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Abstract 

Numerical homogenization is an efficient way to determine effective material properties 

of composite materials. Conventionally, the finite element technique has been widely used in 

implementing the homogenization. However, the standard finite element method (FEM) leads 

to an overly-stiff model which gives poor accuracy especially using triangular elements in 2D 

or tetrahedral elements in 3D with coarse mesh. In this paper, the smoothed finite element 

methods (S-FEMs) are developed to analyse the effective mechanical properties of composite 

materials. Various examples, including modulus with multiphase composites and 

permeability of tissue scaffold, have demonstrated that smoothed finite element method is 

able to provide more accurate results using the same set of mesh compared with the standard 

finite element method. In addition, the computation efficiency of smoothed finite element 

method is also much better than the FEM counterpart.  
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1. Introduction 

 Attributable to its more versatile and tuneable material properties, a range of composites 

has been widely used in aerospace, marine, vehicle and biomedical industry as shown in Fig. 

1. Their different microstructures with two or more constituents allow achieving desirable 

properties such as multi-functionality and lightweight. To control the material properties, the 

spatial layout of the microstructure and/or the compositions of the constituent phases are 

extremely important [1]. However, it is always cumbersome to tweak a most appropriate 

microstructure and characterize its effective properties effectively [2].  

Substantial research has been done in the evaluation of effective (or namely bulk) elastic 

properties of composite materials. An early attempt for the design of composite material is 

perhaps the bounds of material property. Using variational principles, Hashin and Shtrikman 

developed theoretical bounds for the bulk (K) and shear (G) moduli of two-phases, well-

ordered materials [3]. Following this, some improvements of material bounds have been 

extended to multi-phase, multi-dimensional composites for various physical properties [4-5]. 

Although property bounds give the constraint of effective properties and provide some clue in 

choosing different phases for composite design, these all require additional information 

regarding the geometric layout of the microstructure [6].  

Numerical homogenization is an effective way to quantify the material properties based 

on an asymptotic expansion of the governing equations [7-11]. In the numerical 

homogenization, it is assumed that the representative volume element (RVE) or unit cell is 

locally repeated with very small microstructure compared with the overall ‘macroscopic’ 

dimensions of the structure of interest, in which the different materials are bonded in the RVE. 

The homogenization method is based on a rigorous mathematical theory [12], and it can 

provide us with a reasonable solution for some material design problems, where experimental 
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techniques may be very costly or unavailable, apart from the determination of theoretical 

bounds for an estimation purpose [13].    

 Currently, FEM is the most popular method in numerical homogenization for composite 

material properties [14-18]. However, FEM has some inherent drawbacks which limit the 

development of numerical homogenization. The first issue is its “overly stiff” phenomenon of 

a fully compatible FEM model [19, 20]; the second concerns with the mesh distortion related 

problems such as the significant accuracy loss when the element mesh is heavily distorted; 

the third is the poor accuracy in the stress solution using triangular in 2D or tetrahedral 

elements in 3D. 

 Due to this reason, Liu and his co-authors have established a weakened weak (W2) 

formulation using the generalized gradient smoothing technique to unify all the developed 

numerical methods [21]. The W2 formulation seeks solutions in the so-called G space, which 

includes both continuous and discontinuous functions. Hence, it works for both compatible 

and incompatible displacements in the framework of the finite element and meshfree methods. 

Using the generalized strain smoothing technique, the Smoothed Point Interpolation Methods 

(S-PIMs) [22] have been developed, which offers a number of outstanding features.  With the 

strain smoothing technique [23], the smoothed finite element methods (S-FEMs) have been 

proposed to overcome the shortcoming of FEM model [24-25]. The S-FEMs can be viewed 

as the simplest linear version of S-PIMs and has the advantages of simplicity and yet 

outstanding performance and important features. 

Compared with overly-stiff FEM, S-FEMs provides a softened system model for high 

convergence and accuracy. According to smoothing algorithm, several different formulations, 

namely cell-based smoothed FEM (CS-FEM) [26-27], node-based smoothed FEM (NS-FEM) 

[28], and edged-based smoothed FEM (ES-FEM) [29-30], have been proposed respectively. 

These methods introduce the strain smoothing operations to the standard FEM procedures, 
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and worked fairly effectively for a range of engineering problems such as solid mechanics 

[31], heat transfer [32-35] and acoustics [36-37]. The implementation of such smoothed finite 

element methods is quite straightforward without additional parameters involved. The study 

of S-FEMs has also clearly shown that the smoothing operation on strains allows to 

manipulate the assumed strain field in a proper fashion to ensure the stability (boundness), 

thus ensuring the (monotonic) convergence, and giving the S-FEMs some very good features. 

Lured by the special properties of smoothed finite element methods, this study for the 

first time attempted to formulate homogenization problem for different composite materials. 

The objective to develop S-FEMs for homogenization is to improve the numerical accuracy, 

computational efficiency, as well as to study the applicability of S-FEMs. The above 

mentioned various smoothed finite element techniques are formulated here to characterize the 

effective properties for two or more materials. This paper is organized as follows: Section 2 

briefs numerical homogenization using finite element methods. Section 3 presents the 

formulation of smoothed finite element methods in numerical homogenization. The 2D and 

3D demonstrative examples are shown in Section 4 to verify the applicability of smoothed 

finite element method in numerical homogenization. The conclusions are drawn in Section 5. 

2. Brief of numerical homogenization using FEM 

2.1 Concept of Periodic Representative Volume Element (RVE) 

 In this study, we consider periodic composites which comprise repetitive identical unit 

cells in the microscopic level of material structure. For the sake of simplicity, only two-

dimensional problem is illustrated here as shown Fig. 2. To characterize one piece of material 

sample, the computational cost for a full finite element (FE) model can be extremely high as 

discretization of the whole sample solid becomes enormous in order to represent detailed 

structure of the microscopic material constitutions. Such issue will be more serious and could 
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become prohibitive in three-dimensional problems. Fortunately, the homogenization method 

provides an efficient way to predict the mechanical behaviour of macrostructure without 

modeling the entire macroscopic structure of multiphase composites [12].  

In general, the selection of representative volume element (RVE) is crucial in the 

homogenization process in order to accurately predict the effective mechanical properties.  

The selective RVE must make sure repetitive unit identifiable in the domain carry all the 

geometric features necessary to fully define the medium [38]. Note that while the RVE is not 

uniquely defined in the homogenization; the effective mechanical properties from different 

unit cells should be ideally the same on the given scale. Additionally, when deciding the size 

of the RVE, the geometrical and material symmetries of the structure can be considered in 

order to simplify the implementation of numerical code [17]. 

2.2 Effective Elastic Moduli 

  For more effective discussion, we first brief on the standard formulation of FEM in 

numerical homogenization [14, 15], as some of these formulae will be used repetitively in 

later sections. In the homogenization, two levels of coordinate systems are used: one is the 

global coordinate system of macrostructure yi and another is the local coordinate system of 

microstructure xi. In the following analysis, linear elastic constitutive law is assumed. The 

relationship between the local coordinate system xi for the RVE and global coordinate system 

of sample macrostructure yi can be written as follows [14, 15]: 

i
i

y
x


  (1) 

where  is the small scaling parameter between these two length scales.  

Based on asymptotic expansion, it is reasonable to approximate 


u   in the following 

form with respect to parameter   
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       0 1 2 2, , , ...y x y x y x y     u u u u  (2) 

where the function 0 1 2, , ...i i iu u u are X-periodic with respect to the local coordinate x. 

The strain-displacement and stress-strain relationships can be accordingly expressed as 

follows 

 
1

2

k l

l ky y

   
  

  

u u
ε y  (3) 

    σ u Dε u  (4) 

where D, ε ,  


u  σ  are the elasticity matrix for base material, strain, displacement and stress. 

As u1 is the first order variation from the average displacement, this variation can be 

considered to be proportional to the average strain ε0 [14]: 

   1 0 u ξ x ε y  (5) 

where ξ  is the characteristic displacement function of the microstructure. In other words, the 

characteristic displacement is scaled directly by the average train because it is the 

displacement for the unit strain of the macrostructure. 

From Eqs. (3)-(5), the total potential energy is formulated as follows [14]: 

          
T T

0 0 0

0

1

                                                                                                                     
T

dy dx dx dy dy
D X

t

dX dD
X

d





   

 

 



u L u I L ξ D I L ξ L u L u

u t

 (6) 

where X  is the area (volume in 3D) of RVE, I is the identity, and dL is a matrix of 

differential operator defined as: 

1 1

2 2

2 1 2 1

/ 0 / 0

0 / , 0 /

/ / / /

dx dy

      
   

     
   
             

x y

L x L y

x x y y

 (7) 

Define 
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   
T1H

dx dy
X

dX
X

  D I L ξ D I L ξ  (8) 

and substitute Eq. (8) into (6) leads to 

     
T

0 0 0
T

H t

dy dy
D

dD d


    u L u D L u u t  (9) 

The homogenized elasticity matrix D
H
 in Eq. (8) is obtained [14] through discretization of 

unit cell using finite element technique. In the numerical implementations, the FEM divides 

the domain Ω into a number of elements, and the following trial functions are used: 

   , i iξ x d N x d  (10) 

dx i iL ξ B d  (11) 

where id  is the vector of nodal displacements, and  iN x  is a matrix of shape function in the 

microstructure. The strain matrix iB  is defined as follows:  

1

2

1 2

/ 0

0 /

/ /

i

i i

i i

  
 

  
 
     

N x

B N x

N x N x

 2D (12) 

1

2

3

1 2

2 3

1 3

/ 0 0

0 / 0

0 0 /

/ / 0

0 / /

/ 0 /

i

i

i

i

i i

i i

i i

  
 

 
 
  

  
    
    
 
     

N x

N x

N x
B

N x N x

N x N x

N x N x

 3D (13) 

Substitute Eq. (10) into Eq. (8), the effective mechanical properties can be written as follows: 

   
T1H

i i i i
X

dX
X

  D I B d D I B d  (14) 

In order to obtain an equilibrium state, one can set variational to zero,  

  0T

i i i i i
X X

dX dX   d B D B DB d  (15) 
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By substituting the approximations di into Equation (14) and invoking the arbitrariness of 

virtual nodal displacements, we have the standard discretized algebraic system equation: 

n nKd F  (16) 

where K is an analogized element stiffness matrix, and F
n
 is the nodal force vector which is 

equivalent to the initially applied strain field. 

T

i i e
X

dX K B DB  (17) 

n

i e
X

dX F B D  (18) 

For a 2D elastic problem, n=1, 2, 3, for 3D elastic problem, n=1… 6. For a 2D heat 

conduction or fluidic permeability problem, n=1, 2, for 3D heat conduction or fluidic 

permeability problem, n=1, 2, 3. The boundary conditions for each case are listed in Tables 1 

and 2. The detailed formulation of numerical homogenization method is available in many 

resources [14, 15, 17, 18]. Although the above process is derived from elasticity problem, the 

effective fluidic permeability can be calculated in the same way.  

3. Implementation of S-FEMs in numerical homogenization 

In the formulation of S-FEMs homogenization, the critical step is that the smoothed 

strain, instead of compatible strain, is used. The pre-process of mesh and implementation of 

boundary conditions are exactly the same as the standard FEM based homogenization. Hence, 

the computation of a smoothed strain is crucial to formulate S-FEMs based homogenization. 

In this section, several different strain smoothness algorithms are presented for 

homogenization. 

3.1 Edge-based smoothed finite element method (ES-FEM) 

In the formulation of ES-FEM based homogenization, the first step is to construct the 

smoothing domain. The local smoothing domains are constructed with respect to the edge of 
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triangular elements such that 
1

sN s

k k   and s s

i j   , i j  , in which sN  is the 

number of smoothing domains and equals to the number of elemental edges in the scheme of 

ES-FEM. For the triangular elements in 2D or tetrahedral elements in 3D, the smoothing 

domain associated with edge k is created by connecting two endpoints of the edge to two 

centroids of the two adjacent elements as shown in Fig. 3(a). Extending the smoothing 

domain s

k  in 3D problems, the sub-domain of the smoothing domain s

k  for edge k located 

in the particular cell j can be obtained by connecting two end nodes of the edge to the 

centroids of the surface triangles and the centroid of cell j. The sub-smoothing-domain for 

edge k is one sixth region of this tetrahedral element.  

With the edge-based smoothing technique, the smoothed strains can be computed using 

the compatible strains ε Lu  from the following smoothing operation [39]: 

1 1

s s
k k

k ks s

k k

d d
A A

 

    ε ε Lu  (19) 

where s

k is the boundary surface of the smoothing domain s

k , d
s
k

kA


  is the area of the 

smoothing domain for edge k, and u is the displacement vector expressed in the following 

approximate form:  

 
1

N

i i s

i

 u N x d N d

 
(20) 

where N is the number of field nodes per element and equals to 3 for the three-node triangular 

elements used in this work,  
T

i xi yid dd is the nodal displacement vector, d is the vector 

with all the N nodal displacements in the element, and iN  is a matrix of shape functions. 
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Substituting Eq. (20) into (19) and applying the divergence theorem, the smoothed 

strains for the smoothing domain s

k can then be obtained as follows 

   ES-2D

1

kM

k i k i

i

ε x B x d  (21) 

where kM  is the total number of nodes containing the same edge i. For the inner edge, kM  is 

equal to 4, and kM  becomes 3 for boundary edge.  

The smoothed strain matrix can be calculated numerically in the following way: 

( )

ES-2D
( ) 2D

( )
1

1 1

3

k
eN

j

e jk
j

A
A 

 B B  (22) 

where ( )k

eN  is the number of elements around the edge k. For the boundary edge, no 

smoothing effect exists in the edge, hence ( )k

eN =1 for boundary edges. For all inner edges, 

there are only two elements sharing one edge, so ( )k

eN =2. 

The smoothed strain in 2D ES-FEM can be very straightforward to extend to 3D 

tetrahedral elements: 

( )

ES-3D
( ) 3D

( )
1

1 1

6

k
eN

j

e jk
j

V
V 

 B B  (23) 

where Ve and Bj are the volume and the compatible strain gradient matrix of the jth 

tetrahedral element around node k, respectively. V
(k)

 is calculated by the following equation: 

( )

( ) ( )

1

1

6

k
eN

k j

e

j

V V


  (24) 

Based on the formulations of smoothed strain expressed in Eqs. (22) and (23), the smoothed 

stiffness and force matrix can be written in the following forms, respectively: 
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 
( )

T
ES ES ESk

ek N

d




  k B DB  (25) 

 
( )

T
ES ESk

ek N

d




  F B D  (26) 

For the multi-material formulation in ES-FEM, the process is similar to single material 

except the interface of different materials. As the material property is discontinuous along the 

interface, the associated smoothing domain will be separated into two regions as shown in 

Fig. 3(b), which is the same as it does along domain boundaries.  

3.2 Node-based smoothed finite element method 

 Similar to ES-FEM, the smoothing domain is first constructed in the scheme of NS-FEM. 

For 2D problems with single material as shown in Fig. 3(a), the smoothing domain s

k  for 

node k is constructed by connecting sequentially the mid-edge-points to the centroids of the 

surrounding triangles of node k. The smoothing domain can be easily extended to 3D 

problems, where the sub-domain of the smoothing domain for node k  located in the 

particular cell  j  can be obtained by connecting the mid-edge-points, the centroids of the 

surface triangles and the centroid of cell j . Finding out other sub-domains located in cells 

which contain node  k  and the smoothing domain for node  k  can be constructed by uniting 

all the sub-domains.  Hence, the smoothed strain in 2D using the node-based smoothing 

technique with triangular element is expressed as 

 

( )

NS-2D
( )

I

1

1 1

3

k
eN

j

e jk
j

A
A 

 B B  (27) 

where Bj
 is the compatible strain computed by standard FEM, Ne is the number of elements 

surrounding the node k; Ae is the area the jth element around the node k. 

The area A
(k)

 is computed by: 
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 

 

( ) ( )

1

1
d

3

k
e

k

N
k j

e

j

A A




     (28) 

Note that with this formulation, only the area and usual “compatible” strain matrices Bj by 

Eq. (27) of triangular elements are needed to calculate the system stiffness matrix for the NS-

FEM.  

In 3D NS-FEM, the smoothed strain can be calculated in a similar way:  

 

( )

NS-3D
( )

I

1

1 1

4

k
eN

j

e jk
j

V
V 

 B B  (29) 

where Bj is the compatible strain computed by standard FEM, the Ve is the volume of the jth 

tetrahedral element around the node k. The V(k) is computed by: 

 

 

( ) ( )

1

1
d

4

k
e

k

N
k j

e

j

V V




     (30) 

Hence, in the NS-FEM formulation of numerical homogenization, the stiffness matrix 

and force matrix can be formulated respectively as: 

 
( )

T
NS NS NSk

ek N

d




  k B DB  
(31) 

 
( )

T
NS NSk

ek N

d




  F B D  
(32) 

In the formulation of multi-material NS-FEM, the smoothing domain is also separated 

two parts along the interface of different material as shown in Fig. 3(b) as material properties 

are not continuous. That means the associated smoothing domain is not allowed to cross the 

boundary of each material. It is noted that there are still some smoothing effect at both sides 

of interface, but smoothing effect is weak compared with internal nodes. 
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3.3 Cell-based smoothed finite element method 

In the cell-based smoothed finite element method (CS-FEM) for the homogenization, the 

quadrilateral elements are considered. The formulation of stiffness is computed based on the 

smoothing cells (SC) located inside the quadrilateral elements as shown in Fig. 5. In CS-FEM, 

the elements are subdivided into several smoothing cells, such as 
1 1 ...e e e e

nc     . If 

the number of SC of the elements equals 1, the CS-FEM solution has the same properties 

with those of standard FEM using the reduced integration [24]. When the number of 

smoothing cells is approaching infinity, the CS-FEM solution approaches to the solution of 

standard FEM. Based on our research experience, the numerical solution is always stable and 

accurate if the number of smoothing cells is equal to 4 [24].  

Based on the smoothing theory, the smoothed strain in CS-FEM can be expressed in the 

following equation: 

 CSCS

n

C I

I

ε B x u  
(33) 

where CSB  is the smoothed strain matrix. For 2D case 

CS

CS CS

CS CS

0

0

b

b

b b

 
 

  
 
  

B  
(34) 

where 

   
1

c

CS I k

C

b N n d
A 

  x x  
(35) 

If one Gaussian point is used for line integration along each segment of boundary C

i of C , 

the above integration equation can be transformed to its algebraic form 
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 GP

1

M
C C

CS I i ik ik

i

b N n l


 x  
(36) 

where GP

ix  is the midpoint (Gaussian point) of boundary segment of C

i , whose length and 

outward unit normal are denoted as C

il and C

in  , respectively. 

The smoothed element stiffness matrix can be obtained by assembly of those all of the 

smoothing cells of the element, i.e. 

T

CS CS CS CS

C

AK B DB  (37) 

CS F
T

CS CS

C

AB D  (38) 

The smoothed CSB  matrices are constructed with integration over the boundary of the 

cell of the element. 

3.4. Algorithm for S-FEMs based homogenization  

Numerical procedures for computing the effective mechanical properties of composite 

materials using smoothed finite element method are summarized as follows:  

1. Design Composite material 

2. Determine the unit cell 

3. Divide the domain into a set of elements and obtain information on nodes coordinates and 

element connectivity 

4. Create the smoothing domain for each smoothed finite element method. 

5. Loop over all the elements 

  (a) Compute the compatible strain B of the element by Equation using standard finite 

element formulation and save it to process the smoothed strain. 
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  (b) Evaluate the smoothed strain. In ES-FEM, apply Eq. (22) and (23) to compute the edge-

based smoothed strain. In NS-FEM, use Eq. (27) and (29) to calculate the node-based 

smoothed strain. In CS-FEM, Eq. (34) is adopted to determine the cell-based smoothed strain.  

6. Calculation of smoothed stiffness and smoothed force matrix 

 For ES-FEM, smoothed stiffness and force in numerical homogenization use Eq. (25) 

and (26) 

 For NS-FEM, smoothed stiffness and force in numerical homogenization use Eq. (31) 

and (32) 

 For CS-FEM, smoothed stiffness and force in numerical homogenization use Eq. (37) 

and (38) 

7. Implement symmetrical boundary conditions by referring to Table 1 and 2. 

8. Solve homogenization equation 
nn Kd F   

9. Evaluate the homogenized (effective) mechanical properties based on Eq. (13).  

10. For 2D elasticity problem, loop step 7 and 8 three times for different boundary conditions. 

For 3D elasticity problem, repeat the step 7 and 8 six times for different characterized cases. 

4. Numerical examples 

4.1 Benchmark example 

In order to verify the S-FEMs formulation for homogenization, one benchmark example 

[9] is first studied. As shown in Fig. 6, unit square cell containing a 0.4 0.6 void and the 

solid phase material properties are D11=D22=30 and D12=D33=10 (all units are assumed to be 

consistent) [9]. This problem was solved by Bendsoe and Kikuchi [16]. 
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The numerical solutions obtained from S-FEMs and FEM using the triangular (T3) and 

quadrilateral (Q4) elements (Fig. 7) are tabulated in Tables 3 and 4, respectively. For the 

purpose of comparison, the published results are presented in Table 5. Compared these three 

tables, it is seen the homogenization results obtained from S-FEMs agree very well with the 

published data. 

4.2 Void material 

Another example is material 1 with void as shown in Fig. 8. The Young modulus and 

Poisson’s ratio of solid are E=5MPa, v=0.3. A plane stress problem is considered here. The 

discretized models using triangular (T3) and quadrilateral (Q4) elements are shown in Fig. 9.  

Figure 10 shows the convergence of effective (homogenized) bulk modulus using 

different FEM methods. The effective bulk modulus is defined by [40]: 

   11 12 222

1
2 2 2

2(1 ) 4(1 ) 4

eff eff eff eff eff

eff

eff eff

E E
Bu v D D D

v v
     

 
 

(39) 

The effective elasticity tensor D
eff

 can be defined as follows: 

2D plan stress problem 
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2D plan stain problem 
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where Eeff is effective Young Modulus and veff is effective Poisson’s ratio. The short notation 

eff

ijklD  (11 1,22 2, 33 3, 32 4, 13 or 31 5, 12 or 21 6      ) is used for all the entries 

of the homogenized effective elasticity tensor [40]. 

In order to make a comparison, the reference solution is computed using standard FEM 

with very fine mesh (35621 nodes). As shown in Fig. 10, it is seen that all numerical results 

approach the reference solution with increased number of degree of freedom (DOF). The 

FEM, ES-FEM and CS-FEM approach the reference solution from the upper bound, whereas 

NS-FEM with T3 and Q4 elements approaches the reference solution from the lower side. 

Among all numerical methods, ES-FEM gives the most accurate solution even much better 

than quadrilateral (Q4) elements using FEM, which is due to stronger softening effect 

provided by the ES-FEM.  

4.2 Multiple material composites 

In this section, two different materials with void are bonded together as shown in Fig. 11. 

The Young moduli for materials 1 and 2 re 
1=0.1GPaE  and

2 =2GPaE , Poisson’s ratios for 

materials 1 and 2 are 
1=0.4v and

2 =0.3v , respectively. Plane strain problem is considered here. 

By using the same set of T3 meshes as shown in Fig. 12, Fig. 13 plots the convergence in 

the effective (homogenized) elasticity components using the different finite element methods. 

The solutions of all these methods converge to the reference solution (36260 nodes using 

FEM) with reducing nodal spacing. In terms of the accuracy, the NS-FEM gives similar 

results to FEM. However, NS-FEM converges the reference solution from the lower bound, 

whilst FEM converges the reference solution from the upper bound. Among all numerical 

methods, again ES-FEM provides the best solution in all elasticity components. 
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Figure 14 outlines the converegcne of effective (homogenized) bulk modulus. It is 

observed that numerical solution obtained from ES-FEM is again the closest to the reference 

solution when the same set of mesh is used.  

As computational efficiency is an important criterion to assess the performance of 

numerical methods, the comparison of different analysis methods is shown in Fig. 15. It is 

clear that the computational time for the ES-FEM and NS-FEM is longer than FEM when the 

same set of mesh is used. This is because more nodes are used to form the shape function in 

ES-FEM and NS-FEM. Nevertheless, in terms of computational efficiency, the ES-FEM 

performs much better than FEM and NS-FEM.  This is due to right softened effect in the ES-

FEM model. 

Another example of numerical homogenization for multi-phase material is shown in Fig. 

16. The Young modulus for material 1 and 2 are 1 200MPaE   and 2 30MPaE  , Poisson’s 

ratio for material 1 and 2 are 
1 0.3v  and 

2 0.35v  respectively. The discretization model is 

shown in Fig. 17. 

  The convergence rates of effective mechanical properties are presented with different 

numerical methods shown in Fig. 18. From Fig. 18, again we found that the ES-FEM gives 

much better solution than FEM and NS-FEM.   Fig. 19 plots the result of effective bulk 

modulus converging to the reference solution using different methods. As we expected, FEM 

and ES-FEM give upper bound solution and NS-FEM provides lower bound solution. The 

ES-FEM is able to achieve a close to exact stiffness, and it gives the best solution in the 

prediction of effective bulk modulus.  

4.3 Tissue Scaffold Example 

As the rapid development of additive fabrication technology, scaffold tissue engineering 

is growing fast. Materials with periodic cellular micro-architectures are becoming particularly 

advantageous due to high manufacturability and tailored effective properties. Tissue scaffold 
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involves two important criteria concerned in the design stage: one is overall stiffness, which 

is able to provide similar load-bearing capacities to surrounding tissues; the other one is 

permeability, which offers sufficient porosity for mass transfer and vascularization. In this 

example, it is assumed that the Young modulus =100Mpa,  0.3E v   of scaffold materials the 

permeability coefficient 0.5   in the 3D tissue scaffold as shown in Fig. 20. 

The discretization of 3D base cell is presented in Fig. 21. Fig. 22 shows the convergence 

of effective bulk modulus using 3D ES-FEM, NS-FEM and FEM. In order to make a 

comparison, the reference solution with very fine mesh (216,000 nodes) is also plotted 

together. It is clearly shown that 3D ES-FEM still gives the best solution of these different 

numerical methods when the same set of mesh is used. The 3D NS-FEM still approaches the 

reference solution from the lower bound.  

The convergence of effective permeability is presented in Fig. 23 with reference solution 

using 216,000 nodes. Again, it is found the NS-FEM provides the lower bound solution of 

effective permeability. The ES-FEM and FEM provides the upper bound solution of effective 

permeability. In terms of accuracy, the ES-FEM using tetrahedral (T4) elements performs the 

best.  

5. Conclusion 

In this paper, smoothed finite element methods (S-FEMs) were formulated to solve the 

numerical homogenization problems. Various 2D and 3D examples were presented to 

demonstrate the accuracy and convergence of S-FEMs in the evaluation of effective 

(homogenized) mechanical properties of periodic microstructural composites. In summary, 

some conclusions are drawn as follows: 
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1. The implementation of smoothed finite element method in numerical homogenization 

of composite material is fairly straightforward. No additional parameters are involved 

in the formulation. 

2. For the first time, the NS-FEM was found to be able to give the lower bound solution 

in the computation of effective (homogenized) material properties of composites. 

3. The ES-FEM was found to stand out from all different forms of finite element method 

in 2D and 3D, which provided the best solution to characterization of the effective 

mechanical properties of composites. 
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Figure 

 
(a) Tissue Scaffold 

 
(b) Cuttlebone 

Figure 1: 3D printing of composite material 

 

 

 

 

 
Figure 2: Composite materials with periodic microstructure 
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Figure 3: Illustration of ES-FEM 
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Figure 4: Illustration of NS-FEM 
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Figure 5: Illustration of CS-FEM 
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Figure 6: Unit cell of a periodic composite 
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a) 400 nodes with T3 

 
b) 1387 nodes with T3 

 
c) 8321 nodes with T3 

 
d) 406 nodes with Q4 

 
e) 2341 nodes with Q4 

 
f) 9517 nodes with Q4 

Figure 7: Discretization of base cell using triangular (T3) and quadrilateral (Q4) elements 
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a) Periodic structure 
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Figure 8: Base cell of a composite 
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Figure 9:Domain discretization using triangular and quadrilateral element 
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Figure 10: Convergence of bulk modulus 
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Figure 11: Base cell of a composite 
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(a)122 nodes (b) 417 nodes (b) 1445 nodes (d) 36260 nodes 

Figure 12: Domain discretization using triangular (T3) element 
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Figure 13:Convergence of elasticity components 
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Figure 14: Convergence of effective bulk modulus 

 

 

 

 
Figure 15: Convergence of effective bulk modulus 
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a) Periodic structure 

 
b) RVE 

Figure 16: Base cell of a composite 
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Figure 17: Domain discretization using triangular element 
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Figure 18:Convergence of bulk modulus 
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Figure 19: Convergence of bulk modulus 
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a) 3D tissue Scaffold b) RVE for stiffness 

model 

c) RVE for 

Permeability model 

Figure 20: 3D tissue scaffold structure 
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a) Stiffness model 

  
 

181 nodes 929 nodes 4691 nodes 

b) Permeability model 

Figure 21: Domain discretization using tetrahedral element 
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Figure 22: Convergence of effective bulk modulus 

 

 

 

 
Figure 23: Convergence of effective permeability 
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Table  

 

Table 1:Symmetry conditionsforthedifferentteststrains in 2D elasticity 

Test strains 0,1x   0,1y   

12  0e

yu   0e

xu   

,ij i j   0e

xu   0e

yu   

 

 

Table 2:Symmetry conditionsforthedifferentteststrains in 3D elasticity [1] 

Test strains 0,1x   0,1y   0,1z   

12  0e e

y zu u   0e e

x zu u   0e

zu   

23  0e

xu   0e e

x zu u   0e e

x yu u   

13  0e e

y zu u   0e

yu   0e e

x yu u   

,ij i j   0e

xu   0e

yu   0e

zu   
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Table 3: Numerical results using different methods (Triangular element) 

mesh 
11

HD  
12

HD  
22

HD  
33

HD  Methods 

400 nodes T3 12.9527 3.2141 17.5111 2.7214 ES-FEM 

400 nodes T3 13.1122 3.2948 17.6227 2.8669 FEM 

400 nodes T3 12.4404 2.9412 17.1006 2.3718 NS-FEM 

1387 nodes T3 12.8557 3.1472 17.4342 2.6556 ES-FEM 

1387 nodes T3 12.9305 3.1926 17.4895 2.7142 FEM 

1387 nodes T3 12.6398 3.0153 17.2643 2.5082 NS-FEM 

8321 nodes T3 12.8181 3.1209 17.4057 2.6318 ES-FEM 

8321 nodes T3 12.8447 3.1402 17.4269 2.6523 FEM 

8321 nodes T3 12.7399 3.0640 17.3446 2.5765 NS-FEM 

 

 

Table 4: Numerical results using different methods (Quadrilateral element) 

mesh 
11

HD  
12

HD  
22

HD  
33

HD  Remarks 

406 nodes T4 13.0335 3.2257 17.5535 2.7713 CS-FEM 

406 nodes T4 13.1122 3.2948 17.6227 2.8032 FEM 

406 nodes T4 12.5140 2.9605 17.1780 2.3793 NS-FEM 

2341 nodes T4 12.8833 3.1375 17.4446 2.6901 CS-FEM 

2341 nodes T4 12.9109 3.1388 17.4621 2.7129 FEM 

2341 nodes T4 12.6777 3.0256 17.2966 2.5293 NS-FEM 

9517 nodes T4 12.8599 3.1123 17.4168 2.6715 CS-FEM 

9517 nodes T4 12.8876 3.1095 17.4310 2.6934 FEM 

9517 nodes T4 12.7400 3.0631 17.3470 2.5768 NS-FEM 

 

Table 5: Published results reported by other researches [9] 

mesh 
11

HD  
12

HD  
22

HD  
33

HD  Remarks 

20x20 4-node 13.015 3.241 17.552 2.785 Ref. [17] 

1
st
 adapt 12.910 3.178 17.473 2.714 Ref. [17] 

2
nd

 adapt 12.865 3.146 17.437 2.683 Ref. [17] 

3
rd

 adapt 12.844 3.131 17.421 2.668 Ref. [17] 

436 8-node 12.839 3.139 17.422 2.648 HOMOG case (a) 

305 8-node 12.820 3.124 17.407 2.634 HOMOG case (a) 

 

 

 

 


