responses.
Although the current applications of FEMEM have produced promising results, further
research is still needed to expand its application to other structural systems, including beam,
frame, plate-bending, shell, and coupled structural models, as well as dynamic, stability,
fracture, and multiphysics problems. Future developments may also focus on improving
computational efficiency through advanced optimization algorithms, parallel computing
techniques, and machine learning-assisted optimization. Considering its robust theoretical
foundation and continuously expanding range of applications, FEMEM has the potential to
become an effective alternative computational framework for solving challenging structural
mechanics problems that are difficult to analyze using conventional finite element
formulations.
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Abstract

Seismic structural monitoring requires rapid adaptation of sensing and computation while
confirming that uncertain measurements or inconsistent digital-twin (DT) outputs are not
released as reliable information. This study proposes a confidence-gated seismic DT-driven
cyber-physical system (CPS) framework that integrates event-triggered operation, edge-level
data assurance, DT updating, and governed service release. Time-critical functions, including
timestamp validation, buffering, data-completeness assessment, synchronization, event
confirmation, and hard-constraint screening, are performed close to the data source. Higher-
fidelity state estimation, model updating, persistent storage, and cross-event analysis are
allocated to digital-twin and cloud resources according to their timing and computational
requirements. A provisional system-level confidence index combines signal quality, data
completeness, synchronization, physical-digital consistency, and latency adequacy. When
integrated with hard-constraint checks, the index classifies each output as trusted, requiring
engineering review, or fail-safe. The major contribution is the decoupling of event recognition
from update permissibility, which avoids a detected event from being automatically regarded as a
reliable structural state. The proposed framework also presents layered architecture,
computational workflow, audit criteria, and staged evaluation pathway. Calibration and
validation using field-monitoring data or real-time hybrid simulation are required before any
automated feedback function can be authorized.

Keywords: digital twin; cyber-physical system; seismic structural monitoring; confidence
assessment; edge computing; event-triggered operation

1. Introduction

Cyber-physical systems (CPS) and digital-twin (DT) technology have emerged as advanced
technologies enabling real-time structural control, predictive analysis, and optimizing of
maintenance strategies [1]. DT provides evolving virtual representations of physical assets,
whereas CPS connect sensing, communication, computation, and physical or organizational
response. Their integration has therefore attracted increasing attention in structural health
monitoring, predictive maintenance, and intelligent infrastructure management [1–5]. Recent
structural DT applications have demonstrated sensor integration, model updating, and
visualization [2,3,5], while CPS studies have established distributed sensing and real-time
communication architectures [4,6,7]. Despite significant progress in the individual development
of CPS and DT, there is a lack of a practical seismic deployment framework.
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Seismic monitoring introduces requirements that are not fully represented by general-purpose
DT-CPS frameworks. The system operates for long periods under normal conditions but must
rapidly increase sensing and processing activity during a transient event. At the same time,
strong motion may increase packet loss, timing uncertainty, sensor saturation, and disagreement
between measured and model-estimated responses. Dong et al. reviewed the available
conventional frameworks and identified data acquisition, management, synchronization, and
feedback control as major challenges; however, these frameworks do not quantify the latency
tolerances, creating feasibility problems [1]. Similarly, existing DT implementations by Angjeliu
et al., Hielscher et al., and Li et al. for structural health monitoring (SHM) demonstrate strong
capabilities in post-event analysis but lack the real-time closed-loop actuation for seismic events
[8–10].

This study addresses these limitations by advancing the framework proposed by Dong et al. from
a descriptive layer arrangement to an operational decision framework for seismic monitoring [1].
The proposed confidence-gated seismic DT-driven CPS framework provides the supervisory
mechanism that coordinates event-dependent system operation, assigns functions according to
their timing and computational requirements, and regulates whether each digital-twin update is
accepted, withheld for engineering review, or rejected. The framework is therefore focuses not
on developing another structural model, but on how sensing, computation, digital representation,
and service delivery should integrate when the reliability of the available information is
uncertain.

The previously published framework by Dong et al. introduced a general five-layer framework
for integrating CPS and DT in structural engineering [1]. In contrast, the present study develops
this broad conceptual framework into a seismic-specific operational framework. It introduces
event-dependent monitoring modes, explicit allocation of operations between edge and DT/cloud
resources, confidence-based control of DT update release, hard-constraint overrides, and
auditable trusted, review, and fail-safe decision states. The proposed framework therefore
extends Dong et al.’s architecture by defining how sensing, computation, model evaluation, and
service releases should be coordinated when data and model reliability may be affected during
and after a seismic event.

This research work formalizes four interconnected mechanisms, which are mode-dependent
operation over the earthquake-monitoring cycle, edge–cloud task allocation, confidence-based
update admissibility with hard-constraint overrides, and auditable service governance
incorporating provenance, version control, human review, and rollback. All mechanisms together
provides a structured basis for translating the general five layers of the DT-driven CPS
framework into a testable implementation specification. The remaining sections presents the
proposed framework and operational logic, defines the computational workflow, and outlines the
staged pathways for future implementation and evaluation.
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2. Proposed confidence-gated seismic DT-driven CPS framework

The proposed framework extends the five-layer DT-driven CPS architecture of Dong et al. for
seismic structural monitoring by integrating event-dependent operating modes, edge-level data
assurance, edge–cloud task allocation, confidence-gated DT updating, and auditable service
release within a unified operational structure. The proposed framework is designed mainly for
structural monitoring, condition evaluation, engineering review, and alert assistance.
Accordingly, event thresholds, confidence weights, synchronization tolerances, latency limits,
and hard-constraint criteria must be calibrated for the monitored structure, sensing system, and
intended service. Table 1 summarizes the resulting design requirements and corresponding
framework mechanisms, which provide the basis for the layered architecture presented in the
following subsection.

Table 1. Operational design requirements and corresponding framework mechanisms

Design
requirements Operational concern Framework mechanism

Event-responsive
operation

Continuous high-intensity processing
is unnecessary during extended
normal conditions

Normal, seismic-alert, and post-event
operating modes

Data-quality
assurance

Missing, saturated, corrupted, or
nonphysical measurements may
affect DT updating

Edge data-assurance engine

Temporal
consistency

Packet disorder, timing mismatch,
and heterogeneous sampling may
compromise synchronization

Timestamp verification, buffering,
and channel alignment

Communication-
resilient
operation

Exclusive reliance on remote cloud
resources may delay time-critical
processing

Edge–cloud task allocation

Physical–digital
consistency

Credible measurements may disagree
with the current DT state

Residual-based consistency
monitoring

Controlled
service release

Uncertain model outputs may
otherwise appear authoritative

Confidence gate before downstream
services

Protection
against critical
faults

A weighted confidence score may
conceal a severe individual failure Hard-constraint override

Decision
traceability

Mode transitions and update
decisions may be difficult to
reconstruct

Data provenance, model and
threshold versioning, diagnostic
flags, and operator records

2.1 Layered architecture

The proposed confidence-gated seismic DT-driven CPS framework is composed of five
functionally integrated layers that regulate the progression of information from structural sensing
to decision-making support. Figure 1 illustrates the overall proposed framework. The physical
layer contains the monitored structure, sensing network, data-acquisition setup, and any
operational smart devices. Acquired measurements are transferred to the edge data layer, where
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timestamp validation, short-term buffering, packet-order verification, completeness assessment,
channel synchronization, event detection, and hard safety screening are performed before the
information is transferred to the digital environment. The DT layer subsequently analyzes the
structural state, updates the digital representation, evaluates the residual between measured and
predicted responses, and supports longer-term analytical functions. The confidence gate then
formulates signal quality Q(t), data completeness P(t), synchronization S(t), physical-digital
consistency M(t), and latency adequacy L(t), together with the prescribed hard constraints, to
classify each update as trusted, requiring engineering review, or fail-safe. Only updates that
satisfy the confidence and authorization criteria are transferred to the service and governance
layer for visualization, condition assessment, alert generation, engineering review, audit
recording, and permitted operational actions. The feedback path is therefore governed by both
confidence assessment and system authorization, preventing unverified digital-twin outputs from
directly influencing the physical system.

Figure 1. Proposed confidence-gated, event-triggered, edge-cloud DT-CPS framework

2.2 Event-triggered operational modes

Seismic monitoring is organized as a state-dependent process in which sensing, computation, and
decision-making functions are involved over the earthquake sequence. Figure 2 illustrates that
the framework distinguishes normal monitoring, seismic alert operation, and post-event analysis.
The system ensures baseline synchronization, sensor-health surveillance, and low-rate analytical
functions during normal conditions. A transition request is initiated when the edge data layer
detects a configured event indicator and confirms that the trigger is supported by sufficient
sensor channels without violating prescribed timing or data-quality constraints. Seismic-alert
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operation then increases acquisition priority, edge assurance, and the frequency of digital-twin
state estimation. Following the termination of strong motion, the framework enters the post-event
state for residual-condition assessment, model review, and inspection support. Normal operation
is restored only after the assessment has been completed and a reliable baseline has been re-
established.

Event-triggered mode changes are therefore not confined to a single architectural layer. The edge
data layer computes event detection and preliminary trigger validation, the DT layer adapts its
estimation and updating functions, and the service and governance layer records and manages the
operational consequences of the transition. The confidence gate evaluates the reliability of the
information and current DT state before the transition or associated outputs are accepted. Event
detection identifies the need for a change in operation, whereas the confidence gate determines
whether the available information is sufficiently trustworthy for that change to proceed. This
separation prevents incomplete, corrupted, or desynchronized measurements from producing an
unjustified mode transition or an unreliable structural assessment

Figure 2. Event-triggered operating modes and transition logic

2.3 Edge-cloud task allocation

The allocation of functions between edge and DT/cloud resources is governed by timing
criticality, communication dependence, computational demand, and the consequence of delayed
execution. Operations requiring immediate and communication-resilient processing are
performed at the edge, including timestamp verification, buffering, packet-order checking, data-
quality screening, synchronization, event-trigger confirmation, and hard-constraint evaluation.
Computationally intensive or less time-sensitive functions, such as high-fidelity state estimation,
numerical simulation, model updating, cross-event analysis, persistent storage, and model-
version management, are assigned to DT and cloud services. When rapid local estimation is
necessary, a validated reduced-order model or computationally efficient surrogate can operate at
the edge, whereas the high-fidelity DT performs detailed analysis and long-term historical
evaluation. The resulting allocation is therefore not fixed, but may be adapted according to
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available hardware, network conditions, and the criticality of the intended service. The
confidence gate is not assigned exclusively to either the edge or the cloud; it combines edge-
derived data-assurance indicators with DT-derived model-consistency and latency information to
determine whether an update is released, retained for engineering review, or rejected. Table 2
summarizes the corresponding allocation of functions between edge and DT/cloud resources.

Table 2. Functional allocation between edge and DT/cloud resources

Function Edge responsibility DT/cloud responsibility

Data ingestion
Timestamping, short-term buffering,
packet-sequence verification, and
sensor-status checking

Persistent storage, archival, and data-
provenance management

Data
assurance

assurance
Completeness assessment, range and
saturation checks, outlier screening,
synchronization, and hard data flags

Long-term data-quality statistics,
sensor-health trends, and recalibration
support

Structural
analysis

Rapid feature extraction and optional
validated reduced-order inference

High-fidelity state estimation,
simulation, model updating, and
uncertainty analysis

Decision
support

Local alert initiation and predefined
fallback activation within authorized
limits

Condition assessment, inspection
prioritization, and maintenance support

Governance Watchdog operation, local fail-safe
logic, and cached permissions

Threshold and policy management,
model versioning, audit records, and
operator-action logging

2.4 Confidence index and decision states

The confidence gate evaluates the trustworthiness of each data-model update at the system level
rather than representing the statistical uncertainty of an individual estimator. Five normalized
component scores are considered: signal quality Q(t), data completeness P(t), synchronization
S(t), physical-digital consistency M(t), and latency adequacy L(t). Each index score ranges from
0 to 1, where higher values indicating better reliability conditions. A provisional composite
confidence index is defined as:

� � � �� � � � � �� � � � � �� � � � � �� � � � � �� � ���� (1)

�� � �� � �� � �� � �� � th �� � � (2)

Each component is evaluated for synchronized data block and normalized within range of 0 and
1. The signal quality assures compliance with measurement range, saturation, and outlier criteria.
The completeness score defines the proportion of received samples relative to the expected
samples. The synchronization score examines temporal alignment among sensing channels,
while the physical-digital consistency score is evaluated from the normalized difference between
measured and digital predicted responses. The latency-adequacy score computes the total
acquisition, communication, and computational delay with the allowable latency limit. The
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specific normalization functions and limits must be calibrated for the monitored structure and
intended applications.

The weighting coefficients and decision thresholds are structure-specific and should be
calibrated according to the monitored structure, sensor network, DT model, and intended
application. The weighted index is supplemented by a hard-constraint check to confirm that a
critical failure is not masked by satisfactory values in other components. Hard-constraint
violations may include the loss of essential sensing networks, missing data, model convergence
failure, timestamp discrepancies exceeding the allowable tolerance, or applications beyond the
validation domain of the DT. The hard-constraint indicator H(t) is assigned to 1 when all hard-
constraints are satisfied and 0 when any hard-constraint is violated. There are two thresholds
confirm the decision state in which τN for trusted operation and τF for fail-safe operation, with τN
> τF. The state definition is:

���� �
�tat��ih � � � t ��i ���� � ��

������h � � � t ��i �� � ���� � ��
���㤹 㤮 t�㰍�h � � � � ��i ���� � ��

(3)

Trusted updates are accepted and released downstream services. Updates assigned to the review
state are withheld from automatic release and submitted for engineering assessment. Fail-safe are
rejected or rolled back to the most recent accepted DT state, after which the prescribed fallback
process is activated. Figure 3 illustrates the complete confidence-assessment and decision -
making support.

Figure 3. Confidence-gated decision logic for trusted, review, and fail-safe states
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3. Computational workflow

The computational workflow follows a sequential update closed loop that transforms raw sensors
data into confidence-labelled results. Each block of multi-sensor measurements is initially
assigned a timestamp and packet identifier, along with the timing information needed for
subsequent traceability. The edge-based assurance stage subsequently analyzes data
completeness, measurement limits, sensor saturation, anomalous values, packet order, and
channel condition. This assessment computes the signal quality score Q(t), the completeness
score P(t), and any linked hard data flags. Information than passes these initial checks is then
assigned to a shared time reference, from which the synchronization score S(t) and the
corresponding synchronized data block are obtained.

The synchronized data block is transferred to the DT service, where the structural state is
computed and the corresponding responses are predicted. The difference between predicted and
measured responses is used to compute the physical-digital consistency score M(t). Meanwhile,
timestamps linked with data acquisition, transmission, and computation are used to calculate the
latency-adequacy score L(t). The confidence gate integrates the five component scores, applies
the defined decision thresholds, and confirms all hard constraints before identifying each update
into one of the three decision conditions.

Updates classified as trusted are transferred to authorized structural monitoring and condition-
assessment applications. Updates with moderate confidence are blocked from automatic release
and are instead transferred for engineering review together with their confidence scores and
diagnostic flags. Fail-safe updates are rejected or reverted to the latest approved state, followed
by activation of the defined fallback procedure. Auditability is preserved throughout whole
procedure by recording data provenance, operating model, individual component scores,
threshold and model revisions, decision status, diagnostic flags, and any other subsequent action
taken by the operator. These records allow every accepted, reviewed, or rejected update to be
independently traced, recreated, and evaluated.
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Figure 4. Algorithmic sequence for one update

4. Implementation pathways and future evaluation

The developed framework may be implemented in either an instrumented field structure or a
real-time hybrid simulation (RTHS) platform. For field deployment, edge-processing functions
can be linked into the local data acquisition system or monitoring gateway, while DT and cloud-
based services perform structural-state estimation, model administration, and long-term
assessment. The proposed confidence gate mechanism controls whether the resulting information
is forwarded for visualization, condition assessment, or inspection support, thereby preventing
the risk that incomplete or inconsistent information are regarded as dependable evidence of
structural change.

RTHS offers a suitable controlled setup for the initial deployment of the proposed framework
because physical data, digital models, timing records, and actuator interfaces are already
integrated within a CPS testing system [11]. The developed workflow should initially be
operated in shadow mode, where mode changes, confidence component scores, hard-constraint
breaches, and decision status are logged without affecting the experiment. This whole setup
allows the event logic, timing performance, physical-digital residuals, and fallback procedures to
be analyzed before advisory outputs or automated permissions are activated. Advancement to
higher levels of automation should take place only after the evidence needed at each previous
stage has been established, as outlined in Table 3.

Table 3. Staged implementation and evidence required before progression

Stage Primary activity Required evidence

Offline replay

Evaluate the event-detection and
confidence-assessment logic using
archived data or deliberately
degraded records

Reliable detection of delayed,
missing, misaligned, saturated, and
inconsistent data
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Stage Primary activity Required evidence

Shadow DT Execute the workflow influencing
operation or testing

Consistent timing, stable residuals,
and reproducible decisions

Advisory service Provide confidence-labelled
outputs to engineers

Decision agreement with engineering
judgement and documented threshold
refinement

Limited
automation

Permit predefined low-
consequence alerts or
recommendations

Verified fallback performance,
controlled false alarms, and
independent safety review

Authorized closed
loop

Enable validated feedback
functions

System validation under
representative loading, sensing,
communication, and failure condition

5. Discussion

The primary contribution of the developed framework is the distinction between event
recognition and the acceptance of DT updates. Event detection logic determines when the
monitoring system should transition between operating modes, while the developed confidence
gate evaluates whether the available data and model predictions are reliable enough for
downstream operations. This distinction is particularly important during earthquake events, when
increased sensing and computational demands may occur alongside missing data, sensor
saturation, synchronization errors, communication latency, or inconsistencies between predicted
and measured responses. By integrating component-level confidence measures with hard-
constraint checks, the framework introduces an engineering-review state between automatic
acceptance and full rejection. Consequently, uncertain cases can be examined without being
interpreted either as verified structural change or as completely unusable information.

The framework supports monitoring, condition assessment, inspection services, alerts, and other
authorized services, but does not validate autonomous structural control. Implementation
therefore progresses from offline replay and shadow operations to advisory or limited automated
operations. This staged process allows system logic, confidence scores, timing, fallback
processes, and audit records to be analyzed without affecting the structure. Traceability is
enabled by integrating each decision to its data source, confidence scores, thresholds, model
revision, and operator actions. The framework has not been validated using experimental or field
data, and its parameters need application-specific calibration. The additive confidence gate
mechanism may also require more advanced formulations to capture dependencies among its
components. Future studies should evaluate decision accuracy, robustness to degraded data,
model drift, and fallback performance. Cybersecurity, standardization, cost, and regulatory
approval remain beyond the present scope.

6. Conclusion

The study proposed a confidence-gated seismic DT-driven CPS framework for structural
monitoring during normal operation, seismic alerts, and post-event assessment. The framework
combines edge-level data quality assurance, coordinated work distribution between edge and
DT/cloud resources, evaluation of physical-digital agreement, and confidence-based regulation
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of DT update release. Its primary contribution is the distinction between event identification and
update acceptance, ensuring the system to classify updates as reliable, requiring engineering
review, or requiring fail-safe operation. The workflow further confirms traceability by recording
data provenance, threshold and model revisions, diagnostic indicators, and operator actions. As
the framework is currently at the conceptual design stage, its confidence-components settings,
state-transition rules, timing constraints, and fallback process must be calibrated and validated
using field-monitoring data or RTHS before any automated feedback capability can be approved.
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Abstract In the process of structural damage identification, the structural signals collected by 

sensors will inevitably be affected by noise generated from environmental and human factors. 

To prevent weak damage features from being submerged by external noise, enable 

convolutional neural network (CNN) to accurately extract key features, and improve the 

damage recognition rate, this study proposes a noise reduction method that combines complete 

ensemble empirical mode decomposition with adaptive noise (CEEMDAN) and an improved 

wavelet thresholding technique. The effectiveness and practicality of the proposed method are 

verified through numerical simulations and vibration experiments. The results indicate that the 

combination of CEEMDAN and the improved wavelet thresholding method yields the best 

denoising performance, effectively removing noise from structural signals. The average 

accuracy of CNN-based damage recognition exceeds 95%, which is significantly higher than 

the damage recognition accuracies obtained by using single denoising methods or CNN 

recognition without prior denoising. 

 

Keywords: Structural damage detection, Vibration signal denoising, Empirical modal 

decomposition, Wavelet threshold decomposition, Convolutional neural network 
 

1. Introduction 

Due to the complexity of the engineering environment, in the actual process of structural 

damage detection (SDD), the vibration signals of the structure are easily affected by the noise 

brought by external factors. How to extract weak damage features and adopt effective means to 

denoise the acceleration signals so that the convolutional neural network (CNN) can quickly 

recognize and accurately localize them is one of the difficulties faced by current SDD 

technology[1]. 

 

Traditional SDD methods often struggle to meet the requirements of efficient, real-time, non-

contact, and comprehensive monitoring. Vibration-based SDD methods have emerged and 

gradually become one of the core technologies for modern structural health monitoring (SHM). 

The occurrence of structural damage will change the physical properties of the structure, such 

as local stiffness, mass, and damping, which will lead to changes in the vibration characteristics 

of the structure (such as frequency[2], mode shapes[3][4], curvature[5], etc.) and vibration 

signals (acceleration signals[6], strain signals[7], displacement signals[8], etc.). The 

acceleration signal of the structure does not rely on the physical model of the structure and 

enable direct time-frequency analysis, retaining the most authentic structural vibration 

information and largely avoiding the problem of information loss caused by the modal analysis 

process. 

 

In recent years, CNN has been proven to be a versatile and powerful tool. As a supervised multi-

layer feed-forward artificial neural network, CNN leverages its powerful capability to not only 
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learn feature-output associations, but also automate the entire feature extraction process. After 

appropriate training, direct mapping from the original input to the final output can be found. Its 

feature enables it to decompose complex tasks into smaller and simpler parts, thus performing 

well in complex tasks[9]. Zhan et al. investigated the noise immunity of CNNs and trained 

CNNs through the combined effect of structural parameter randomness and sampling noise, 

demonstrating that CNN has remarkable noise resistance[10]. Jamshidi et al. used a dataset 

consisting of the acceleration response of concrete beams under impact hammer tests to 

evaluate the accuracy of CNN classification, and the results showed that the CNN can 

successfully classify the severity of damage[11]. Teng et al. illustrated the process of CNN 

feature extraction in the detection of defects on the surface of structures[12]. Yang et al. jointly 

constructed a network model with CNN and LSTM, and performed SDD on a steel bridge 

structure downsizing model under different working conditions, which verified the advantages 

of the method in terms of accuracy and precision[13]. The above results all illustrate that CNN 

has good damage detection performance. 

 

Regardless of the SDD method employed, the identification process is often affected by human 

errors and environmental variations, which introduce high-frequency white noise into the 

output acceleration signals. During CNN training, noise-contaminated data not only reduces 

training efficiency but also results in incorrect learning, ultimately decreasing the SDD 

accuracy. As a novel signal processing method, empirical mode decomposition (EMD) was first 

proposed by Huang et al.[14] in 1998. Since its introduction, it has attracted the attention of 

numerous scholars at home and abroad, and its applications in the field of SDD have gradually 

increased. Pines et al. decomposed the time-series model of one-dimensional structures using 

the EMD method to obtain modal information such as damping and phase, thereby determining 

the presence, location, and severity of structural damage[15]. To address the issue of noise 

interference in sampling signals for bridge health monitoring, Yan employed a denoising 

algorithm combining EMD with wavelet transform[16]. Through comparative numerical 

simulation and finite element simulation tests, the effectiveness and practicality of this method 

were verified. Deering et al. homogenized the distribution of extreme points in the original 

signal by adding a masking signal, thereby suppressing mode mixing[17]. Wu et al. improved 

the EMD and proposed the ensemble empirical mode decomposition (EEMD)[18]. Then Yeh 

et al. [19] proposed complementary ensemble empirical mode decomposition (CEEMD), which 

reduced reconstruction errors caused by white noise while maintaining decomposition effects 

similar to EEMD by adding white noise with opposite signs to the original signal, performing 

EMD on the two signals separately, and then calculating the mean value. However, both EEMD 

and CEEMD suffer from the common drawback of heavy computational load[20]. Based on 

the theoretical framework of EMD, Torres et al.[21] proposed complete ensemble empirical 

mode decomposition with adaptive noise (CEEMDAN) by injecting Gaussian white noise into 

the signal, performing multiple decompositions, and integrating and averaging the 

decomposition results, drawing on the method of EEMD. Dai et al.[22] systematically reviewed 

the research progress of EMD in the fields of one-dimensional and multi-dimensional signal 

analysis. Through a comparative analysis of EMD, EEMD, and CEEMDAN, they revealed the 

following key advantages. CEEMDAN adopts an adaptive white noise injection strategy, 

adding Gaussian white noise at each modal decomposition stage in a decreasing proportion of 

the hierarchical structure. This significantly reduces the noise residue in the intrinsic mode 

functions (IMFs). Meanwhile, by introducing a global iteration termination criterion, the 

decomposition efficiency of CEEMDAN is improved by approximately 50% compared with 

traditional methods, while ensuring the reconstruction accuracy of the signals. Aiming at the 

severe noise problem in bridge vibration signals under complex environments, He et al.[23] 

denoised the original signals by combining CEEMDAN with permutation entropy, solving the 
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problems of mode mixing and endpoint effects, and verifying the superiority and application 

value of this method through vibration signal analysis of actual long-span bridge structures. Liu 

et al. developed a joint denoising method based on CEEMDAN and multiscale permutation 

entropy for flow-releasing structures[24]. This method improves the signal denoising effect and 

can accurately remove noise from the vibration signals of flow-releasing guide walls. Compared 

with the method proposed by He et al., it demonstrates greater engineering application value in 

terms of complex noise suppression, real-time performance, and scene adaptability. Although 

CEEMDAN shows significant advantages in non-stationary signal processing, its algorithm still 

has several problems that need to be solved[25]. Empirical evidence indicates that residual noise 

remains in the intrinsic mode functions (IMFs) derived from CEEMDAN, particularly within 

the high-frequency components of the signal. This residual noise can lead to spurious frequency 

modulation artifacts during Hilbert spectral analysis. Furthermore, in the initial stages of 

decomposition, the algorithm is susceptible to the stochastic nature of the white-noise-assisted 

process, resulting in unphysical and excessive decomposition modes. 

 

Wavelet decomposition (WD) is a denoising method based on the wavelet transform theory. 

Zhou et al.[26] proposed an adaptive threshold algorithm combined with an improved threshold 

function to track noise, and verified the effectiveness of this method through simulation 

experiments. Sha[27] proposed a 1/2 threshold method, simulation experiments and 

engineering examples with deformation monitoring signals, compared the effectiveness of this 

method with soft and hard thresholding methods, and proved that this method is more effective. 

Li et al.[28] adopted an improved wavelet threshold joint noise reduction method, which 

effectively extracted the structural vibration information of the guide wall and well filtered out 

low-frequency water flow noise and part of high-frequency white noise. Although wavelet 

threshold noise reduction has good time-frequency characteristics and signal decomposition 

ability, it is interfered by many influencing factors, such as the number of wavelet 

decomposition layers[29], denoising evaluation[30][31], and threshold function. Generally, it 

is difficult to select appropriate parameters manually. For example, in the threshold algorithm 

proposed by Gan et al.[32], the estimated threshold of the first layer is too large, which is likely 

to cause the phenomenon of “over-suppressing” wavelet coefficients. Since different signals 

exhibit distinct characteristics, threshold parameters often require targeted resetting and 

adjustment, which not only reduces computational efficiency but also impedes satisfactory 

outcomes. This study first optimizes the correlation coefficient method of CEEMDAN by 

introducing an adaptive threshold factor based on the improved wavelet thresholding method, 

enabling the algorithm to autonomously adapt to diverse signals for optimal results. 

Subsequently, a denoising approach integrating CEEMDAN and improved wavelet 

thresholding is proposed. The IMF components decomposed by CEEMDAN are classified into 

high-frequency and low-frequency modal categories, and the improved wavelet thresholding 

method is jointly applied to decompose and reconstruct high-frequency components, further 

suppressing noise interference. Finally, CNNs are employed to perform damage identification 

and localization on denoised signals from numerical experiments and vibration experiments. It 

is demonstrated that this method significantly enhances the training efficiency and recognition 

accuracy of CNN, exhibits excellent denoising performance and universality, and can 

effectively reduce high-frequency noise interference in structural signals. 

 

2. Methods 

2.1 CEEMDAN 

The core idea of CEEMDAN is based on the EMD theory, adopting a strategy of adaptive noise 

injection and recursive decomposition. It draws on the approach of the EEMD, which involves 

injecting Gaussian white noise into the signal, performing multiple decompositions, then 
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integrating the decomposition results and calculating their average. This not only ensured the 

quality of decomposition but also significantly improves computational efficiency. Its 

decomposition process is as follows: 

 

(1) Adaptive noise is introduced into the original signal 𝑟0(𝑡) = 𝑠(𝑡) to suppress mode mixing 

by destroying the intrinsic scale of the signal through dynamic noise perturbation. Its formula 

is as follows: 

 

𝜀𝑘−1 =
𝜀0

√𝑘
(1) 

 

where 𝜀0 is the noise amplitude and 𝑘 is the decomposition order. 

 

(2) Positive and negative noise pairs are introduced to ensure that the noise is completely 

canceled out. 

 

𝑟𝑘−1
(𝑖,±)(𝑡) = 𝑟𝑘−1(𝑡) ± 𝜀𝑘−1𝜔𝑖(𝑡) (2) 

 

(3) Each noise-added signal is subjected to one EMD sieving to extract the first-order IMF. 

 

IMF𝑘
(𝑖,±)(𝑡) = EMD1 (𝑟𝑘−1

(𝑖,±)(𝑡)) (3) 

 

(4) Statistical averaging calculations are conducted to eliminate the effects of random noise. 

 

IMF𝑘(𝑡) =
1

2𝑀
∑ [IMF𝑘

(𝑖,+)(𝑡) + IMF𝑘
(𝑖,−)(𝑡)]

𝑀

𝑖=1
(4) 

 

(5) The extracted IMFs are stripped layer by layer to gradually approximate the overall trend 

or residual noise of the signal. 

 

𝑟𝑘(𝑡) = 𝑟𝑘−1(𝑡) − IMF𝑘(𝑡) (5) 
 

The above steps are repeated until the residual signal is monotonic (the number of extreme 

points is no more than 2). At this point, it is indicated that no further oscillatory modes could 

be decomposed, and finally k-th IMFs are obtained. The decomposition flowchart is shown in 

Figure 1. 
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Figure 1 Flowchart of CEEMDAN. 

 

CEEMDAN symmetrically injected pairs of positive and negative noise, and gradually reduces 

the noise amplitude corresponding to high-frequency IMF components. This mechanism 

effectively suppressed noise interference in high-frequency components while ensuring the 

purity of low-frequency modes. Meanwhile, in each decomposition stage, only the first-order 

IMF is extracted from the current residual signal, avoiding repeated EMD of the entire signal. 

This method significantly improves computational efficiency and result consistency while 

ensuring the quality of decomposition. 

 

After applying the CEEMDAN, multiple IMFs are generated, and some of these components 

still contained noise or redundant information. Therefore, it is necessary to screen out the 

effective modes. Traditional screening methods relied on manual experience to select IMFs, 

which is subjective and inefficient. The Pearson correlation coefficient (PCC) method is a 

statistical index used to measure the linear relationship between two continuous variables. Its 

value ranged from -1 to 1, and it could be used to assess the linear correlation between two 

variables and the direction of the correlation. Its calculation formula is as follows: 

 

𝜌𝑘 =
∑ [𝑠(𝑡) − 𝑠̅][𝑐𝑘(𝑡) − 𝑐𝑘̅]

𝑁

𝑡=1

√∑ [𝑠(𝑡) − 𝑠̅]2
𝑁

𝑡=1
√∑ [𝑐𝑘(𝑡) − 𝑐𝑘̅]2

𝑁

𝑡=1

(6) 

 

where 𝑠(𝑡) is the original signal, 𝑐𝑘(𝑡) is the k-th IMF, 𝜌𝑘  is the correlation coefficient 

value of the k-th IMF. The closer the value of the correlation coefficient is to 0, the lower the 

similarity between the original signal and the IMF, and the weaker the correlation between them. 

 

To enhance the reliability of the decomposition results and objectively select effective modes, 

a threshold criterion is introduced into the IMFs obtained from CEEMDAN[33], to distinguish 

between effective modes and noise modes. Additionally, the gradient calculation is optimized 

to automatically find the optimal solution for the threshold, which served as the final threshold 

for screening. The decomposition process is as follows: 

 

(1) Introduction of a standardized formula for thresholds: 
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𝜆 =
max(𝜌𝑘)

10 ×max(𝜌𝑘) − 3
(7) 

 

where the IMF is judged to be a valid mode when 𝜌𝑘 > 𝜆, and a noise mode when 𝜌𝑘 < 𝜆. 

 

(2) Using Python's loop computation script, the gradient is computed in the interval [0.1, λ] with 

0.01 as the step size, generating a new series of thresholds β. A series of decompositions are 

obtained by using the thresholds as filtering conditions. 

 

(3) The signal to noise ratio (SNR) and root mean squared error (RMSE) are used as evaluation 

metrics[34] to assess the decomposition results after each calculation, and the decomposition 

result with the highest SNR and the smallest RMSE is selected. The corresponding threshold at 

this point is the optimal threshold, as shown below. The SNR is a classical measure of denoising 

effect. It represented the relative strength of the signal compared to the noise. The higher the 

SNR is, the better the denoising effect is. On the other hand, the RMSE is used to measure the 

difference between the denoised signal and the original signal. The smaller the RMSE is, the 

better the denoising performance is. 

 

 
Figure 2 Correlation coefficient values for each order of IMF. 

 

2.2 Wavelet Improved Threshold Decomposition 

Wavelet threshold decomposition is a denoising method established on the basis of wavelet 

transform theory, which is characterized by multi-scale and decorrelation. Although wavelet 

threshold decomposition had good time-frequency analysis and signal decomposition ability, it 

is easily interfered by many influencing factors, such as the number of wavelet decomposition 

layers, denoising evaluation, threshold function and so on. Among them, the selection of 

threshold parameters, as a crucial step in wavelet threshold decomposition, directly affected the 

denoising effect. A threshold that is too high might lead to signal loss, while a threshold that is 

too low failed to effectively remove noise. Manual selection often involved the dilemma of 

striking a balance between preserving signal features and suppressing noise, making it generally 

difficult to obtain appropriate parameters. 

 

Conventional threshold functions primarily include the hard thresholding method and the soft 

thresholding method as shown in Equations (8) and (9). The hard thresholding method is widely 

used due to its simple and straightforward processing. However, it had the problem of “one-

size-fits-all”, and there is a discontinuous jump at the threshold value when ∣ 𝑥 ∣= 𝜆 , lacking 

smoothness. The soft thresholding method, by introducing a smoothing coefficient, could 

generate continuous signals and reduce the oscillation of the reconstructed signals. Nevertheless, 

it also suffered from the issue of constant deviation, which led to the loss of some important 

features of the signals. Hard threshold expression: 
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𝑑̂𝑗,𝑘 = {
𝑑𝑗,𝑘,           |𝑑𝑗,𝑘| ≥ 𝜆

0,               |𝑑𝑗,𝑘| < 𝜆
(8) 

 

Soft threshold expression: 

 

𝑑̂𝑗,𝑘 = {
sign(𝑑𝑗,𝑘)( |𝑑𝑗,𝑘| − 𝜆),           |𝑑𝑗,𝑘| ≥ 𝜆

0,                                                  |𝑑𝑗,𝑘| < 𝜆
(9) 

 

where 𝑑𝑗,𝑘 is the wavelet detail coefficient, which contained the detail and noise of the signal; 

and 𝜆 is the threshold. 

 

In order to solve the above problems, this study proposed a modified wavelet thresholding 

function incorporating Heursure's adaptive selection principle[35]. The improved threshold 

expression is as follows. 

 

        𝑑̂𝑗,𝑘 = {
𝑢𝑑𝑗,𝑘 + (1 − 𝑢)sign(𝑑𝑗,𝑘){|𝑑𝑗,𝑘| −

𝜆

log2[2 + 𝑡(|𝑑𝑗,𝑘| − 𝜆)]
}, |𝑑𝑗,𝑘| ≥ 𝜆

0,                                                                                                            |𝑑𝑗,𝑘| < 𝜆

         (10) 

 

where 𝑢 =
2

π
arctan(𝑡(|𝑑𝑗,𝑘| − 𝜆)

2), 𝑡 ≥ 0.  When 𝑡 = 0 , the value of 𝑑̂𝑗,𝑘  is the soft 

threshold, and when 𝑡 → ∞, the value of 𝑑̂𝑗,𝑘 is the hard threshold. The comparison of the 

improved wavelet threshold with the soft and hard thresholds is shown in Figure 3. 

 

 
Figure 3 Comparison of improved threshold, soft threshold and hard threshold. 

 

In this study, the adjustment factor t is introduced to realize the change of function radian by 

changing the size of t (as in Figure 4), and Python is used to increase the gradient calculation 

and comparison function to make it adaptive for different signals to get the optimal result. 

 

       
 (a) t=0.5                           (b) t=10 

Figure 4 Threshold functions for different moderators. 
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From the figure, it could be seen that the improved threshold avoided the jump discontinuity 

phenomenon of the hard threshold and reduced the constant error existing in the soft threshold, 

which could better reflect the real characteristics of the signal while retaining the advantages of 

both. 
 

2.3 Improved noise reduction methods 

CEEMDAN yields useful IMFs, yet noise-dominated components (e.g., red-marked in Figure 

5) may retain critical features. Therefore, in order to further improve the signal-to-noise ratio, 

it is necessary to carry out the secondary noise reduction process for these noise-containing 

high-frequency components, and this paper proposed a method combining CEEMDAN with 

improved wavelet thresholding for joint denoising of the signal. 

 

 
Figure 5 Noisy high-frequency components. 

 

Firstly, the original signal is preliminarily decomposed by CEEMDAN. Then, vector screening 

is carried out using the optimized correlation coefficient algorithm to distinguish useful IMFs 

from noisy IMFs, and the useful IMFs are retained. Secondly, the noisy IMFs are subjected to 

noise reduction again using the improved wavelet thresholding method, and then reconstructed 

through wavelet inversion to obtain the denoised noisy IMFs. Finally, the noise reduction signal 

is obtained by reconstructing the useful IMFs and the denoised noisy IMFs. The decomposition 

flowchart is shown as Figure 6. 

 

 
Figure 6 Process of improved denoising methods. 

 

2.4 Input to CNN 

In this study, the CNN is constructed based on the Matlab platform. The Adam optimizer is 

employed to enhance the adaptability of the network, and the nonlinearity is strengthened 
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through the ReLU activation layer. Firstly, the acceleration signals of the structure are used as 

input data. Taking the beam structure in Figure 7 as an example, three acceleration sensors 

(marked by red five-pointed stars in the figure) are utilized to collect data. Each sensor obtained 

1,000 data points. Then, the data from the three sensors are stored as a 1,000×3 text data, which 

is regarded as a matrix and served as the input of the CNN, with the number of rows being 

1,000 and the number of columns being 3. The output result of a CNN classification task is 

usually a category label, such as the probability of category A or B. Therefore, it is necessary 

to preset the number of categories according to the working conditions and number the different 

working conditions in the construction of CNN. Suppose the three crack damage conditions 

with different locations are numbered as 1, 2, and 3. Then when the network output result is 1, 

it meant that there is damage at the location of 1, and when the output result is 2, it meant that 

there is damage at the location of 2, and so on. 

 

 
Figure 7 Beams. 

 

3. Numerical experiment 

To validate the effectiveness of the improved denoising method, simulations are conducted 

using noise-contaminated signals. First, the denoising effects of EMD, EEMD, and CEEMDAN 

algorithms are individually analyzed, comparing their performance differences. Second, 

wavelet hard thresholding, soft thresholding, and improved wavelet thresholding algorithms are 

separately investigated, with the superiority of the improved thresholding method verified 

through evaluation metrics. Finally, cross-combination experiments are performed on these two 

categories of algorithms, confirming the comprehensive advantages of CEEMDAN combined 

with improved wavelet thresholding. In practical engineering, the vibration subjected to 

structures is typically multimodal, with distinct frequencies across different modes. Therefore, 

this section superimposed multiple cosine waves with varying frequencies and amplitudes, 

adding Gaussian white noise to simulate complex noise interference in real-world environments. 

Synthetic noisy signals are generated using: 
 

{
 
 

 
 𝑋1(𝑡) = 5𝑒

(−𝑡/2) ∙ cos(16𝑡)

𝑋2(𝑡) = 2𝑒
(−𝑡/2) ∙ cos(50𝑡)

 𝑋3(𝑡) = 2𝑒
(−𝑡/2) ∙ cos(100𝑡)

𝑓(𝑡) = 𝑋1(𝑡) + 𝑋2(𝑡) + 𝑋3(𝑡) + 𝜂

(11) 

 

The frequencies of the three signals are 16 Hz, 50 Hz, and 100 Hz, respectively. By adding 

Gaussian white noise with a magnitude of 10 dB, the signal-to-noise ratio is incorporated into 

the synthesized signal. The noisy signal 𝜂 is shown in the figure below. 
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(a) 

 

 
(b) 

Figure 8 Analog signal with noise: (a) Signal component waveform; (b) Comparison of noisy 

signal and original signal. 

 

Firstly, EMD, EEMD, CEEMDAN are performed on the noise-containing signal, and the 

decomposition results are shown in Figure 9. 
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(a)                                    (b) 

 
(c) 

Figure 9 (a) EMD; (b) EEMD; (c) CEEMDAN. 

 

According to the optimized correlation coefficient method described in section 2.1, combined 

with the loop calculation function of Python, the optimal threshold value for each 

decomposition method is determined. Subsequently, the IMFs obtained from the decomposition 

are screened using the threshold β as a criterion to distinguish between low-frequency useful 

components and high-frequency noise-containing components. The optimal thresholds of the 

three decomposition methods are shown in Figure 10, from which the correlation coefficients 

between the IMFs decomposed by each decomposition method and the original signal could be 

clearly seen. 

 

   
(a)                        (b)                       (c) 

Figure 10 Selection of the effective IMF: (a) β=0.10; (b) β=0.12; (c) β=0.15. 

 

As could be seen from the Figure 10, the first four IMFs of each graph are larger than the 

threshold β. Therefore, all three decomposition methods had obtained four useful components, 

and the useful components of the three methods are reconstructed separately to obtain the 

ICCM2026, 16th-19th August 2026

63



 

      

denoised signal. 

 

To compare the denoising effects of the three methods, SNR and RMSE are adopted as 

evaluation metrics. Specifically, SNR reflects the noise level in the reconstructed signal, while 

RMSE quantifies the error magnitude between the original and reconstructed signals. A higher 

SNR indicates a greater signal-to-noise ratio in the reconstructed signal, implying less noise 

contamination and clearer signal characteristics. A lower RMSE signifies a smaller deviation 

between the reconstructed and original signals, better preserving the intrinsic features of the 

source signal. As shown in Table 1, the CEEMDAN method achieved the highest SNR (21.66 

dB) and lowest RMSE (0.0212 cm), demonstrating its superiority over EMD and EEMD in 

attaining enhanced denoising performance. 

 

Table 1 Evaluation results using SNR and RMSE. 

          Decomposition methods 

Evaluation metrics 
EMD EEMD CEEMDAN 

SNR (dB) 13.729 16.655 22.825 

RMSE 0.307 0.22 0.11 

 

Before validating the wavelet improvement thresholding method, the foundation parameters 

needed to be set. Daubechies (db) wavelet and Symlet (Sym) wavelet had significant advantages 

in non-smooth signals and vibration signals due to high vanishing moments and approximate 

symmetry. Therefore, based on the rule of thumb, db 1 ~ 8 and Sym 1 ~ 8 are selected as the 

wavelet bases, the number of decomposition layers are 1 ~ 5, and wavelet threshold denoising 

test is performed using wavelet soft threshold and hard threshold as the threshold function. 

 

A cross-validation approach is employed for different wavelet bases and decomposition levels. 

For each combination, ten wavelet decompositions are performed to generate ten evaluation 

results. These results are then averaged, and the mean value served as the final outcome for that 

specific combination. Irrespective of whether the wavelet hard threshold or soft threshold 

method is used, the SNR reached its minimum and the RMSE attained its maximum when the 

wavelet base is db8 and the decomposition level is 3. Therefore, the wavelet basis of db8 and 

the number of decomposition layers of 3 are chosen as the base parameters for the subsequent 

decomposition. 

 

In the noise reduction process based on the wavelet improvement threshold, the key is the 

setting of the tuning factor t. Therefore, the wavelet decomposition of the noise-containing 

signal is next performed at different values of t to obtain the optimal values of SNR and RMSE, 

and the results are shown in Figure 11, with t ranging from [0, 10]. 

 

      
Figure 11 Evaluation results using wavelet improvement threshold: (a) SNRs corresponding 

to different regulators t; (b) RMSE corresponding to different regulators t. 
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From the results in Figure 11, it could be seen that the maximum value of the SNR is 10.34 dB, 

and the minimum value of the RMSE is 0.4285. These two values correspond to the results 

when t = 6. Therefore, when the adjustment factor t is 6, the corresponding wavelet threshold 

decomposition result is optimal, and the value of t at this time is the optimal adjustment factor. 

 

In order to further enhance the denoising effect, this study proposed an improved noise 

reduction method based on CEEMDAN combined with wavelet improved thresholding method, 

which performed secondary denoising on the signal by combining the advantages of both. The 

results of combining EMD, EEMD, CEEMDAN with wavelet hard threshold, soft threshold 

and wavelet improved threshold and cross-validation are shown in Table 2, where wavelet hard 

threshold, soft threshold and improved threshold are represented by hard, soft and improved 

respectively. It could be seen by comparison that for any class of modal decomposition methods, 

the performance of the joint noise reduction method is better than that of the single noise 

reduction method, and the combined wavelet improved threshold method is the best, the 

combined wavelet hard threshold method is the second best, and the combined wavelet soft 

threshold method is the second best. Meanwhile, whether using a single empirical modal 

decomposition method or combining the wavelet thresholding algorithm, the results of EMD, 

EEMD, and CEEMDAN showed a gradual increasing trend. Notably, the CEEMDAN-wavelet 

improved thresholding hybrid achieved the peak SNR value (30.959 dB) and the lowest RMSE 

(0.042), indicating its superior noise suppression capability. 

 

Table 2 Cross-validation results. 

 EMD EEMD CEEMDAN 

SNR (dB) 13.729 16.655 22.825 

RMSE 0.307 0.22 0.11 

 EMD+soft EEMD+soft CEEMDAN+soft 

SNR (dB) 23.902 25.097 27.686 

RMSE 0.096 0.083 0.062 

 EMD+hard EEMD+hard CEEMDAN+hard 

SNR (dB) 27.229 28.475 28.935 

RMSE 0.065 0.058 0.053 

 EMD+improved EEMD+improved CEEMDAN+improved 

SNR (dB) 28.881 29.222 30.959 

RMSE 0.054 0.055 0.042 

 

4. Experimental verification 

4.1 Experimental preparation 

The experimental model employed in this study for testing purposes is a steel bridge, with the 

schematic diagram of the vibration experimental setup shown in Figure 12. The bridge model 

has dimensions of 2.4 m in length, 0.3 m in width, and 0.3 m in height, and it is constructed 

using 4 angle steel members and 60 flat steel components. Specifically, the angle steel members 

are equal-angle L-beams with dimensions of 0.03 mm × 0.03 m × 0.002 m, while the flat 

steel components are rectangular-section moment steel with dimensions of 0.02 m × 0.002 m. 

The upper and lower angles and the flat steel are connected with bolts, and the constraints are 

fixed on the two ends. The main instruments used in this test include: dynamic data acquisition 
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instrument (JM-3841), nondestructive intact and damaged bars, and acceleration sensor (YD-

2150), as shown in Figure 13. Among them, the damaged bars are simulated by removing one-

third of the cross-section, as shown in Figure 13(e). 

 

         
Figure 12 Experimental model of steel frame bridge.   Figure 13 Experimental equipment. 

 

4.2 Data samples 

Firstly, 7 acceleration signal sensors are installed at the acquisition point location as shown in 

Figure 14, and each sensor is connected to the dynamic data acquisition instrument via wires, 

with a sampling frequency of 200 Hz and an acquisition time of 1 minute. Then, through force 

hammer excitation on the steel bridge model, the acceleration signals generated by the structural 

vibration are collected by the acceleration sensor. The force hammer is used to strike the 

excitation point 15 times within 1 minute, and 400 acceleration sampling points are intercepted 

each time, thereby obtaining 6000  × 7 sampling points from the 7 acceleration signal 

acquisition points. 

 

 
Figure 14 Signal acquisition. 

 

In this section, the three bars marked in red in Figure 15 are taken as damage objects, numbered 

1, 2 and 3 respectively. 8 damage scenarios are designed according to the different numbers of 

damaged bars, including 1 no-damage scenario, 3 single-damage scenarios, 3 double-damage 

scenarios and 1 triple-damage scenario, as shown in Table 3. 
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Figure 15 Damage bar location. 

 

Table 3 Design of conditions for steel frame bridges. 

Damage 

condition 
Damage form Damaged bars 

Number of samples 

in training set 

Number of 

samples in test set 

1 Intact  / 406 175 

2 

Single damage 

Bar 1 406 175 

3 Bar 2 406 175 

4 Bar 3 406 175 

5 

Double damage 

Bars 1、2 406 175 

6 Bars 1、3 406 175 

7 Bars 2、3 406 175 

8 Triple damage Bars 1、2、3 406 175 

 Total  3248 1400 

 

Owing to the non-stationary and non-linear nature of acceleration signals, the sensor-collected 

data exhibit considerable variations in range, amplitude, or distribution characteristics. Direct 

application of these signals to the model could result in unstable training processes or 

compromised model learning outcomes. Therefore, it is necessary to perform normalization 

processing. MinmaxScaler is a common data preprocessing method, whose core principle is to 

mean-center and variance-scale the inputs of each layer of the neural network, so that the 

distribution of activation values is always maintained in a stable interval, such as [0, 1] or [-1, 

1]. This method is scaled by the following Equation: 

 

𝑋𝑠𝑐𝑎𝑙𝑒𝑑 =
𝑋 −min(𝑋)

max(𝑋) −min(𝑋)
(12) 

 

The Minmaxscaler based on Python is used to preprocess the input data, and the core code is as 

follows: 

# import sklearn tool library 

from sklearn.preprocessing import MinMaxScaler   

# Calculate the scaling parameters based on the data 

Acceleration_data = scaler.fit_transform(acceleration_data.reshape(-1, 1)) 

 

To transform the values of all features to a uniform scale, eliminate the differences in the 

magnitude of input features, thereby improve the convergence speed during model training, 

mitigate the problems of vanishing or exploding gradients, and enable the model to find the 

optimal solution more quickly, the acquired acceleration signals are normalized, as illustrated 

in Figure 16. 
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Figure 16 Normalization of data. 

 

When the number of sampling points for acceleration signals is insufficient, overfitting tended 

to occur. This meant the model performed well on the training dataset but poorly on the test 

dataset. In other words, the selected sample data is inadequate to represent the predefined 

classification rules. As a commonly used regularization tool in deep learning, data 

augmentation could increase the number of training samples by leveraging existing data. This 

helped the model learn more generalizable features, reduce the risk of overfitting, and thereby 

enhance the model’s robustness to handle different input data. Based on the improved noise 

reduction method, the acquired acceleration signals are normalized by three single denoising 

methods and combined with wavelet improved threshold denoising methods, respectively. Then 

the length of the window size is specified as 200, and smoothing cropping is performed with a 

step size of 7 to expand the samples, and 581 samples are obtained from 6000 acquisition points. 

Each working condition is divided into a training set and a test set at a ratio of 7:3. The total 

number of samples in the training set is 3248 and that in the test set is 1400, as shown in Table 

4. Each sample is stored in a 200 × 7 matrix, so the input shape of the CNN is 200 × 7. The 

output of the CNN is the corresponding category label of 8, which corresponded to 8 different 

working conditions. 

 

 
Figure 17 Sliding window. 

 

With this data augmentation approach, it is possible to improve the generalization ability of the 

CNN model, making it easier to capture common features when confronted with new samples 

and thus make accurate predictions. 
 

4.3 Results of CNN damage detection based on steel bridge modeling 

The training curve and loss curve of a CNN serve as the most intuitive dynamic visualizations 

1500 sampling points

200×7（Window size）
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of the model training process. Together, they reveal the model's learning trajectory as it 

progressively approximates the underlying data distribution from an initial random state, while 

providing critical evidence for hyperparameter tuning, model diagnostics, and performance 

evaluation. The training curve fundamentally reflects a dynamic equilibrium between the 

model's fitting capacity and generalization capability. Under ideal conditions, both training 

accuracy and validation accuracy should increase synchronously before eventually plateauing, 

indicating that the model has effectively captured data features without underfitting or 

overfitting. The loss curve delineates the iterative error-correction process during optimization. 

The descending trend of the loss value directly demonstrates the efficacy of the gradient descent 

algorithm: an initial rapid decline corresponds to swift learning of dominant features; a 

moderated mid-phase decline signifies minor feature adjustments and weight fine-tuning; and 

final convergence confirms that the model has reached the optimal solution under the current 

parameter settings. The iterative process of training is shown in Figure 18. The blue curve in 

the figure represented the training accuracy of the CNN for each iteration, while the red curve 

represented the loss curve. The horizontal axis of the coordinate system represented the number 

of iterations. The red vertical axis on the left side represented the value of the loss function, 

while the vertical axis on the right side represented the accuracy of the training set. This is used 

to present the performance changes of the model on both the training and validation sets. Ideally, 

as the number of iterations continued to increase from 0, the training curve converged to 100 % 

and eventually converged, and the value of the loss curve continued to decrease and converged 

to zero. 

 

 
Figure 18 Training curves and loss curves of CNN. 

 

In this section, the acceleration signals acquired from various working conditions of the steel 

bridge model are denoised using EMD, EEMD, CEEMDAN and a combined improved method 

(wavelet improved thresholding method) respectively. These denoised signals are then trained 

based on the constructed CNN model, and the obtained training curves and validation curves 

are shown in Figures19 and 20, the confusion matrix graph and test set accuracy are shown in 

Figure 21, and the CNN damage recognition accuracy is shown in Table 4. 
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Figure 19 Training curves under different denoising methods (vibration experiments of steel 

frame bridge). 

 

 
Figure 20 Validation curves using different denoising methods (vibration experiment of steel 

frame bridge). 
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Figure 21 Confusion matrix validation results (vibration experiment of steel frame bridge). 

 

Table 4 Accuracy of damage detection under various working conditions. 

 
 

The results showed that all the CNN training models had reached the convergence state, and 

the damage recognition accuracy of the CNNs is gradually improved by using EMD, EEMD, 

CEEMDAN and combined wavelet improved thresholding for noise reduction of the 

acceleration signals, respectively. Among them, the accuracy of combined wavelet improved 

threshold denoising method is higher than that of the corresponding single denoising method. 

The accuracy of damage recognition after EMD + improved denoising method is 8% higher 

than that using single EMD denoising method. After EEMD + improved denoising method, the 

accuracy of damage recognition of CNN is improved by 2.07% compared with single EEMD 

denoising method. After CEEMDAN + improved denoising method, the accuracy of damage 

recognition of CNN is improved the most: compared with single CEEMDAN denoising method, 
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the accuracy is improved by 2.14 %; compared with the un-noised working condition, the 

accuracy is improved by 21.14 %. This result further verified that after denoising preprocessing 

(signal decomposition and reconstruction) is applied to acceleration signals, environmental 

noise interference could be effectively eliminated. This enabled the CNN to extract damage 

features more accurately, thereby improving the accuracy of damage detection. Additionally, 

the improved denoising method based on CEEMDAN combined with the wavelet-improved 

thresholding method exhibited a better denoising effect. 

 

Signals denoised by single EMD, EEMD and CEEMDAN methods achieve better damage 

recognition performance than the original unprocessed signals. The denoising performance is 

further improved by introducing secondary denoising with the improved wavelet threshold 

algorithm. Among them, the model trained on CEEMDAN-denoised signals obtains the optimal 

effect, followed by EEMD, whereas EMD delivers relatively poor performance. 

 

5. Conclusions 

Signal acquisition is a critical procedure before implementing CNN-based structural damage 

recognition. This procedure is frequently disturbed by noise originating from environmental 

and human factors, which obscures the true characteristic features of signals. If noise and 

irrelevant features cannot be effectively removed, the CNN model will suffer from mislearning, 

further degrading its diagnostic accuracy. To address the above issues, this paper proposes an 

improved denoising method to suppress environmental noise interference and enhance the 

accuracy and efficiency of CNN-based damage recognition. The denoising performance is 

assessed via simulated signals generated from numerical experiments and validated through 

vibration tests of a steel frame bridge. The main conclusions are listed as follows: 

 

(1) This paper optimizes the correlation coefficient screening strategy of EMD based on 

CEEMDAN and wavelet threshold denoising theories, dividing decomposed IMFs into valid 

and noisy components. Combined with the Heursure criterion, a modified wavelet threshold 

function with adjustable threshold factors is proposed on the basis of hard and soft thresholds 

and coded with Python loops. It calculates performance metrics under gradient thresholds and 

adaptively selects the optimal threshold for diverse signals. Modal decomposition and wavelet 

threshold denoising are combined for hybrid processing. The noisy IMFs eliminated by 

correlation coefficients undergo secondary improved wavelet threshold denoising to retain 

latent valid features. The final signal is reconstructed by superimposing denoised noisy IMFs 

and reserved valid IMFs. 

 

(2) Cross-experiments are conducted to verify the denoising performance of simulated noisy 

signals. Various decomposition-based denoising algorithms are combined pairwise to compare 

the processing performance of single denoising methods and hybrid denoising methods. The 

results reveal that EEMD and CEEMDAN can address the end effect and mode aliasing issues 

existing in EMD, and suppress noise interference more effectively. The denoising performance 

of each of the three empirical mode decomposition algorithms combined with wavelet threshold 

denoising surpasses that of the corresponding algorithm used alone. Among all hybrid schemes, 

the combination of CEEMDAN and the improved wavelet threshold method achieves the 

optimal denoising performance. This method can filter out signal noise more thoroughly, 

yielding the highest signal-to-noise ratio and minimal signal distortion after denoising. 

 

(3) In the vibration test of the steel frame bridge, the damage identification accuracy of the 

Convolutional Neural Network (CNN) increases by 2.07% when using the hybrid EEMD 

denoising method, compared with the single EEMD denoising scheme. The hybrid CEEMDAN 
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denoising method achieves the most remarkable improvement in identification accuracy: the 

accuracy rises by 2.14% relative to single CEEMDAN denoising, and there is a substantial 

increase of 21.14% compared with the original unprocessed signals. The above results further 

verify that denoising preprocessing of acceleration signals can effectively eliminate 

interference from environmental noise. This enables the CNN to extract damage features more 

accurately and thereby improves the overall damage identification accuracy. Among all tested 

schemes, the composite denoising method proposed in this paper, which combines CEEMDAN 

with improved wavelet thresholding, delivers significantly better denoising performance than 

all single denoising algorithms. 
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Abstract 

Physics-informed neural networks (PINNs) provide a promising mesh-free paradigm for 

solving partial differential equations (PDEs). However, when applied to high-frequency 

vibration and long-time evolution problems, they often suffer from spectral bias, insufficient 

boundary fitting, and training imbalance among multiple loss terms. Building upon the physics-

informed radial basis network (PIRBN) framework, this paper introduces a boundary-extended 

center initialization strategy that places auxiliary basis function centers outside the spatial 

boundaries to enhance local support near the domain boundaries, together with a gradient-

magnitude-based adaptive weighting mechanism to mitigate training imbalance across different 

loss terms. For time-dependent problems such as two-dimensional membrane vibration, a 

curriculum learning strategy is further incorporated, whereby the full time interval is partitioned 

into progressively longer sub-intervals to alleviate error accumulation in long-time evolution. 

Two benchmark examples, a one-dimensional linear elastic rod under high-order vibrationand 

a two-dimensional membrane vibration equation in (x, y, t) spatiotemporal input form, are 

employed to validate the method in terms of high-frequency representation, boundary fitting, 

and time-dependent dynamics prediction, respectively. Numerical results demonstrate that the 

improved PIRBN can accurately capture high-frequency oscillatory structures and maintain 

stable spatiotemporal prediction capability for the membrane vibration problem, offering a 

viable improvement for applying PIRBN to high-frequency vibration and coupled 

spatiotemporal PDEs in solid mechanics. 

Keywords: physics-informed radial basis network; curriculum learning; boundary-extended 

centers; spatiotemporal partial differential equations; high-frequency problems 

Introduction 

Flutter in thin-walled structures of high-speed aircraft, high-frequency response of films under 

periodic loading, and seismic analysis of building structures: these engineering scenarios all 

point to the same class of mathematical problems, i.e., the accurate solution of PDEs under 

high-frequency excitation. In solid mechanics, structural vibration, elastic deformation, wave 

propagation, and membrane dynamics can all be described by governing equations, boundary 

conditions, and initial conditions. Traditional numerical methods such as finite difference, finite 

element, and boundary element methods, while theoretically rigorous and industrially reliable, 

generally depend on mesh generation. When problems involve complex geometries, high-

dimensional variables, parametric solving, or multi-physics coupling, mesh generation and 

computational cost can become limiting factors. The rise of scientific machine learning (SciML) 
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has opened a new path for PDE solving by leveraging the universal function approximation 

capability of neural networks as an alternative to traditional discretization schemes, offering the 

potential for efficient mesh-free computation. 

Among SciML approaches, PINNs are among the most representative [1]-[3]. PINNs embed 

PDE residuals, boundary conditions, and initial conditions directly into the loss function, 

enabling the network to satisfy fundamental physical laws even in the absence of large amounts 

of labeled data. This property makes PINNs particularly suitable for inverse problems, data-

sparse scenarios, and parametric studies, compensating for the strong dependence of traditional 

numerical methods on labeled data and mesh quality. However, when addressing high-

frequency vibration and long-time evolution problems, PINNs exhibit several critical 

deficiencies. First, conventional fully connected networks suffer from spectral bias, 

preferentially learning low-frequency components while their approximation capability for 

high-order modal oscillations degrades sharply as frequency increases. Second, the multiple 

loss terms have inconsistent gradient scales and convergence rates during training. From a 

neural tangent kernel (NTK) perspective, the spectral properties of the kernels corresponding 

to different physical constraints differ [4][5], potentially causing certain constraints to be 

weakened during optimization. Third, in long-time evolution problems, errors accumulate as 

time progresses, making it difficult to maintain prediction accuracy at later times. These issues 

severely limit the application of conventional PINNs to high-frequency vibration, wave 

propagation, and other critical scenarios in solid mechanics. 

To overcome the spectral bias of fully connected networks, PIRBNs offer an alternative [6]. 

Radial basis function (RBF) networks use local response functions as elementary units, 

approximating the target solution through the superposition of multiple localized basis 

functions. In contrast to the global nonlinear mapping of fully connected networks, RBF 

networks possess an inherent local approximation property, giving them a distinct advantage in 

representing high-frequency oscillations, local gradient variations, and boundary-adjacent 

features. The PIRBN framework, which combines RBF networks with physics-informed loss 

functions, has demonstrated superior accuracy and convergence compared to conventional 

PINNs in several low-dimensional steady-state problems. 

Nevertheless, PIRBNs still face three main challenges in practical applications to high-

frequency vibration and time-dependent dynamics problems. First, the distribution of RBF 

centers has a decisive influence on the network's representational capacity: if centers are placed 

only within the computational domain, the basis function coverage near boundaries becomes 

one-sided, leading to increased boundary fitting errors; this deficiency is particularly 

pronounced for high-frequency modes. Second, for time-dependent problems, training directly 

over the full time interval requires the network to simultaneously satisfy PDE residuals, 

boundary conditions, and initial conditions across the entire temporal domain, sharply 

increasing the optimization difficulty and making the later time segments prone to error 

accumulation. Third, existing PIRBN benchmarks are mostly confined to low-dimensional 

steady-state problems, with insufficient validation on two-dimensional time-dependent 

problems in (x, y, t) spatiotemporal coupled input form. 

To address these issues, this paper extends the existing PIRBN framework along three directions: 

center initialization strategy, curriculum training strategy, and spatiotemporal benchmark 

implementation. It should be emphasized that this work does not propose a fundamentally new 

network architecture; rather, it builds upon the established PIRBN concept with targeted 

improvements. The main contributions are as follows: 

First, a boundary-extended center initialization strategy is adopted, whereby primary centers 
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are uniformly distributed within the computational domain while auxiliary centers are placed 

outside the spatial boundaries. This enhances the local support near boundaries and improves 

fitting accuracy for high-frequency problems with strong boundary constraints. 

Second, a curriculum learning strategy is introduced into the training of time-dependent 

dynamics problems with PIRBN. For the two-dimensional membrane vibration equation, where 

training over long time intervals is difficult and prone to late-time error accumulation, the full 

time interval is partitioned into several progressively longer sub-intervals, allowing the model 

to first learn the short-time dynamic response and then gradually extend to long-time evolution, 

thereby reducing the optimization difficulty in the early training stages. 

 

Third, the PIRBN is implemented for solving the two-dimensional membrane vibration 

equation in (x, y, t) spatiotemporal input form. The two spatial variables and the time variable 

are jointly taken as network inputs, and automatic differentiation is used to compute the second-

order time and spatial derivatives, constructing the spatiotemporal residual for time-dependent 

dynamics problems. 

 

Fourth, two representative benchmarks, a one-dimensional linear elastic rod under high-order 

vibration and a two-dimensional membrane vibration equation, are employed to validate the 

improved PIRBN in terms of high-frequency representation capability, boundary fitting 

performance, and spatiotemporal dynamics prediction, respectively. 

 

The remainder of this paper is organized as follows. Section 2 reviews the fundamentals of 

PINNs and presents the improved PIRBN methodology in detail, including the boundary-

extended center initialization strategy, (x, y, t) spatiotemporal input formulation, the gradient-

magnitude-based adaptive weighting mechanism, and the curriculum learning training strategy. 

Section 3 validates the proposed method through two numerical examples, a one-dimensional 

linear elastic rod under high-order vibration and a two-dimensional membrane vibration 

equation, examining high-frequency representation capability, boundary fitting performance, 

and long-time dynamics prediction, respectively. Section 4 concludes the paper with a summary 

of the work and a brief outlook on future research directions. 

1. Fundamentals of PINN and Improved PIRBN Methodology 

1.1 Fundamentals of PINN 

For a general partial differential equation problem, the mathematical formulation can be written 

as: 

 ˆ[ ]( , ) ( , ), ( , ) [0, ]u t f t t T= x x x  (1) 

where    denotes the differential operator, u represents the physical field variable to be 

solved, Ω denotes the spatial computational domain, [0, T] denotes the time interval, and f is 

the known source term or external loading. In the context of solid mechanics, u can represent 

displacement, velocity, stress, or other state variables, while the differential operator    is 

determined jointly by the equilibrium equations, equations of motion, constitutive relations, and 

geometric compatibility conditions. 

The core idea of PINN is to construct a neural network ( )x,  ;  û t  with trainable parameters θ 

to approximate the true solution ( )x,  u t . Through automatic differentiation, the derivatives of 
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the network output with respect to the input variables can be computed and substituted into the 

governing equation to obtain the PDE residual [7]: 

 ˆ[ ]( , ) ( , )( , ; )r u tt f t −=x x x  (2) 

During training, PINNs typically minimize the PDE residual loss, boundary condition loss, and 

initial condition loss simultaneously: 

 r r b b i i  = + +  (3) 

where PDEL  , BCL  , and ICL  denote the PDE residual loss, boundary loss, and initial loss, 

respectively, and PDE , BC , and IC are the corresponding weight coefficients. 

The residual loss is generally defined as: 
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The boundary loss is defined as: 
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The initial condition loss is defined as: 
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If the problem also includes an initial velocity condition, the following can be further 

incorporated: 
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The advantage of PINNs lies in their independence from traditional mesh generation; 

collocation points can be sampled within the computational domain using random or quasi-

random sampling strategies [8]. Moreover, the network output is a continuously differentiable 

function, facilitating derivative computation and subsequent physical analysis. Nevertheless, 

PINNs also suffer from training difficulties, loss term imbalance, and insufficient high-

frequency representation, necessitating problem-specific improvements in network architecture 

and training strategies. 

1.2 Physics-Informed Radial Basis Network 

Radial basis function networks are a class of neural networks constructed from local response 

functions [9]. For an input variable x, the basic form of an RBF network can be expressed as: 

 
1

ˆ( ) ( )
N

j j

j

u w b
=

= +s s  (8) 

where N is the number of radial basis neurons, j are the output layer weights, b is the bias 

term, and j is the j-th radial basis function. The commonly used Gaussian radial basis function 
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is: 
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

 −
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 

s c
s

‖ ‖
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where jc is the center and j is the width parameter. The center determines the location of the 

basis function's response region, while the width parameter controls its local influence range. 

Unlike the global nonlinear mapping of fully connected networks, RBF networks approximate 

the target function primarily through the superposition of local basis functions, making them 

well-suited for describing solutions with pronounced local variations or strong high-frequency 

oscillations [10]. 

Combining an RBF network with a physics-informed loss function yields the physics-informed 

radial basis network. For steady-state problems, the input variable is x = (x₁, …, xd); for time-

dependent problems, the input can be extended to (x, t). The network output û is used to 

compute derivatives via automatic differentiation, which are then substituted into the PDE 

residual, and the network is trained by minimizing the total loss function [11]. 

The advantages of PIRBN are mainly reflected in the following aspects. First, the local response 

characteristics of RBF networks facilitate the capture of local oscillations in high-frequency 

solutions. Second, the spatial distribution of RBF centers can be designed according to the 

problem characteristics, thereby enhancing the model's representational capacity in critical 

regions. Third, owing to the relatively simple network form, PIRBN offers favorable 

interpretability and implementation convenience in certain problems. 

1.3 Boundary-Extended Center Initialization Strategy 

The representational capacity of an RBF network is closely related to the distribution of its 

centers. For PDE problems defined on a bounded domain, if all RBF centers are located strictly 

within the computational domain, the physical points near the boundaries receive influence 

from centers on only one side, leading to potentially imbalanced basis function coverage near 

the boundaries. In high-frequency vibration or strong-boundary-constraint problems, this 

asymmetric coverage can readily cause increased boundary errors and may even affect the phase 

and amplitude of the overall solution. 

To address this issue, this paper adopts a "uniform interior and boundary exterior extension" 

center initialization strategy. Let the spatial computational domain be: 

 1 1 2 2[ , ] [ , ] [ , ]d da b a b a b =     (10) 

where d is the spatial dimensionality. First, a set of primary centers is generated within the 

computational domain using a regular grid or uniform sampling: 

 in in{ , 1,2, , }j jC j N=  = c c  (11) 

Then, an extended set of centers is generated by extending a distance outward along the normal 

direction from the domain boundaries: 

 out out{ , 1,2, , }\j jC j N=   = c c∣  (12) 

where   denotes the auxiliary region formed by extending beyond the original computational 

domain. The final center set is: 
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 in outC C C=   (13) 

It is important to emphasize that the boundary-exterior centers serve only as support points for 

the RBF basis functions and do not imply any expansion of the physical solution domain. The 

PDE residuals are still computed solely within the original computational domain Ω, and the 

boundary conditions are still enforced only on ∂Ω. 

For a one-dimensional interval, the exterior centers can be placed outside the left and right 

endpoints; for a two-dimensional rectangular domain, they can be placed outside all four edges. 

For the (x, y, t) spatiotemporal input problems in this paper, the spatial domain is two-

dimensional with time as an additional input variable; therefore, the exterior extension is 

applied primarily to the spatial boundaries, while no physical exterior extension is applied along 

the time direction. 

The extension distance   can be selected based on the interior center spacing h: 

 h =  (14) 

Where   is the extension ratio coefficient. If   is too small, the exterior centers provide 

limited boundary support; if   is too large, the influence of exterior centers on the interior 

domain weakens, potentially reducing parameter efficiency. In practice, an appropriate 

extension distance can be chosen based on the center density and problem dimensionality. 

1.4 PIRBN Formulation under (x, y, t) Spatiotemporal Input 

For two-dimensional time-dependent problems, the physical field depends not only on the 

spatial coordinates (x, y) but also evolves with time t. Accordingly, the network input is defined 

as: 

 ( , , )x y t=s  (15) 

The network output is: 

 ˆ ˆ( , , ; )u u x y t =  (16) 

It should be noted that the "three-dimensional input" in this paper does not refer to three-

dimensional spatial coordinates (x, y, z), but rather to the spatiotemporal coordinates jointly 

formed by two spatial variables and one time variable (x, y, t). Thus, while the underlying 

physical problem is two-dimensional and time-dependent, from the neural network modeling 

perspective the input is three-dimensional. 

Under the (x, y, t) input formulation, the RBF hidden layer can be written as: 

 

2 2 2

2

( ) ( ) ( )
( , , ) exp

2

jx jy jt

j

j

x c y c t c
x y t



 − + − + −
= −  

 

 (17) 

where jc is the center of the j-th radial basis function. The network output is: 

 
1

ˆ( , , ) ( , , )
M

j j

j

u x y t w x y t b
=

= +  (18) 

For the spatiotemporal computational domain: 

 
[0, ]t T = 
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Primary center points are first uniformly distributed within [0, ]T  , and auxiliary center 

points are then placed outside the spatial boundaries. For example, when   0   , the spatial 

exterior positions can be taken as: 

 , 1x x = − = +  

 , 1y y = − = +  

For each exterior spatial position, center points along the time direction are still placed within 

[0, T]. The resulting exterior center set can be expressed as: 

 out {( , , ) ( , ) , [0, ]}\c c c c c cC x y t x y t T=   ∣  (19) 

This treatment enhances the basis function coverage near the spatial boundaries while keeping 

the physical definition domain of the original PDE unchanged. 

1.5 Gradient-Magnitude-Based Adaptive Weighting Mechanism 

In both PINN and PIRBN, the total loss function typically comprises multiple components. 

Different loss terms may exhibit significant discrepancies in numerical scale, gradient 

magnitude, and convergence rate. If fixed weights are employed, a particular loss term may 

dominate the parameter updates during training, while other terms receive insufficient 

optimization. For dynamics problems in solid mechanics, the PDE residual, boundary 

conditions, and initial conditions jointly determine the accuracy of the final solution; 

maintaining a relative balance among the different loss terms is therefore of critical importance. 

To mitigate this issue, this paper employs a dynamic weight update strategy based on gradient 

magnitudes. The core idea is as follows: if a given loss term has a relatively small gradient with 

respect to the network parameters, indicating that it provides a weaker driving force for 

parameter updates in the current training stage, its weight is appropriately increased; conversely, 

if a loss term has an excessively large gradient, its weight is reduced to prevent it from 

dominating the training process. Similar ideas have been validated in adaptive loss balancing 

methods [12]. 

Let the PDE residual loss, boundary loss, and initial loss be denoted respectively as: 

 , ,r b i  

Their gradients with respect to the trainable network parameters   are first computed: 

 , ,r b i      

The mean squared gradient of the q-th loss term is further defined as: 

 

2

1

1 P
q

q

p p

G
P =

 
=    




 (20) 

where P is the total number of trainable network parameters and p  is the p-th parameter. 

Using the maximum value among the current mean squared gradients as the normalization 

reference: 

 max max( , , )r b iG G G G=  
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the adaptive weights can be constructed as: 

 max
q

q

G

G



=

+
 

where   is a small positive constant to prevent division by zero. From this formulation, loss 

terms with smaller gradient magnitudes receive larger weights, while those with larger gradient 

magnitudes receive relatively reduced weights. In this manner, the physical constraint terms 

that are insufficiently trained are automatically reinforced in the total loss, promoting 

coordinated convergence among all loss terms. 

Considering that updating the weights at every iteration may cause training oscillations, this 

paper adopts an interval-based update strategy. Specifically, the mean squared gradients of all 

loss terms are recomputed and the weights are updated every fixed number of iterations; 

between two adjacent update points, the weights remain unchanged. This strategy preserves the 

adaptive adjustment capability while avoiding the optimization instability that may arise from 

high-frequency weight variations. 

1.6 Curriculum Learning Training Strategy 

For time-dependent PDEs, if training is performed directly over the full time interval [0,T], the 

network must simultaneously satisfy the initial conditions, boundary conditions, and PDE 

residuals across the entire temporal domain. When T is large or the solution exhibits pronounced 

oscillatory characteristics, the optimization process is prone to slow residual decay, increased 

errors at later times, and training instability. 

To improve the training process for long-time evolution problems, this paper introduces a 

curriculum learning strategy. The fundamental idea of curriculum learning is to organize 

training tasks in an easy-to-hard progression [13]. For time-dependent PDEs, the full time 

interval can be partitioned into several progressively longer sub-intervals: 

 1 2[0, ] [0, ] [0, ] [0, ]KT T T T   =  

where: 

 1 20 KT T T     

In the k-th training stage, the model is trained only on spatiotemporal collocation points 

sampled within: 

 [0, ]kT  

After completing the current stage, the trained network parameters are inherited and the time 

interval is extended to Tk. In this way, the model first learns the fundamental dynamic response 

over short time durations and then gradually adapts to more complex evolution processes over 

longer time ranges. 

The loss function for the k-th training stage is: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )k k k k k k k

r r b b i i  = + +  (21) 

The curriculum learning training procedure is as follows: 

1. Initialize the RBF centers, width parameters, output layer weights, and bias; 

2. Define the time curriculum sequence 1 2{ }  ,  , ,  KT T T ; 
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3. In the k-th stage, sample collocation points within  0,  kT ; 

4. Construct the PDE residual loss, boundary loss, and initial loss; 

5. Train using the Adam optimizer, periodically updating the adaptive weights; 

6. Upon completion of the current stage, inherit the network parameters and proceed to the next 

time interval; 

7. Continue until training over the full time interval [0, T] is completed. 

 

This strategy reduces the optimization difficulty in the early stages of training and helps 

mitigate the error accumulation problem in long-time prediction. 

2. Numerical Examples and Results Analysis 

To validate the effectiveness and stability of the proposed improved PIRBN in solving high-

frequency PDEs, this section selects three representative benchmark problems for numerical 

analysis: a one-dimensional linear elastic rod vibration problem, a two-dimensional high-

frequency Poisson equation, and a two-dimensional membrane vibration problem. These three 

examples correspond to a one-dimensional dynamics problem, a two-dimensional static high-

frequency field problem, and a two-dimensional long-time dynamics problem, respectively, and 

together provide a comprehensive assessment of the proposed method in terms of local high-

frequency structure representation, boundary constraint satisfaction, long-time evolution 

stability, and coordinated convergence of multiple loss terms. 

2.1 One-Dimensional Linear Elastic Rod Vibration Equation 

We first consider the longitudinal free vibration problem of a one-dimensional linear elastic rod. 

Let the rod length be L, the material be homogeneous, and the linear elastic assumption hold. 

The spatial modes satisfy the following second-order ordinary differential equation: 

 
2

2

2

( )
( ) 0, [0, ]

d u x
u x x L

dx
+ =   (22) 

where u(x) denotes the modal displacement function of the rod at spatial position x, and   is 

the eigenvalue parameter of the corresponding mode. 

Considering fixed-end boundary conditions at both ends: 

 (0) 0, ( ) 0u u L= =  

Under these conditions, the equation admits a set of discrete modal solutions, with the n -

th mode shape expressible as: 

 ( ) sin( )
n x

u x
L


=  (23) 

Accordingly, the following boundary value problem is adopted in the numerical implementation 

as the one-dimensional benchmark, taking the 8th-order mode: 
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 (24) 
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The 8th-order mode of this benchmark is characterized by high-frequency features, placing 

stringent demands on the local feature capturing capability of numerical methods. It thus serves 

as an ideal test case for verifying whether PIRBN can overcome the high-frequency information 

decay deficiency of conventional PINNs. 

PINN Training Results 

Fig. 1. PINN predictions for the 1D linear elastic rod vibration equation 

To verify the limitations of conventional PINNs in high-frequency problems, the predicted 

solutions of PINNs under different high-order modes are compared with the analytical solutions. 

As n increases, the PINN solution progressively loses the original oscillatory structure. As 

shown in Fig. 1(a), at n = 8, the PINN solution can roughly follow the true solution within a 

small region near the left endpoint, but begins to deviate markedly as x increases; the amplitude 

decreases significantly at later positions, the phase gradually shifts, and the periodic structure 

can hardly be maintained in the latter half of the domain. At n = 40 and n = 80, the PINN 

solution almost completely fails to recover the oscillatory pattern, exhibiting a smooth, near-

zero profile over the entire interval. These observations reveal the typical spectral bias exhibited 

by PINNs during training [15]: the network tends to learn low-frequency components 

preferentially, and its ability to fit high-frequency content degrades significantly with increasing 

frequency. This deficiency severely restricts the applicability of conventional PINNs to high-

frequency vibration and wave propagation problems. 

  

a. n=8 b. n=40 

 

c. n=80 
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PIRBN Training Results 

Fig. 2. PIRBN predictions for the 1D linear elastic rod vibration equation 

After 20,000 training iterations, the PIRBN numerical results exhibit excellent accuracy and 

stability: the PDE residual stabilizes at 34.74 10− , indicating that the network output satisfies 

the physical constraints of the one-dimensional wave equation with high precision; the 

boundary condition error is as low as 8.20×10⁻⁵, achieving accurate boundary fitting; and the 

global maximum prediction error is 8.20×10⁻⁵, representing an improvement of more than one 

order of magnitude compared to the maximum absolute error of approximately 3.62×10⁻³ for 

conventional PINNs on the same class of problems. 

Regarding the visualized results: Fig. 2(a) shows the NTK matrix before training, which 

exhibits a pronounced diagonal banded structure consistent with the locality property of RBF 

networks: kernel values of neighboring points are strongly correlated, while those of distant 

points are weakly correlated. The slight gradation around the diagonal indicates that the local 

influence range under the initial parameters is limited, which is key to the RBF architecture's 

ability to preserve local approximation capacity. Fig. 2(b) shows the NTK matrix after training; 

its structure remains nearly identical to that before training, demonstrating that the locality 

structure of the NTK is stably maintained throughout the training process. The kernel values 

are very close to those of the initial matrix, confirming that PIRBN can sustain stable training 

  

a. NTK matrix during model initialization b. Trained NTK matrix 

  

c. Predictions and Analytical Solutions d. Loss curve after 20,000 iterations 

ICCM2026, 16th-19th August 2026

85



kernel properties in high-frequency wave problems, thereby preserving high accuracy and 

convergence rate. Fig. 2(c) presents the comparison between the predicted and analytical 

solutions; the two curves almost completely coincide, indicating high prediction accuracy over 

the entire domain and demonstrating that PIRBN successfully fits the mode shape distribution, 

with its local structure effectively preventing the accumulation of high-frequency or boundary 

errors. Fig. 2(d) shows the loss curves over 20,000 iterations; the PDE residual and boundary 

loss achieve good balance during training, with the boundary condition converging more rapidly. 

The adaptive NTK-based weighting markedly enhances the coordinated convergence of the 

multiple loss terms. 

2.2 Two-Dimensional Membrane Vibration Equation 

Two-dimensional membrane vibration is a classical dynamics problem in solid mechanics and 

engineering mechanics, with wide applications in membrane structures, drumheads, micro-

electromechanical systems (MEMS), and acoustic devices. Its physical essence is as follows: 

under the small-deformation assumption, the transverse displacement of a uniform membrane 

under tension evolves in space and time according to the two-dimensional wave equation. 

Let u(x, y, t) denote the transverse displacement of the two-dimensional membrane at spatial 

position (x, y) and time t, and let c be the wave speed in the membrane. The motion satisfies 

the two-dimensional wave equation:  

  
2 2 2

2

2 2 2

( , , ) ( , , ) ( , , )
( , , ) 0,

u x y t u x y t u x y t
c for x y t T

t x y

   
= +  

   
，  (25) 

The computational domain is taken as the unit square region    0,1 0,1 =   , and the time 

domain is  0,t T . 

For simplicity, a dimensionless formulation is adopted with c = 1, yielding the standard two-

dimensional membrane vibration governing equation: 

 tt xx yyu u u= +  (26) 

Considering that the membrane is fixed on all four edges, the corresponding Dirichlet boundary 

conditions are: 

  ( , , ) 0, ( , ) , 0,u x y t for x y t T=     (27) 

To facilitate quantitative verification of the numerical results, the following initial displacement 

and initial velocity are prescribed: 

  ( , ,0) ( , )
( , ,0) ( , )t

u x y x y
u x y x y




=
=

 (28) 

The high-order mode of the two-dimensional membrane is selected as the initial perturbation: 

 ( ) ( )( , ) 4 4 ( , ), 0x y sin x sin y x y  = =  (29) 

Under the above boundary and initial conditions, the two-dimensional membrane vibration 

equation can be solved analytically via separation of variables: 

 ( ) ( )4 co )( , (, s) 4u x y t sin x sin y t  =  (30) 
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where the natural frequency is 2²mn m n = + . This analytical solution serves as the reference 

true solution for subsequent error evaluation and model accuracy verification. 

To verify the capability of the PIRBN method for solving the two-dimensional membrane 

vibration equation, numerical solutions are obtained and compared with the analytical solution 

to assess model accuracy. The analytical solution exhibits a ( ) ( )sin m x sin n y   modal 

distribution in the spatial domain    and oscillates at relatively high frequency over time, 

placing demanding requirements on the spatiotemporal approximation capability of the network. 

 

a b c 

 
d e f 

 
g h i 

Fig. 4. Comparison of predicted and analytical solutions at different training stages. Fig. 

a, b and c show the analytical solution, predicted solution and prediction error for 

T=0.2, Fig. d, e and f for T=0.5, Fig. g, h and i for T=1.0 
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Fig. 5. Loss curves during training 

Regarding the network architecture, a three-dimensional Gaussian RBF network is employed 

with 31 center points in each spatial direction and 21 in the time direction, totaling 31×31×21 

= 20,181 hidden neurons. The width parameter is initialized at 
0 12.0b =  and is optimized as a 

learnable parameter during training. The output layer is linear, forming a single-hidden-layer 

RBF network with favorable local approximation characteristics. 

Regarding the training strategy, the time domain  0,T  is progressively extended over three 

stages: the first stage trains to  with 15,000 iterations at a learning rate of 310− , where 

the first 4,000 steps serve as a warm-up phase optimizing only the boundary and initial 

condition losses; the second stage extends to 0.5T =  with 15,000 iterations at a reduced 

learning rate of 48 10− ; the third stage extends to 1.0T =  with 20,000 iterations at a further 

reduced learning rate of , for a total of 50,000 iterations across all three stages. For the 

NTK-based adaptive weighting mechanism in this problem, the weight coefficients λ are 

dynamically updated every 500 iterations based on the ratios of the gradient norms of the 

respective loss terms, mitigating the scale imbalance among the multiple optimization 

objectives and ensuring balanced optimization of the PDE residual, boundary conditions, and 

initial conditions during training. 

Fig. 1 presents the comparison between the predicted and analytical solutions at 0.2T =  , 

0.5T =  , and 1.0T =  . In terms of spatial distribution, the PIRBN predictions accurately 

reproduce the sin(4 x)sin(4 y)   modal vibration pattern at all three time instants, with the 

alternating positive-negative spatial structure in close agreement with the analytical solution 

and near-identical color distributions. In terms of error distribution, the absolute errors are 

mainly concentrated near the nodal lines and in certain boundary regions, while the errors at 

the wave peaks and troughs are relatively small, which is consistent with the local 

approximation characteristics of RBF networks. The relative L₂ errors at the three time instants 

are 21.694 10−  , 22.217 10−   and 24.925 10−  , and the maximum pointwise errors are 
22.980 10− , 22.638 10− , and 23.500 10− , respectively. The errors exhibit a certain degree of 

cumulative growth with increasing time, which is consistent with the inherent nature of 

temporal extrapolation problems and reflects the gradually increasing difficulty of PDE residual 

optimization as the time domain is extended. 

Fig. 5 shows the loss curves for the complete training process. From the total loss curve, a brief 

jump in the loss is observed at the beginning of each training stage, caused by the sharp increase 

in the PDE residual term LPDE due to the newly introduced collocation points after time domain 

0.2T =

45 10−
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extension; the loss subsequently decreases rapidly and stabilizes, indicating that the network 

can quickly adapt within the new temporal range. From the individual loss components, the 

boundary condition loss LBC and the initial displacement loss LIC_disp remain below the 10-5 

level throughout the training process, while the initial velocity loss LIC_vel remains at the 10-4 

level, demonstrating that the network satisfies the boundary and initial conditions to a high 

degree. The PDE residual loss LPDE converges to approximately the 210−  level by the end of 

each stage. The overall training process is stable, validating the effectiveness of the PIRBN 

method under the synergistic action of the curriculum training strategy and the NTK-based 

adaptive weighting mechanism for solving high-frequency time-domain wave problems. 

Conclusions 

This paper has addressed the issues of spectral bias, insufficient boundary fitting, and long-time 

training instability that conventional PINNs commonly encounter in high-frequency vibration 

and time-dependent dynamics problems. Building upon the existing PIRBN framework, an 

improved methodology incorporating a boundary-extended center initialization strategy and a 

curriculum learning training strategy has been developed and validated through multiple 

representative numerical examples. The following conclusions are drawn: 

1. Radial basis function networks possess strong local approximation capabilities that are well-

suited for representing high-frequency oscillatory solutions. As demonstrated by the one-

dimensional linear elastic rod high-order vibration example, PIRBN can accurately capture 

high-frequency oscillatory structures. 

2. The boundary-extended center initialization strategy, i.e., uniform interior distribution 

combined with auxiliary centers outside the spatial boundaries, effectively improves the basis 

function coverage near the domain boundaries. In the two-dimensional membrane vibration 

equation, this strategy contributes to enhanced boundary condition fitting and reduced 

numerical errors near boundaries. 

3. For time-dependent problems such as the two-dimensional membrane vibration equation, the 

curriculum learning strategy, whereby the time interval is progressively extended from short to 

long durations during training, enables the network to first learn the short-time dynamic 

response and then gradually adapt to the periodic evolution over longer time ranges, thereby 

improving the stability of the training process. 

4. This paper implements PIRBN for solving the two-dimensional membrane vibration equation 

under (x, y, t) spatiotemporal input. This example demonstrates that PIRBN is applicable not 

only to low-dimensional steady-state problems, but also to spatiotemporally coupled PDEs 

involving the time variable, providing a reference for further applications of PIRBN in solid 

mechanics dynamics problems. 

In summary, the primary contribution of this work is the integration of curriculum learning, 

boundary-extended center initialization, and the (x, y, t) spatiotemporal input formulation into 

the PIRBN framework, offering a viable numerical approach for solving high-frequency 

vibration and time-dependent PDEs. Future work may extend to complex geometries and 

nonlinear material constitutive models, high-dimensional and multi-physics coupled problems, 

theoretical analysis of training efficiency and convergence, and the fusion of experimental data 

with uncertainty quantification, thereby advancing the method from theoretical investigation 

toward engineering practice. This study is limited to regular computational domains and linear 

elastic materials. Practical engineering structures often feature complex geometries and 
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nonlinear constitutive relations. In future work, PIRBN can be combined with domain 

decomposition techniques or immersed boundary methods to extend its application to irregular 

geometric domains, and nonlinear stress-strain relations can be introduced to verify its 

capability in solving nonlinear PDEs. 
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Abstract
Large-scale numerical simulations are widely used to reproduce and predict complex physical
phenomena in aerospace engineering, climate science, disaster mitigation, and other fields.
However, preparing CAD models and analysis-ready meshes requires considerable time and
human effort. This study develops an AI-assisted CAD system to reduce the workload
involved in geometric modeling and mesh preparation for large-scale simulations. In recent
years, generative AI has been adopted in many fields for reasons such as increased efficiency
and cost reduction, and CAD software equipped with AI capabilities has also been developed.
While AI-powered CAD software is expected to support human work and reduce working
time, However, current AI-powered CAD systems still face challenges related to generation
accuracy and the creation of complex geometries. This study develops an AI-assisted CAD
system intended to reduce the workload involved in preparing geometric models and analysis-
ready meshes. In the proposed system, a user describes the target geometry and dimensional
constraints using text or images. Generative AI then produces Python code for FreeCAD or,
for printed circuit board applications, a KiCad-compatible design file. The generated model is
inspected and, when necessary, corrected in FreeCAD or KiCad. Mechanical models are
exported in STL format, converted into MSH mesh files using Gmsh and Python, and
analyzed with the ADVENTURE system, a large-scale CAE system developed at the
University of Tokyo. Simulation results are converted to VTK format and examined in
ParaView. In a preliminary experiment, three AI models each generated 48 CAD models.
Claude Sonnet 5 achieved the highest overall accuracy. For simple geometries, the AI-assisted
workflow reduced modeling time from several tens of minutes to less than 10 minutes. These
results demonstrate the feasibility of connecting generative AI, open-source CAD tools, mesh
generation, and large-scale CAE in a unified workflow, while also identifying the reliability
improvements required for practical use.

Keywords: Generative AI, CAD, Simulation, System Construction, open-source software

Introduction
Large-scale numerical simulation uses supercomputers to reproduce and predict complex
physical phenomena with high fidelity. Such simulations support research and engineering in
aerospace, climate science, disaster mitigation, and other fields in which thermal, structural,
fluid, or coupled behavior must be resolved [1]. A typical simulation workflow includes CAD
model preparation, mesh generation, boundary-condition definition, numerical analysis, and
evaluation of the computed results. Among these stages, CAD model preparation can demand
considerable time and human effort, particularly when many geometric variations must be
evaluated [2].

Recent advances in generative artificial intelligence have led to methods that assist in CAD
model creation [3]-[6]. These methods have the potential to shorten design time and reduce
cost. Nevertheless, important challenges remain, including the reliable generation of complex
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geometries, geometric and dimensional accuracy, integration with computer-aided
engineering (CAE) tools, and the high licensing costs associated with some commercial
systems [7]. Furthermore, a practical workflow for large-scale simulations requires
capabilities that go beyond merely generating shapes that look plausible. Specifically, it must
be able to output editable shapes, support mesh generation, and integrate seamlessly with
downstream solvers and visualization environments. However, few studies have investigated
an integrated workflow that connects generative AI-based CAD modeling with mesh
generation, large-scale simulations, and scientific visualization.

This study proposes an AI-assisted CAD system for large-scale simulations. The system
combines generative AI with FreeCAD, KiCad, Gmsh, Python, the ADVENTURE system,
and ParaView. The objective is to reduce the time required to create CAD models and to
improve the efficiency of simulation preparation without removing the user from model
verification and correction.

Research Objective
The objective of this study is to develop an AI-assisted CAD system for large-scale
simulations. For simple geometries, the proposed workflow reduced modeling time compared
with manual modeling. Furthermore, the entire system is built exclusively using open-source
software.

This study also investigates whether AI-generated models can be transferred to a large-scale
CAE system with minimal manual intervention: inspecting and modifying models in
FreeCAD or KiCad prior to analysis, exporting the mechanical models in STL format,
generating meshes using Gmsh and Python, and finally importing them into the
ADVENTURE system.

Proposed Methodology
The user first provides a textual or image-based description of the target object, including its
shape and dimensional constraints. The AI system interprets this input and generates Python
code suitable for execution in FreeCAD. After the code has been executed, the resulting CAD
model is visually and geometrically inspected. If the model satisfies the specified
requirements, it is exported as an STL file. The STL model is subsequently converted into an
MSH-format mesh using Gmsh and Python. The mesh is then prepared for analysis in the
ADVENTURE system. Finally, the computed results are converted into VTK format using
Python and visualized in ParaView.

Figure 1. Research workflow
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AI-Based CAD Model Generation
This study evaluated Claude Sonnet 5, ChatGPT 5.5 Instant, and Gemini 3.1 Pro. Each AI
model generated CAD model files or Python code. Generation time and CAD generation
accuracy were compared to assess performance.

For mechanical parts, a user enters a textual specification containing dimensions, and the AI
outputs Python code for FreeCAD. For electronic circuit boards, a user provides a circuit
diagram and component model numbers, and the AI generates a PCB file for KiCad. KiCad
was included to examine the applicability of the proposed system to electronic circuit board
models, which may be used in thermal or electromagnetic simulations.

Figure 2. AI interaction for electronic circuit board generation

Figure 3. AI interaction for mechanical part generation

CAD Model Verification and Correction
FreeCAD and KiCad are used as open-source environments for inspecting and, where
necessary, modifying AI-generated models. For mechanical parts, the generated Python code
is executed in FreeCAD and the resulting solid is assessed against the user’s dimensional and
geometric requirements. For electronic projects, the PCB file is opened in KiCad and checked
for component models, part numbers, placement information, and other relevant design details.
Manual adjustments are made when the generated output is incomplete or inaccurate.
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Figure 4. Verification of an AI-generated CAD model

Mesh Generation
After verification, a mechanical CAD model is exported as an STL file. Gmsh is then used
with Python scripts to convert the STL geometry into an MSH mesh file. Mesh conversion
also serves as a practical test of whether the generated geometry is sufficiently consistent for
CAE use.

Figure 5. Generated mesh model

Simulation
The generated mesh is analyzed using the ADVENTURE system, a CAE system for large-
scale simulations developed at the University of Tokyo. The analysis stage evaluates whether
an AI-assisted CAD model can be passed successfully into an established simulation
workflow. Boundary conditions and other analysis settings are defined for the selected model
before execution.

Figure 6. Boundary-condition definition for simulation
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Visualization of Simulation Results
After the simulation, Python is used to convert the ADVENTURE system output into VTK
format. ParaView is then used for the visualization of large-scale scientific datasets. The
visualized fields allow the user to inspect the numerical results and determine whether the
generated CAD model and mesh function as intended in the simulation environment.

Figure 7. Visualization of simulation results

Preliminary Results
This study proposes an AI-assisted CAD system for large-scale simulations to improve CAD
workflow efficiency and reduce user workload.
In a preliminary experiment, three AI models each generated 48 models, which were
subsequently converted into mesh data. The results are summarized in Table 1. The detailed
performance of each AI model is presented in Tables 2–4.

Table 1. Comparison of AI-based automatic CAD generation performance

AI model Simple
success /18

Moderate
success /11

Complex
success /19

Total success
/48

Mean
generation time

Claude
Sonnet 5 17 5 4 26 1.5 min

ChatGPT 5.5
Instant 15 5 4 24 < 1 min

Gemini 3.1 Pro 13 2 1 16 < 1 min

Table 2. CAD generation results for Claude Sonnet 5

Geometry category Successful Revision required Failed
Simple geometry (18) 17 1 0
Moderately complex
geometry (11) 5 5 1

Complex geometry (19) 4 4 11
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Table 3. CAD generation results for Gemini 3.1 Pro

Geometry category Successful Revision required Failed
Simple geometry (18) 13 5 0
Moderately complex
geometry (11) 2 3 6

Complex geometry (19) 1 5 11

Table 4. CAD generation results for ChatGPT 5.5 Instant

Geometry category Successful Revision required Failed
Simple geometry (18) 15 3 0
Moderately complex
geometry (11) 5 2 4

Complex geometry (19) 4 5 10
The evaluation by difficulty level showed that Claude Sonnet 5 achieved the highest overall
CAD generation accuracy. For simple geometries, the AI-assisted workflow reduced tasks
that had previously required several tens of minutes to less than 10 minutes. In addition, for
moderately complex geometries generated by Claude Sonnet 5, 5 models were generated
successfully and 5 additional models became usable after minor manual corrections, resulting
in a post-revision success rate of 90.9%. In contrast, generation failures occurred for complex
curved surfaces and when dimensional specifications were insufficient. These findings
demonstrate that simple and moderately complex models can be generated efficiently.

All 26 models successfully generated by Claude Sonnet 5 were displayed correctly in
FreeCAD, exported as STL files, and converted into mesh files using Gmsh. Among the
generated models, three were selected for trial analysis using the ADVENTURE system. Two
simulations were completed successfully, while one failed due to an error in the Python-based
mesh conversion process. This indicates that the connection between CAD generation, mesh
conversion, and CAE analysis is feasible, but the robustness of the conversion process must
be improved.

Future work will evaluate a larger number of models and improve the Python code to
establish a system that can reliably analyze generated mesh data using the ADVENTURE
system.
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Abstract

In this paper, we discuss the use of the finite strip-element method for the static and vibration

analysis of multi-span, thick and thin plate structures with anisotropic properties. The method

uses a combination of polynomial and trigonometric shape functions, and all boundary con-

ditions are correctly treated. The global equations are derived using standard finite element

procedures and in closed form for numerical efficiency. Accurate solutions are obtained with

the generation and solution of few equations.

Keywords: Thick plates, anisotropic properties, numerical analysis, finite strip-elements.

Introduction

Finite strip methods have been successfully used for the analysis of engineering structures for

many years [1, 2]. For problems that are amenable to analysis, finite strips have several advan-

tages over finite elements. Originally, the method was developed for analysing thin rectangular

plates with two opposite edges simply supported and using trigonometric approximation func-

tions in one direction. In this case, the global equations uncouple into a number of smaller

systems of equations owing to orthogonality relationships resulting from the chosen displace-

ment functions. This gives better computational efficiency when compared with finite elements.

However, the global equations do not generally uncouple for other boundary conditions, and

this reduces the computational efficiency of the method. In addition, the shape functions used

in the traditional finite strip method do not correctly satisfy free edge boundary conditions, and

this leads to potential errors in such cases [3].

The finite strip method has been extended and refined since its introduction, and the method

has been successfully used for linear and nonlinear problems, including dynamic effects [2].

Research in this area is continuing in relation to the fundamental theory of the method and a

diverse range of applications [4–10].

The finite strip-element method is an alternative finite strip method, and it was developed to

overcome the deficiencies of the original finite strip method, while maintaining its basic effi-

ciency [3, 11, 12]. Finite strip-elements combine the shape functions of finite elements and

finite strips. In this method, all boundary conditions are correctly treated in the usual manner

of finite element methods. In this paper, we extend our previous work and consider the use of

finite strip-elements for the analysis of anisotropic thick and thin multi-span plate structures,

such floor slabs in buildings and bridge decks. Several examples are considered in the paper

that demonstrate the efficiency and accuracy of the method.
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Governing Equations

x, θy

z, w, p
y, −θx

Mxy

Qx
Mx

My

Qy Mxy

Figure 1. Sign convention.

Mindlin’s theory incorporates independent assumptions for the transverse displacement w and

normal rotations θx and θy (see Fig. 1). Both bending and transverse shear strains are possible

in this theory, and these are given by

ǫb =

[
∂/∂x 0

0 ∂/∂y

∂/∂y ∂/∂x

]{
θx
θy

}
= L1θ (1a)

ǫs =

{
∂/∂x

∂/∂y

}
w − θ = L2w − θ (1b)

where ǫb is the bending strain vector and ǫs is the shear strain vector, which is zero in the thin

plate limit.

For an anisotropic material, the bending moments, M, and shears, Q, shown in Fig. 1 are given

in terms of the strains by

M =

{
Mx

My

Mxy

}
=

[
D11 D12 D13

D12 D22 D23

D13 D23 D33

]
ǫb = Dǫb (2a)

Q =

{
Qx

Qy

}
=

[
G11 G12

G12 G22

]
ǫs = Gǫs (2b)

where D is the matrix of bending rigidities and G is the matrix of shear rigidities.

For a material that is uniform in the z direction, the terms in D and G are given in terms of the

fundamental material properties by

Dij =
h3Eb

ij

12
, Gij = khEs

ij (3)

where the Eb
ij and Es

ij are in-plane and transverse material moduli, respectively, h is the plate

thickness and k is the shear correction factor, which is usually taken as 5/6 or π2/12. Analogous

expressions can be obtained for layered plates [13].
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Eq. (3) simplifies for orthotropic and isotropic materials. For an orthotropic material, D13 =

D23 = G12 = 0, and

D11 =
Exh

3

12(1 − νxyνyx)
(4a)

D22 =
Eyh

3

12(1 − νxyνyx)
(4b)

D12 =
νxyEyh

3

12(1 − νxyνyx)
(4c)

D33 =
Gxyh

3

12
(4d)

G11 = khGxz (4e)

G22 = khGyz (4f)

where Ex and Ey are Young’s moduli, νxy and νyx = νxyEy/Ex are Poisson’s ratios, Gxy is

the in-plane shear modulus and Gxz and Gyz are the transverse shear moduli. For an isotropic

material, D11 = D22 = D = Eh3/[12(1 − ν2)], D12 = νD, D33 = D(1 − ν)/2 and G11 = G22 =

E/[2(1 + ν)].

The static equilibrium equations are

L3σ + p = 0 (5)

where

σ =

{
M

Q

}
, p =

{
0

p

}
, L3 =

[
LT

1 I

0 LT
2

]
(6)

In Eq. (6), p is the applied transverse load, 0 represents a zero matrix and I represents an identity

matrix.

Analytical solutions of the governing equations are generally not possible, particularly in the

anisotropic case, except for very simple cases. Hence, practical problems require a numerical

solution and various methods are available, with the finite element method being the predomi-

nant one [2].

Strip-element interpolation

In this paper, we develop various rectangular strip-elements. The extension of the method to

curved structures is also possible using the techniques described previously [11].

Fig. 2 shows a typical plate structure that can be analysed using the proposed method. The only

requirement for the method to be applicable is that the structure can be divided into rectangular

sections as shown. Different boundary conditions can be applied on any line or node.

Fig. 3 shows a typical rectangular strip-element j, where the dashed lines are internal nodal

lines. The strip-element variables are associated with nodal lines parallel to the x axis. The

number of internal nodal lines depends on the interpolation order used in the y direction. There

are L nodal lines for the strip-element, with L = 2 giving the lowest order strip-element possi-

ble, and there are no internal nodal lines for this strip-element.
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Figure 2. Typical structure suitable for analysis.

x

y

aj

bj(j)

Figure 3. Geometry of finite strip-element (L = 4).

To enforce continuity on nodal line i, which is the lth nodal line of the jth strip-element, the

displacements and rotations are taken as

wi(ξ) ≡ wj,l(ξ), θix(ξ) ≡ θ
j,l
x (ξ), θiy(ξ) ≡ θ

j,l
y (ξ) (7)

where ξ = x/aj and aj is the strip-element length.

Within strip-element j, the displacement and rotations are approximated by

wj(x, y) =

L∑

l=1

wj,l(ξ)fL
l (η), θ

j
x(x, y) =

L∑

l=1

θ
j,l
x (ξ)fL

l (η), θ
j
y(x, y) =

L∑

l=1

θ
j,l
y (ξ)fL

l (η) (8)

where η = y/bj, and the functions fL
l (η) are Lagrange polynomials [2], with L = 2 corre-

sponding to a linear variation in the y direction. Any order of approximation can be used in the

y direction by increasing L with a corresponding increase in the number of internal nodal lines.

However, the range 2 ≤ L ≤ 4 is generally sufficient for practical problems.

Along a nodal line, the displacements and rotations are approximated by the sum of polynomial

and trigonometric terms. Accordingly, the displacement and rotations along nodal line i are

approximated by

wi(ξ) =

M∑

m=1

W
j,l
m sin αmξ + W̃

j,l

1 f3
1 (ξ) + W̃

j,l

2 f3
2 (ξ) + W̃

j,l

3 f3
3 (ξ) (9a)

θix(ξ) =

M∑

m=1

Θ
j,l
xm

{
cos αmξ − f3

1 (ξ) − (−1)mf3
3 (ξ)

}
+ Θ̃

j,l

x1f
3
1 (ξ) + Θ̃

j,l

x2f
3
2 (ξ) + Θ̃

j,l

x3f
3
3 (ξ) (9b)
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θiy(ξ) =

M∑

m=1

Θ
j,l
ym sin αmξ + Θ̃

j,l

y1f
3
1 (ξ) + Θ̃

j,l

y2f
3
2 (ξ) + Θ̃

j,l

y3f
3
3 (ξ) (9c)

where αm = mπ and M is the total number of trigonometric terms. The coefficients W
j,l
m , W̃

j,l

1 ,

W̃
j,l

2 , . . ., Θ̃
j,l

y3 are the basic variables for the problem.

Equations (7) to (9) can be written concisely in matrix form as

wj(x, y) = N
j
w(x, y)Wj, θj(x, y) = N

j

θ(x, y)Θj (10)

where Nw and Nθ are shape function matrices and Wj and Θ
j are vectors of the strip-element

coefficients.

Formulation of strip-element matrices

Using Eqs. (1) and (10), the strains within the strip-element are

ǫ
j

b = L1N
j

θΘ
j
= B

j

bΘ
j, ǫ

j
s = L2NwWj

− N
j

θΘ
j
= B

j
sW

j
− N

j

θΘ
j (11)

The strip-element stiffness matrix kj is obtained from its strain energy, giving

kj
=

∫ bj

0

∫ aj

0

{[
0 B

j

b

B
j
s 0

]T [
D 0

0 G

] [
0 B

j

b

B
j
s 0

]}
dx dy (12)

A reduced integration technique [2] is used for the integrals in Eq. (12) to avoid locking in the

thin plate limit (h = 0). The integrals in Eq. (12) associated with the bending strain energy

are performed analytically. In contrast, for the integrals associated with the shear strain energy,

integration in the x direction is performed analytically, whereas integration in the y direction is

performed using Gauss quadrature with G = L − 1 Gauss points. This number is one less than

that required to integrate the terms associated with the shear energy exactly in the y direction.

The strip-element load vector rj is given by

rj =

∫ bj

0

∫ aj

0

pN
jT
w dx dy (13)

The integrals in Eq. (13) are performed analytically.

The formulation can also be used for dynamics problems by developing a strip-element mass

matrix, mj, which is calculated from its kinetic energy, giving

mj
= ρh

∫ bj

0

∫ aj

0

{
[ NT

w NT
θ ]

[
I 0

0
h2

12
I

][
Nw

Nθ

]}
dx dy (14)

where ρ is the density of the material. The integrals in Eq. (14) are performed analytically. The

terms in Eq. (14) that are associated with the rotations are frequently neglected [13].
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Global equations

The assembly of the global equations from the strip-element matrices follows standard finite

element procedures [2]. The global equations for static problems can be written as

Kφ = R (15)

where K is the global stiffness matrix, which is symmetric, R is the global load vector and

φ is the global variables vector. Boundary conditions are enforced by assigning appropriate

values to φ. The resulting equations are solved for the unknown variables φ, and the structural

response is found by back-substitution, as in the normal manner of the finite element method.

The calculation of the natural frequencies of vibration leads the global equations

Kφ = Ω
2Mφ (16)

where Ω is the natural frequency of the structure and M is the global mass matrix for the

structure. The eigenvalue problem can be efficiently solved using the subspace iteration tech-

nique [14].

Examples

We now consider several examples to illustrate the behaviour and accuracy of the finite strip-

element method. The examples that we have chosen are deliberately small plate structures.

However, they illustrate all the issues we have discussed in the theoretical parts of this paper, and

hence serve our purposes. Of course, the method can be used for more general plate structures

that can be subdivided into rectangular sections if required.

The material is assumed to be orthotropic with Ex = 10Ey, νxy = 0.25, Gxy = 0.5Ey,

Gxz = 0.5Ey and Gyz = 0.2Ey [13]. Anisotropic properties were generated from the orthotropic

properties by assuming that the material’s orthotropic x axis is rotated by an angle α anticlock-

wise from the strip-element’s x axis. A value of α = 30◦ was used in all cases. This value of

α produces significant anisotropic coupling of the material properties, and hence it provides a

good test of the method to analyse plate structures with anisotropic properties.

Shear deformation was included in all examples. A shear correction factor of k = 5/6 was

used for the static problems and k = π2/12 was used the natural frequency calculations. Shear

deformation can be ignored by using an artificially high value of k.

The boundary conditions are described as follows:

1. Hard simple support (S): w = θt = Mnn = 0

2. Clamped support (C): w = θt = θn = 0

3. Free edge (F): Mnn = Mnt = Qn = 0

where n and t are the normal and tangential directions, respectively, at the boundary. Mindlin’s

theory also allows the use of a soft simply support, with only the condition w = 0 being en-

forced [2]. However, this condition is not used as it precludes the derivation of exact solutions

for some of the examples.
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Simply-supported plate

Fig. 4 shows a square plate size a×a and thickness h that is subjected to a uniform load p. Each

side of the plate is either simply supported or clamped.

x

y

a

a

S/C

S/C

S
/C

S
/C

Figure 4. Square plate of size a × a with typical subdivision (N = 5).

As a first example, we consider a simply-supported plate. The analysis used 13 and 25 nodal

lines, N , to compare the different strip-elements. A value of a/h = 10 was used to simulate

a thick plate, while a value of a/h = 100 was used to simulate a thin plate. The results for

the central displacement are given in Tables 1 and 2, and they are compared to the exact results

from [13].

Table 1. Central displacement, w, for simply-supported orthotropic plate subjected to

uniform load (a/h = 10; exact value = 1.679; multiplier = 10−2pa4/Ey/h
3).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 1.692 1.682 1.682 1.684 1.682 1.682

5 1.689 1.679 1.679 1.681 1.679 1.679

10 1.689 1.679 1.679 1.681 1.679 1.679

15 1.689 1.679 1.679 1.681 1.679 1.679

In general, both N and M need to be increased for convergence. Convergence is rapid for all

strip-elements and engineering accuracy with errors of around 2% - 5% is obtained with the

solution of few equations. The quadratic and cubic strip-elements are slightly more accurate

than the linear strip-elements. The results also demonstrate that the method can deal with both

thick and thin plates without locking problems.

The results for the central bending moment, Mx, are given in Tables 3 and 4, and they are also

compared to the exact results from [13]. The convergence is also rapid, and the trends for the

different strip-elements are similar to the displacement trends.
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Table 2. Central displacement, w, for simply-supported orthotropic plate subjected to

uniform load (a/h = 100; exact value = 1.415; multiplier = 10−2pa4/Ey/h
3).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 1.425 1.418 1.418 1.420 1.418 1.418

5 1.423 1.415 1.415 1.417 1.415 1.415

10 1.423 1.415 1.415 1.417 1.415 1.415

15 1.423 1.415 1.415 1.417 1.415 1.415

Table 3. Central bending moment, Mx, for simply-supported orthotropic plate subjected

to uniform load (a/h = 10; exact value = 1.135; multiplier = 10−1pa2).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 1.164 1.159 1.157 1.160 1.158 1.158

5 1.143 1.138 1.136 1.138 1.137 1.137

10 1.142 1.137 1.135 1.137 1.136 1.135

15 1.142 1.136 1.135 1.137 1.135 1.135

Table 4. Central bending moment, Mx, for simply-supported orthotropic plate subjected

to uniform load (a/h = 100; exact value = 1.155; multiplier = 10−1pa2).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 1.185 1.178 1.177 1.179 1.178 1.178

5 1.164 1.157 1.156 1.158 1.157 1.157

10 1.163 1.155 1.155 1.157 1.155 1.155

15 1.162 1.155 1.154 1.157 1.155 1.155

We now consider the anisotropic case, and the results for this case are given in Tables 5 to 8.

An exact solution is not available for this case, and a finite element solution [15] is used as the

reference for comparisons.

Table 5. Central displacement, w, for simply-supported anisotropic thick plate subjected

to uniform load (a/h = 10 reference value = 1.615; multiplier = 10−2pa4/Ey/h
3).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 1.347 1.345 1.345 1.346 1.345 1.345

5 1.589 1.593 1.595 1.597 1.599 1.600

10 1.595 1.599 1.602 1.604 1.607 1.608

15 1.596 1.600 1.603 1.605 1.608 1.609
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Table 6. Central displacement, w, for simply-supported anisotropic plate subjected to

uniform load (a/h = 100; reference value = 1.343; multiplier = 10−2pa4/Ey/h
3).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 0.976 0.975 0.975 0.975 0.975 0.975

5 1.279 1.282 1.283 1.283 1.284 1.284

10 1.308 1.313 1.315 1.316 1.318 1.319

15 1.314 1.319 1.322 1.323 1.326 1.327

Table 7. Central bending moment, Mx, for simply-supported anisotropic plate subjected

to uniform load (a/h = 10; reference value = 7.209; multiplier = 10−1pa2).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 6.062 6.679 6.675 6.051 6.679 6.680

5 6.735 7.092 7.131 6.749 7.125 7.134

10 6.917 7.114 7.156 6.948 7.148 7.158

15 6.976 7.134 7.150 7.021 7.178 7.189

Table 8. Central bending moment, Mx, for simply-supported anisotropic plate subjected

to uniform load (a/h = 100; reference value = 7.080; multiplier = 10−1pa2).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 6.062 6.043 6.033 6.051 6.046 6.046

5 6.735 6.743 6.749 6.749 6.749 6.755

10 6.917 6.929 6.953 6.948 6.951 6.960

15 6.976 6.972 6.978 7.021 7.024 7.032

Clamped anisotropic plate

We now consider a clamped anisotropic plate under a uniform load. The results for the central

displacement for a thick plate (a/h = 10) and a thin plate (a/h = 100) are given in Tables 9

and 10, and they are compared to the results from [15]. The convergence is again rapid, and the

trends for the different strip-elements are similar to the simply-supported case.
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Table 9. Central displacement, w, for clamped anisotropic plate subjected to uniform

load (a/h = 10; reference value = 7.037; multiplier = 10−3pa4/Ey/h
3).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 6.434 6.392 6.389 6.400 6.390 6.390

5 7.075 7.029 7.024 7.038 7.026 7.026

10 7.083 7.038 7.033 7.046 7.035 7.034

15 7.085 7.039 7.034 7.048 7.036 7.036

Table 10. Central displacement, w, for clamped anisotropic plate subjected to uniform

load (a/h = 100; reference value = 4.080; multiplier = 10−3pa4/Ey/h
3).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 3.512 3.492 3.490 3.496 3.491 3.491

5 3.868 3.840 3.836 3.844 3.837 3.837

10 4.036 4.010 4.006 4.014 4.007 4.007

15 4.070 4.045 4.040 4.048 4.041 4.041

Two-span anisotropic plate

x

y

F

F

F

F

C

S

S

A

Figure 5. Two-span plate of size a× 2a with typical subdivision (N = 5).

We now consider the analysis of the two-span anisotropic plate shown in Fig. 5. Both spans

are subjected to a uniform load p. The results for the displacement at point A, which is at the

centre of the left-hand edge of the lower span, for a thick plate (a/h = 10) and a thin plate

(a/h = 100) are given in Tables 11 and 12, and they are compared to the results from [15].
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Table 11. Central displacement, w, at point A for two-span anisotropic plate subjected to

uniform load (a/h = 10; reference value = 1.772; multiplier = 10−2pa4/Ey/h
3).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 1.341 1.590 1.645 1.567 1.643 1.645

5 1.448 1.712 1.763 1.678 1.757 1.758

10 1.452 1.718 1.770 1.682 1.761 1.761

15 1.453 1.718 1.770 1.681 1.760 1.761

Table 12. Displacement, w, at point A for two-span anisotropic plate subjected to uniform

load (a/h = 100; reference value = 1.143; multiplier = 10−2pa4/Ey/h
3).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 0.699 0.926 0.965 0.898 0.965 0.966

5 0.812 1.054 1.088 1.029 1.101 1.102

10 0.829 1.076 1.112 1.051 1.123 1.124

15 0.835 1.083 1.120 1.057 1.130 1.131

The convergence is again rapid, and the trends for the different strip-elements are similar to

the previous examples. The results also confirm that the method correctly treats the free edge

condition.

Natural frequencies of two-span anisotropic plate

We now calculate the first natural frequency of the two-span plate. The results are given in

terms of a frequency parameter

λ =
a2
Ω

t

√
ρ

Ey

(17)

Tables 13 and 14 give the results for both thick and thin plates, and the results are compared

with the reference values from [15]. Once again, convergence is rapid for all strip-elements.

Table 13. First natural frequency parameter, 10λ1, for two-span anisotropic plate

(a/h = 10; reference value = 3.523).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 3.748 3.595 3.583 3.621 3.582 3.581

5 3.701 3.546 3.533 3.572 3.531 3.530

10 3.696 3.541 3.528 3.567 3.526 3.525

15 3.696 3.541 3.528 3.566 3.526 3.525
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Table 14. First natural frequency parameter, 100λ1, for two-span anisotropic plate

(a/h = 100; reference value = 3.737).

N = 13 N = 25

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 4.025 3.852 3.839 3.883 3.838 3.837

5 3.970 3.794 3.780 3.824 3.779 3.777

10 3.948 3.772 3.757 3.801 3.755 3.753

15 3.942 3.765 3.751 3.794 3.748 3.746

Natural frequencies of L-shaped anisotropic plate

Fig. 6 shows an L-shaped plate made from three parts of size a × a with each part having

thickness h. The lower and left-hand edges are clamped while the other edges are free. As a

final example, we calculate the first two natural frequencies of the plate. The analysis used 20

and 38 nodal lines to compare the different strip-elements for this example.

x

y

C

C

F

F

F

F

Figure 6. L-shaped plate with three parts of size a× a and typical subdivision (N = 8).

Tables 15 to 18 give the results for both thick and thin plates, and the results are compared with

the reference values from [15]. All strip-elements provide accurate results for both frequencies

with few variables. The linear strip-element is less accurate than the quadratic and cubic strip-

elements, particularly for the second frequency.
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Table 15. First natural frequency parameter, 10λ1, for L-shaped anisotropic plate

(a/h = 10; reference value = 2.032).

N = 20 N = 38

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 2.095 2.082 2.081 2.084 2.081 2.081

5 2.048 2.036 2.035 2.038 2.035 2.035

10 2.046 2.034 2.033 2.036 2.033 2.033

15 2.046 2.034 2.033 2.036 2.032 2.032

Table 16. First natural frequency parameter, 100λ1, for L-shaped anisotropic plate

(a/h = 100; reference value = 2.123).

N = 20 N = 38

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 2.279 2.263 2.261 2.264 2.260 2.260

5 2.164 2.151 2.149 2.152 2.148 2.148

10 2.147 2.134 2.133 2.135 2.132 2.131

15 2.144 2.131 2.130 2.132 2.128 2.128

Table 17. Second natural frequency parameter, 10λ2, for L-shaped anisotropic plate

(a/h = 10; reference value = 3.148).

N = 20 N = 38

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 3.788 3.763 3.761 3.767 3.761 3.761

5 3.189 3.168 3.167 3.172 3.166 3.166

10 3.174 3.153 3.151 3.156 3.151 3.150

15 3.173 3.152 3.150 3.155 3.149 3.149

Table 18. Second natural frequency parameter, 100λ2, for L-shaped anisotropic plate

(a/h = 100; reference value = 3.364).

N = 20 N = 38

M L = 2 L = 3 L = 4 L = 2 L = 3 L = 4

1 5.081 5.028 5.024 5.036 5.022 5.022

5 3.599 3.571 3.569 3.573 3.565 3.565

10 3.461 3.434 3.432 3.436 3.429 3.429

15 3.431 3.405 3.402 3.407 3.399 3.399

Fig. 7 shows the first two mode shapes for the plate. The lack of symmetry and anti-symmetry

of the mode shapes relative to the diagonal of the plate is due to the anisotropic properties. The

plots provide a visual confirmation that the second mode is associated with a more oscillatory

mode shape than the first mode shape. This confirms the decreasing accuracy of the calculated

frequencies with the second mode, which is typical of finite element methods [2].
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Figure 7. Displacement mode shapes for L-shaped plate, (a) first mode, (b) second mode

(a/h = 10; L = 4, M = 15).

Conclusions

This paper has presented a finite strip-element method for the static and vibration analysis

of anisotropic, multi-span, thick and thin plate structures. A combination of polynomial and

trigonometric functions is used for the strip-element interpolation. The method ensures that all

boundary conditions are correctly treated in the usual manner of the finite element method. A

reduced integration technique is used to avoid shear locking in the thin plate limit. The formu-

lation of the strip-element equations follows standard finite element procedures and all terms

in the element matrices are evaluated analytically. Engineering accuracy is obtained with the

generation and solution of few equations.
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Abstract 
Local viscoelastic dampers provide both stiffness and energy-dissipation effects and are 
effective for vibration reduction. However, shape optimization of structures containing such 
dampers under broadband excitation requires repeated frequency-response and sensitivity 
analyses over many sampling frequencies, resulting in a high computational cost. This study 
presents a non-parametric shape optimization method for minimizing the integrated dynamic 
compliance of structures with local Kelvin–Voigt viscoelastic dampers. The dampers are 
modeled as linear springs and viscous dashpots connected in parallel. To efficiently evaluate 
the frequency response, a modal superposition approach is employed where real eigenmodes 
are first obtained for the main structure without the damper contributions. The stiffness and 
damping effects of the local dampers are then incorporated through small-scale complex 
equations associated only with the degrees of freedom coupled to the dampers. The objective 
function is defined as the integral of the dynamic compliance over a prescribed frequency range. 
Based on this response formulation, the shape gradient function of the objective function is 
derived using the adjoint variable method. The derived shape gradient function is applied as a 
distributed boundary load in the H1 gradient method, which allows for smooth shape updates 
without explicit shape parameterization. A numerical example of shape optimization is 
presented for minimizing the integrated dynamic compliance over a prescribed frequency range 
under a volume constraint. 

Keywords: Modal analysis, shape optimization, viscoelastic damper, H1 gradient method, 
vibration suppression 

 

Introduction 

Vibration reduction is an important requirement in the design of many mechanical and 
structural systems subjected to dynamic excitation. In addition to modifying the stiffness and 
mass distributions of the host structure, passive damping devices and viscoelastic damping 
treatments are widely used to suppress vibration. Structural optimization based directly on 
frequency-response characteristics has therefore attracted sustained attention. Early studies 
demonstrated that topology and boundary shape can be optimized with respect to frequency-
response characteristics [1]–[3]. 
For structures containing damping materials or supplemental dampers, the damping treatment 
itself strongly influences the vibration response and its optimal design. Various studies have 
considered the optimal distribution of damping materials and constrained-layer damping 
treatments under harmonic excitation [4]–[7]. In particular, Kang et al. [4] formulated topology 
optimization for shell structures with damping layers and pointed out that the resulting damping 
matrix is generally non-proportional. They employed eigenmodes of the undamped system for 
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system reduction and subsequently used complex-mode superposition in state space to evaluate 
the steady-state response. Zhang and Kang [5] further considered integrated optimization of the 
host structure and damping layers. Fang and Zheng [6] considered resonant response of plates 
with constrained-layer damping under harmonic excitation. Takezawa et al. [7] introduced 
complex dynamic compliance as an objective for topology optimization of damping material in 
order to reduce resonance response. Integrated frequency-response measures have also been 
employed in damper-placement problems; Kawamoto et al. [8] employed an integrated transfer-
function measure over a prescribed frequency range to determine robust damper locations. 
Frequency-response quantities provide a direct measure of vibration under prescribed excitation. 
When a broadband frequency range is considered, however, the frequency response must be 
evaluated at many sampling frequencies in every optimization iteration, and the associated 
sensitivity analyses further increase the computational cost. Model-reduction techniques are 
therefore particularly attractive for dynamic optimization. Yoon [3] investigated several 
reduction schemes, including mode superposition and Ritz-vector-based approaches, for 
frequency-response topology optimization. For proportionally damped structures, real modal 
coordinates can be used effectively. In earlier work on non-parametric shape optimization of 
continua with proportional viscous damping, Wu et al. [2] formulated the minimization of 
frequency-response quantities, including strain energy, kinetic energy, and the absolute value 
of mean compliance, and evaluated the adjoint variables using modal parameters. However, 
localized viscous or viscoelastic dampers generally introduce non-proportional damping, for 
which the conventional complete decoupling based on real modes is not directly available [4]. 
In the present study, a non-parametric shape optimization method is considered for a structure 
equipped with local Kelvin–Voigt viscoelastic dampers under broadband harmonic excitation. 
The objective function is defined as the dynamic compliance integrated over a prescribed 
frequency range. To retain the computational advantage of a real modal basis while accounting 
for localized stiffness and damping effects, real eigenmodes are first obtained for the main 
structure without the damper contributions, and the effects of the local dampers are incorporated 
through small-scale complex equations associated only with the damper-coupled degrees of 
freedom. Based on this response formulation, the shape gradient is derived using the adjoint 
variable method and applied to the H1 gradient method to obtain smooth non-parametric shape 
variations under a volume constraint. A numerical example is presented to demonstrate the 
applicability of the proposed formulation. 

Frequency response problems with viscoelastic dampers 

Consider a linear elastic structure equipped with N local Kelvin-Voigt viscoelastic dampers. 
Each damper is modeled as a linear spring and a viscous dashpot connected in parallel. The 𝑖𝑖-
th damper consists of a viscous damper with coefficient 𝑐𝑐𝑑𝑑𝑖𝑖 and a spring with stiffness 𝑘𝑘𝑑𝑑𝑖𝑖. One 
end of each damper is connected to the structural degree of freedom 𝑑𝑑𝑖𝑖, while the other end is 
fixed to the foundation. Therefore, the deformation of the 𝑖𝑖-th damper is directly given by the 
displacement at the structural degree of freedom 𝑑𝑑𝑖𝑖. The equation of motion of the structure is 
written as 

𝐌𝐌𝒖̈𝒖(𝑡𝑡) + 𝐂𝐂𝒖̇𝒖(𝑡𝑡) + 𝐊𝐊𝒖𝒖(𝑡𝑡) = 𝒑𝒑(𝑡𝑡),                                              (1) 

where the stiffness and damping matrices are decomposed as 

𝐊𝐊 = 𝐊𝐊0 + 𝐊𝐊1,  𝐂𝐂 = 𝐂𝐂𝐿𝐿 + 𝐂𝐂𝐷𝐷 ,                                              (2) 

with 

𝐂𝐂𝐿𝐿 = 𝛼𝛼𝐌𝐌 + 𝛽𝛽𝐊𝐊0.                                                            (3) 
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Here, 𝐊𝐊0 is the stiffness matrix of the structure excluding the springs of the Voigt dampers, 𝐊𝐊1 
is the additional stiffness matrix produced by the damper springs, 𝐂𝐂𝐿𝐿 is the Rayleigh damping 
matrix of the structure, and 𝐂𝐂𝐷𝐷 is the damping matrix produced by the viscous dampers. 𝛼𝛼,𝛽𝛽 
are the coefficients of Rayleigh damping. For the present configuration, 𝐊𝐊1  and 𝐂𝐂𝐷𝐷  have 
nonzero components only at the damper-related degrees of freedom 𝑑𝑑1, … , 𝑑𝑑𝑁𝑁 ; their 
corresponding diagonal components are 𝑘𝑘𝑑𝑑𝑖𝑖 and 𝑐𝑐𝑑𝑑𝑖𝑖, respectively. 

For a harmonic excitation, the force and displacement are expressed as 

𝒑𝒑(𝑡𝑡) = 𝑷𝑷𝑒𝑒j𝜔𝜔𝜔𝜔,  𝒖𝒖(𝑡𝑡) = 𝒖𝒖�𝑒𝑒j𝜔𝜔𝜔𝜔.                                           (4) 

Substitution into Eq. (1) gives the frequency-domain equation 

(−𝜔𝜔2𝐌𝐌+ j𝜔𝜔𝐂𝐂 + 𝐊𝐊)𝒖𝒖� = 𝑷𝑷.                                                  (5) 

In the present method, the stiffness and damping contributions of the Voigt dampers are not 
included in the eigenvalue analysis. The real eigenmodes are obtained using 𝐌𝐌  and 
𝐊𝐊0 𝑎𝑎𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓.  

(𝐊𝐊0 − 𝜆𝜆𝑟𝑟𝐌𝐌)𝛟𝛟𝑟𝑟 = 0,                                                    (6) 

where 𝛟𝛟𝑟𝑟 and 𝜆𝜆𝑟𝑟 are the 𝑟𝑟-th real eigenmode and eigenvalue, respectively, and 𝑛𝑛 is the number 
of retained modes. The eigenmodes are mass-normalized so that the generalized mass of each 
mode is unity. 

The displacement amplitude is then expressed by modal superposition as 

𝒖𝒖� = �𝜉𝜉𝑟𝑟
𝑛𝑛

𝑟𝑟=1

𝛟𝛟𝑟𝑟 = 𝚽𝚽𝚽𝚽,                                                        (7) 

Because 𝐂𝐂𝐷𝐷 and 𝐊𝐊1 are localized at the damper-related degrees of freedom, their contributions 
are separated from the diagonalized modal terms. For the 𝑟𝑟-th mode, the modal coordinate is 
written as 

𝜉𝜉𝑟𝑟 =
(𝛟𝛟𝑟𝑟)𝑇𝑇𝑷𝑷 − ∑ �j𝜔𝜔𝑐𝑐𝑑𝑑𝑖𝑖 + 𝑘𝑘𝑑𝑑𝑖𝑖�

𝑁𝑁
𝑖𝑖=1 𝜙𝜙𝑑𝑑𝑖𝑖

𝑟𝑟 𝑢𝑢�𝑑𝑑𝑖𝑖
−𝜔𝜔2 + 𝑗𝑗𝑗𝑗𝑗𝑗 + (1 + 𝑗𝑗𝑗𝑗𝑗𝑗)𝜆𝜆𝑟𝑟

, 𝑟𝑟 = 1, … ,𝑛𝑛.             (8) 

Here, 𝑢𝑢�𝑑𝑑𝑖𝑖 denotes the displacement amplitude at the structural degree of freedom to which the 
𝑖𝑖-th damper is attached. Equation (8) shows that, once the 𝑁𝑁 damper-related displacements 𝑢𝑢�𝑑𝑑𝑖𝑖  
are known, all modal coordinates can be calculated directly. 

The displacement at a damper-related degree of freedom 𝑑𝑑𝑗𝑗  is obtained from the modal 
superposition as 

𝑢𝑢�𝑑𝑑𝑗𝑗 = �𝜉𝜉𝑟𝑟
𝑛𝑛

𝑟𝑟=1

𝜙𝜙𝑑𝑑𝑗𝑗
𝑟𝑟 , 𝑗𝑗 = 1, … ,𝑁𝑁.                                        (9) 

Substituting Eq. (8) into Eq. (9) and rearranging gives 𝑁𝑁 simultaneous complex equations for 
the damper-related displacements: 

��𝛿𝛿𝑗𝑗𝑗𝑗 + 𝐴𝐴𝑗𝑗𝑗𝑗�
𝑁𝑁

𝑖𝑖=1

𝑢𝑢�𝑑𝑑𝑖𝑖 = 𝐵𝐵𝑗𝑗 , 𝑗𝑗 = 1, … ,𝑁𝑁,                                (10) 

where 
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𝐴𝐴𝑗𝑗𝑗𝑗 = �
𝜙𝜙𝑑𝑑𝑗𝑗
𝑟𝑟 𝜙𝜙𝑑𝑑𝑖𝑖

𝑟𝑟 �j𝜔𝜔𝑐𝑐𝑑𝑑𝑖𝑖 + 𝑘𝑘𝑑𝑑𝑖𝑖�
−𝜔𝜔2 + j𝛼𝛼𝛼𝛼 + (1 + j𝜔𝜔𝜔𝜔)𝜆𝜆𝑟𝑟

𝑛𝑛

𝑟𝑟=1

,                                   (11) 

and 

𝐵𝐵𝑗𝑗 = �
(𝛟𝛟𝑟𝑟)𝑇𝑇𝑷𝑷 𝜙𝜙𝑑𝑑𝑗𝑗

𝑟𝑟

−𝜔𝜔2 + j𝛼𝛼𝛼𝛼 + (1 + j𝜔𝜔𝜔𝜔)𝜆𝜆𝑟𝑟

𝑛𝑛

𝑟𝑟=1

.                                    (12) 

Here, 𝛿𝛿𝑗𝑗𝑗𝑗 is the Kronecker delta. In matrix form, Eq. (10) can be written as 

(𝐈𝐈 + 𝐀𝐀)𝒖𝒖�𝑑𝑑 = 𝐁𝐁,                                                      (13) 

where 

𝒖𝒖�𝑑𝑑 = [𝑢𝑢�𝑑𝑑1 𝑢𝑢�𝑑𝑑2 ⋯ 𝑢𝑢�𝑑𝑑𝑁𝑁]𝑇𝑇 .                                       (14) 

For each excitation frequency, Eq. (13) is solved first. The size of this complex system is 𝑁𝑁, 
i.e., it is determined by the number of dampers rather than by the total number of structural 
degrees of freedom. After obtaining 𝒖𝒖�𝑑𝑑, the modal coordinates 𝜉𝜉𝑟𝑟 are calculated from Eq. (8), 
and the full displacement amplitude 𝒖𝒖�  is reconstructed from Eq. (7). Thus, the response 
calculation proceeds as 

𝒖𝒖�𝑑𝑑  →  𝛏𝛏  → 𝒖𝒖�.                                                    (15) 

Since the number of dampers is generally much smaller than the total number of degrees of 
freedom, only a small complex system needs to be solved at each excitation frequency. 

Shape Optimization Formulation 

The shape gradient used in this study is derived in a continuous setting. The finite element 
matrix equations introduced in Section 2 are used only for the numerical evaluation of the state 
and adjoint fields. Let 𝛺𝛺 ⊂ ℝ𝑑𝑑 , 𝑑𝑑 = 2,3  denote the domain occupied by the main elastic 
structure. The boundary 𝛤𝛤 = 𝜕𝜕𝜕𝜕 is divided into the fixed boundary 𝛤𝛤 1, the loaded boundary 𝛤𝛤2
, and the design boundary 𝛤𝛤𝑠𝑠. 

Continuous frequency-response problem and objective function 

The governing equation is expressed in the following variational form: 

  𝑎𝑎(𝒖𝒖�,𝒗𝒗) + 𝑗𝑗𝑗𝑗𝑗𝑗(𝒖𝒖�,𝒗𝒗) − 𝜔𝜔2𝑏𝑏(𝒖𝒖�,𝒗𝒗) = 𝑙𝑙(𝑷𝑷,𝒗𝒗) ,   ∀𝒗𝒗 ∈ 𝑈𝑈,                    (16) 

where 𝒗𝒗 is an arbitrary variation in U. Bilinear forms of 𝑎𝑎(∙ , ∙), 𝑏𝑏(∙ , ∙), 𝑐𝑐(∙ , ∙) and 𝑙𝑙(∙ , ∙) are 
defined as Eqs. (17)-(20), and the admissible functional space U is defined as 𝑈𝑈 ≡ {𝒗𝒗 ∈ 𝐻𝐻1(𝛺𝛺)}. 
Here 𝐻𝐻𝑚𝑚(𝛺𝛺) denotes the Sobolev space of functions whose derivatives up to order m are square 
integrable. 

𝑎𝑎(𝒖𝒖�,𝒗𝒗) = 𝑎𝑎0(𝒖𝒖�,𝒗𝒗) + 𝑎𝑎1(𝒖𝒖�,𝒗𝒗)  

                                                     = �𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑢𝑢�𝑘𝑘,𝑙𝑙𝑣𝑣𝑖𝑖,𝑗𝑗𝑑𝑑𝑑𝑑
𝛺𝛺

+ � �𝑘𝑘𝑑𝑑𝑑𝑑𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑑𝑑𝑑𝑑)𝑢𝑢�𝑖𝑖𝑣𝑣𝑖𝑖𝑑𝑑𝑑𝑑
𝛺𝛺

𝑁𝑁

𝑚𝑚=1

            (17)  

𝑏𝑏(𝒖𝒖�,𝒗𝒗) = �𝜌𝜌𝑢𝑢�𝑖𝑖𝑣𝑣𝑖𝑖𝑑𝑑𝑑𝑑
𝛺𝛺

(18) 

𝑐𝑐(𝒖𝒖�,𝒗𝒗) = 𝛽𝛽𝑎𝑎0(𝒖𝒖�,𝒗𝒗) + 𝛼𝛼𝛼𝛼(𝒖𝒖�,𝒗𝒗) + � �𝑐𝑐𝑑𝑑𝑑𝑑𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑑𝑑𝑑𝑑)𝑢𝑢�𝑖𝑖𝑣𝑣𝑖𝑖𝑑𝑑𝑑𝑑
𝛺𝛺

𝑁𝑁

𝑚𝑚=1

(19) 
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𝑙𝑙(𝑷𝑷,𝒗𝒗) = � 𝑃𝑃𝑖𝑖𝑣𝑣𝑖𝑖𝑑𝑑𝑑𝑑
𝛤𝛤2

, (20) 

where 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  represents the elastic stiffness tensor, N is the number of dampers, and 𝛿𝛿(∙) denotes 
the Dirac's delta function. 𝑥𝑥𝑑𝑑𝑑𝑑 is the position of dm degree of freedom. The Einstein summation 
convention and partial differential notation (∙),𝑖𝑖 ≡ 𝜕𝜕(∙) 𝜕𝜕𝑥𝑥𝑖𝑖⁄  are used for convenience. 

In the following derivation, a conjugate equation of the governing equation (Eq. 16), which 
governs 𝒖𝒖�∗, the conjugate complex of 𝒖𝒖� , is also introduced. 

𝑎𝑎(𝒖𝒖�∗,𝒗𝒗∗) − 𝑗𝑗𝑗𝑗𝑗𝑗(𝒖𝒖�∗,𝒗𝒗∗) − 𝜔𝜔2𝑏𝑏(𝒖𝒖�∗,𝒗𝒗∗) = 𝑙𝑙(𝑷𝑷,𝒗𝒗∗) ,   ∀𝒗𝒗∗ ∈ 𝑈𝑈. (21) 

For a prescribed excitation frequency 𝜔𝜔, the dynamic-compliance measure is defined by 

𝐹𝐹(𝜔𝜔) = 𝑙𝑙(𝑷𝑷,𝒖𝒖�)𝑙𝑙(𝑷𝑷,𝒖𝒖�∗)                                                       (22) 

and the objective function for broadband excitation is 

𝐽𝐽 = � 𝐹𝐹
𝜔𝜔2

𝜔𝜔1

(𝜔𝜔) 𝑑𝑑𝑑𝑑                                                      (23) 

The structural volume is constrained by 

𝑉𝑉(𝛺𝛺) = �𝑑𝑑
𝛺𝛺

𝛺𝛺 ≤ 𝑉𝑉                                                    (24) 

Thus, the optimization problem is to determine a domain variation that minimizes Eq. (23) 
while satisfying the frequency-response equations (Eq. 16, Eq. 21) and the prescribed volume 
constraint. 

Lagrange functional and Adjoint equations  

For convenience, define the residual forms 

ℛ𝜔𝜔(𝒖𝒖�,𝒗𝒗) = 𝑎𝑎(𝒖𝒖�,𝒗𝒗) + 𝑗𝑗𝑗𝑗𝑗𝑗(𝒖𝒖�,𝒗𝒗) − 𝜔𝜔2𝑏𝑏(𝒖𝒖�,𝒗𝒗) − 𝑙𝑙(𝑷𝑷,𝒗𝒗),                 (25) 

ℛ𝜔𝜔
∗ (𝒖𝒖�∗,𝒗𝒗∗) = 𝑎𝑎(𝒖𝒖�∗,𝒗𝒗∗) − 𝑗𝑗𝑗𝑗𝑗𝑗(𝒖𝒖�∗,𝒗𝒗∗) − 𝜔𝜔2𝑏𝑏(𝒖𝒖�∗,𝒗𝒗∗) − 𝑙𝑙(𝑷𝑷,𝒗𝒗∗).            (26) 

Treating the complex response and its conjugate as formally independent variables, the 
Lagrange functional is written as 

𝐿𝐿 = � [𝐹𝐹(𝜔𝜔) − ℛ𝜔𝜔(𝒖𝒖�,𝒗𝒗) − ℛ𝜔𝜔
∗ (𝒖𝒖�∗,𝒗𝒗∗)]

𝜔𝜔2

𝜔𝜔1

𝑑𝑑𝑑𝑑 + 𝛬𝛬�𝑉𝑉(𝛺𝛺) − 𝑉𝑉�,           (27) 

where 𝛬𝛬 is the Lagrange multiplier associated with the volume constraint, and 𝒗𝒗 is regarded as 
the adjoint variable in the Lagrange functional. By imposing stationarity of 𝐿𝐿 with respect to 
variations of 𝒖𝒖� and 𝒖𝒖�∗, the adjoint equations are obtained as 

𝑎𝑎(𝒖𝒖�′,𝒗𝒗) + 𝑗𝑗𝑗𝑗𝑗𝑗(𝒖𝒖�′,𝒗𝒗) − 𝜔𝜔2𝑏𝑏(𝒖𝒖�′,𝒗𝒗) = 𝑙𝑙(𝑷𝑷,𝒖𝒖�′)𝑙𝑙(𝑷𝑷,𝒖𝒖�∗), ∀𝒖𝒖�′ ∈ 𝑈𝑈,      (28) 

and 

𝑎𝑎(𝒖𝒖�∗′,𝒗𝒗∗) − 𝑗𝑗𝑗𝑗𝑗𝑗(𝒖𝒖�∗′,𝒗𝒗∗) − 𝜔𝜔2𝑏𝑏(𝒖𝒖�∗′,𝒗𝒗∗) = 𝑙𝑙(𝑷𝑷,𝒖𝒖�) 𝑙𝑙(𝑷𝑷,𝒖𝒖�∗′), ∀𝒖𝒖�∗′ ∈ 𝑈𝑈.  (29) 

The left-hand side of Eq. (28) has the same operator as the state equation (16). Therefore, after 
finite element discretization, the adjoint response can be evaluated using the same reduced 
modal formulation as that used for the displacement response in Section 2; only the right-hand 
side is changed. 
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Shape gradient function 

The domain variation is represented by a sufficiently smooth velocity field 𝑽𝑽(𝒙𝒙) [9]. The 
normal velocity of the design boundary is 𝑉𝑉𝑛𝑛 = 𝑽𝑽 ⋅ 𝒏𝒏, where 𝒏𝒏 is the outward unit normal vector. 
Applying the material derivative method [10] to Eq. (27), and using the state and adjoint 
equations to eliminate the material derivatives of the state and adjoint fields, the derivative of 
the Lagrange functional can be expressed in the boundary form 

𝐿̇𝐿 = � 𝐺𝐺
𝛤𝛤𝑠𝑠

 𝑉𝑉𝑛𝑛 𝑑𝑑𝑑𝑑.                                                      (30) 

Under the assumption that the shape variations of the damper attachment points and the load 
application region are not considered, the shape gradient function is written as 

𝐺𝐺 = � 𝐺𝐺𝜔𝜔
𝜔𝜔2

𝜔𝜔1

 𝑑𝑑𝑑𝑑 + 𝛬𝛬,                                                  (31) 

with 

𝐺𝐺𝜔𝜔 = −2Re�(1 + 𝑗𝑗𝑗𝑗𝑗𝑗)𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑢𝑢�𝑘𝑘,𝑙𝑙𝑣𝑣𝑖𝑖,𝑗𝑗 − (𝜔𝜔2 − 𝑗𝑗𝑗𝑗𝑗𝑗)𝜌𝜌𝑢𝑢�𝑖𝑖𝑣𝑣𝑖𝑖�,               (32) 

where Re[ ⋅ ] denotes the real part. Equation (32) is a continuous shape-gradient density defined 
on the design boundary. Although the local damper terms do not appear explicitly in Eq. (32), 
their effects are included through the state and adjoint fields.  

Shape optimization system by using the H1 gradient method 

The derived shape gradient is used as a distributed boundary load in the H1 gradient method 
[11][12].  

Let 𝑎𝑎𝐺𝐺(𝑽𝑽,𝑾𝑾)  denote a coercive bilinear form corresponding to a fictitious linear elastic 
problem for shape modification. The shape velocity field is obtained from 

  𝑎𝑎𝐺𝐺(𝑽𝑽,𝑾𝑾) = −� 𝐺𝐺
𝛤𝛤𝑠𝑠

 𝑾𝑾 ⋅ 𝒏𝒏 𝑑𝑑𝑑𝑑, ∀𝑾𝑾 ∈ 𝐷𝐷,                              (33) 

where D denotes the admissible space for the shape variation. The design boundary is then 
updated in the direction of 𝑽𝑽 . Because the shape variation is obtained through an elastic 
smoothing problem, smooth boundary modifications can be generated without introducing 
explicit geometric shape parameters. 
The shape optimization system integrates the H¹ gradient method, the FEM software 
HyperWorks, and an in-house developed program. In each optimization iteration, the state and 
adjoint responses are evaluated over the prescribed frequency range, the integrated shape 
gradient in Eq. (31) is calculated, and the shape is updated using Eq. (33). This procedure is 
repeated until the objective function converges while satisfying the volume constraint. 

Numerical analysis 

Numerical model  

The material properties, dimensions, and frequencies are treated in a non-dimensional form. 
Figure 1 shows the analysis model, which is a three-dimensional beam-like structure with 
dimensions of 50 × 5 × 2. The left end is fully fixed, and at the center of the right end is 
supported by a Kelvin–Voigt viscoelastic damper. An excitation force is applied at the center 
of the right end in the direction perpendicular to the longitudinal axis. The Young’s modulus, 
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density, and Poisson’s ratio are 𝐸𝐸 = 1.0 × 108 , 𝜌𝜌 = 1.0 , and ν= 0.3 , respectively. The 
Rayleigh damping coefficients are 𝛼𝛼 = 1.0，𝛽𝛽 = 1.0 × 10−6 . The viscous damping 
coefficient and spring stiffness of the Kelvin–Voigt damper are 𝑐𝑐𝑑𝑑 = 200 and 𝑘𝑘𝑑𝑑 = 80000, 
respectively. The first 40 modes are retained in the frequency-response analysis.  

 Analysis results 

Dynamic-compliance minimization was performed over the frequency range from 0.0 to 5.0 
with a sampling interval of 0.1. This frequency range is below the first natural frequency of the 
structure. Figure 2 shows the optimized shape. As shown in the A–A cross-section, the central 
region becomes thinner, whereas the upper and lower regions become thicker, resulting in an 
approximately I-shaped cross-section. This shape is effective in increasing the bending stiffness 
of the structure. Since the target frequency range is below the first natural frequency, the 
optimized shape shows a tendency similar to that obtained by static compliance minimization. 
On the other hand, the shape near the right end differs somewhat from a typical shape obtained 
by static compliance minimization. This difference is considered to reflect the influence of the 
Kelvin–Voigt damper attached to the right end. The objective function decreases gradually and 
converges while the structural volume remains nearly constant. The final objective function is 
reduced to approximately 3% of its initial value. 
 
 
 
 
 
 
 
 
Figure 1. FE-model and Boundary conditions for frequency-response analysis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Optimized shape in the frequency range from 0.0 to 5.0 

Conclusions  

A non-parametric shape optimization method was presented for structures with local Kelvin–
Voigt viscoelastic dampers under broadband harmonic excitation. In the frequency-response 
analysis, real eigenmodes of the main structure without the damper contributions were used, 
while the stiffness and damping effects of the local dampers were incorporated through small-
scale complex equations associated with the damper-related degrees of freedom. The integrated 
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dynamic compliance over a prescribed frequency range was adopted as the objective function, 
and its shape gradient was derived using the adjoint variable method.  
The shape optimization system was established by integrating the H¹ gradient method, the FEM 
software HyperWorks, and an in-house developed program. In the numerical example, the 
proposed shape optimization method successfully reduced the integrated dynamic compliance 
while satisfying the prescribed volume constraint. The results demonstrate the applicability of 
the proposed method to broadband vibration-reduction design for structures with local 
viscoelastic dampers. 
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