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Abstract 
The paper presents a study for quantitative imaging of damage in metallic plates using the 
fundamental anti-symmetric mode of (A0) Lamb wave. The study proposed a two-stage approach, 
in which the damage location is first determined in stage-one through analyzing the cross-
correlation of the excitation pulse and scattered wave signal, and the damage is then characterized 
in stage-two using the Mindlin plate theory based Lamb wave diffraction tomography. The damage 
considered in this study is an elliptical shape of plate thickness reduction, which is a simplified 
representation of corrosion damage in metallic plates. The two-stage approach is employed to 
quantitatively image the plate thickness reduction, i.e. determine the location, size and shape of the 
thickness reduction. Finite element simulation of a circular transducer network with eight 
transducers is used to demonstrate the capability of the two-stage approach in characterizing the 
damage. The results show that the two-stage approach is able to accurately identify the damage 
location and provide a reasonable estimation of the size and shape of the damage. 
Keywords: Lamb wave, diffraction tomography, scattering, imaging, damage characterization, 
structural health monitoring 

Introduction 
Structural health monitoring (SHM) is a process of monitoring the performance and evaluating the 
state of health of structures based on measurements. It can be used to ensure the safety and 
sustainability of structures and have been widely employed in different engineering fields, such as 
civil, mechanical and aerospace engineering. Lamb wave based approach has been widely 
recognized as one of the promising techniques for damage detection, and hence, to ensure the 
structural safety (Alleyne et al 2001; Veidt and Ng 2011; Ng and Veidt 2012). The advantages of 
using Lamb wave in damage detection are its high sensitive to most types of damage, efficient in 
detecting small and subsurface damage, and capable for inspecting large structure areas. In the last 
decade, different Lamb wave based methods have been developed for damage inspection. Apart 
from the essential requirement that damage inspection systems must be reliable, two highly 
desirable features are the graphic representation and quantitative damage identification.  
 
Lamb wave based tomographic approach is one of the techniques that can achieve the 
aforementioned desirable features. Early developments focused on the use of the time-of-flight 
information to reconstruct an image for damage identification (Jansen and Hutchins 1990; 
Malyarenko and Hinder 2001; Leonard and Hinders 2005; Belanger et al. 2010; Huthwaite and 
Simonetti 2013). A Mindlin plate theory based Lamb wave diffraction tomography framework was 
proposed by Wang and Rose (2003). The framework reconstructs the damage image through Born 
approximation of the Lamb wave scattering from the damage and the inversion is solved by direct 
Fourier inversion approach. Rohde et al. (2009) then demonstrated the damage imaging 
reconstruction could be achieved using eight transducers through the far-field Born approximation. 
Recently Rose and Wang (2010) proposed a filtered back-propagation algorithm to solve the 
inverse problem in the Lamb wave diffraction tomography. They demonstrated that the filtered 
back-propagation algorithm in reconstructing the damage image is more robust and computationally 
efficient. 
 
This study employs a two-stage approach to reconstruct the elliptical shape of plate thickness 
reduction in metallic plates, which demonstrates the capability of the approach in imaging the 
damage size and shape. The paper is organized as follows. The proposed two-stage approach is first 
described in the first section. The numerical verification using a three-dimensional (3D) explicit 
finite element (FE) simulation is then described and the results are discussed in detail. Finally, 
conclusions are drawn in the last section. 
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Two-stage imaging approach 
The two-stage imaging approach relies on collecting Lamb wave data through a distributed 
transducer network with N transducers. Each of these transducers can act as actuator and sensor for 
actuating and sensing the Lamb waves. In the damage detection process, the network of transducers 
is used to sequentially scan the structure before and after the presence of the damage by transmitting 
and receiving Lamb waves. In each scan, one of the transducers is used to excite the A0 Lamb wave 
and the rest of the transducers are used to measure the Lamb wave signals. In each sequential scan 
process, there are in total of N(N-1) actuator-sensor signal paths. Once the data of before and after 
the presence of the damage is collected, a baseline subtraction process is then used to extract the 
scattered wave signals (Ng and Veidt 2011) 
   (1) 
where  and  are the signals measured before and after the presence of the damage.  is the 
scattered signal extracted using the baseline subtraction process. The scattered signals are then used 
in the two-stage approach to reconstruct the damage.  
 
In the stage-one, the targeted inspection area is discretized into a set of image pixels located at (x,y). 
Considering two of the transducers in the transducer network as an example, the intensity of the 
image pixel ( ) at (x,y) contributed by the actuator/sensor signal path a-b (two of the transducers 
in the network) can be calculated as (Wang et al. 2005; Ng and Veidt 2009) 

   (2) 

where ( ) and ( ) is the location of transducer a and b, respectively. ( )  is the location 
of image pixel.  is the group velocity of the fundamental asymmetric mode of Lamb wave.  is 
the cross-correlation between the incident pulse generated by transducer a and the scattered wave 
signal measured by transducer b. In this study the wavelet coefficient calculated using the 
continuous Gabor wavelet transform (Kishimoto et al. 1995; Ng et al. 2009) is used in the cross-
correlation to provide a reliable extraction of the scattered wave signal components at the excitation 
frequency. Once the image of each actuator-sensor signal path is reconstructed using Eq. (2), the 
image indicating the estimated damage location can then be reconstructed by superimposing the 
power flux of all images as 

   (3) 

where  is a weighting factor used to account for varying sensitivities of individual transducer 
and is equal to unity for uniform aperture weighting. 
 
After the damage location is estimated in stage-one, the Mindlin plate theory based Lamb wave 
diffraction tomography is then employed to reconstruct the size and shape of the plate thickness 
reduction in stage-two. It is assumed that the damage is a weak inhomogeneity with a finite region 

. The scattered flexural wave can be represented as follow using the Born approximation (Wang 
and Chang 2005) 

   (4) 

where  is the excitation frequency of the incident wave.  is the flexural 
stiffness of the plate, where ,  and  are the Young’s modulus, thickness and Poisson’s ratio, 
respectively.  and  are the effective shear modulus and the density of the plate material. 

 is the through-thickness area moment.  is the shear correction factor for 
accurate representation of the low frequency behavior. , for  , are parameter 
perturbations and have non-zero value for  but vanish for .  is a position vector and  
is an arbitrary point within the region .  and  are the plate-normal displacement and rotary 
deflections. is the plate-theory strain. The comma indicates the differentiation between 
subscripts [ , ] = 1,2.  is the dynamic Green’s functions solution for wave 
scattering (Rose and Wang 2004; Ng et al. 2012). The scattered waves can be simplified using the 
far-field asymptotic expression of the Hankel function as 
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   (5) 

where .  and  are the angle of the incident and scattered waves, 
respectively.  and  denote the incident and scattered 
wave vector.  is the wavenumber evaluated using Mindlin plate theory.  for  are 
defined as 

   (6) 

   (7) 

   (8) 

   (9) 

where  is the wavenumber of the second possible wave mode in Mindlin plate theory. 
.  is the two-dimensional Fourier transform of the perturbation functions 

and is defined as 
   (10) 

In this study the focus is on the reduction of the plate thickness due to corrosion in metallic plate, 
and hence,  is used in the image reconstruction. Once the  is 
calculated, the perturbation function  can be obtained by carrying out the two-dimensional 
inverse Fourier transform as  

   (11) 

where . The obtained perturbation function can 
then provide a quantitative imaging of the damage. 

Numerical case studies 
A 300×300×6mm3 steel plate was modeled using 3D explicit FE simulation. The commercial FE 
software LS-DYNA was used in this study to carry out the FE simulation. The material properties 
of the steel are = 203GPa, = 0.29 and = 7800 kg/m3. The steel plate was modeled using eight-
noded 3D reduced integration solid brick elements with hourglass control. It is assumed that a 
50mm radius circular transducer network was installed on the steel plate as shown in Fig. 1. The 
transducer network has eight piezoceramic transducers ( ) with 5mm diameter. The excitations 
generated by the transducers were modeled through applying the out-of-plane displacement to the 
surface nodal point covered by the piezoceramic transducers. The excitation signal is a 200kHz 
narrow band six-cycle sinusoidal tone burst pulse modulated by a Hanning window. In this study 
the A0 Lamb wave was excited and the wavelength was 11.99mm. The solid brick elements had in-
plane square shape with dimension 0.75×0.75mm2 and the thickness was 0.375mm, and hence, the 
plate was modeled using 16 layers of solid element in the thickness direction. 
 
Three damage cases, Cases E1 – E3, were considered in this study. Case E1 considered an elliptical 
thickness reduction with major axis length  4mm and minor axis length  2mm, 
respectively. In this case the major axis is along the x-axis as shown in Fig. 1. The thickness 
reduction was generated by removing a top and bottom layer of the solid element in the elliptical 
thickness reduction area. The total percentage of thickness reduction is 12.5%. As the thickness 
reduction was symmetrical about the mid-plane of the plate, there was no mode conversion effect in 
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the scattered waves. Cases E2 and E3 consider the same elliptical thickness reduction but the major 
axis direction was rotated 45° and 90° in anti-clockwise direction, respectively. All cases 
considered the center of the elliptical thickness reduction located at the center of the circular 
transducer network. 

 
Figure 1. Transducer network and elliptical thickness reduction in the numerical case studies 

a)  b)  

c)  d)  
Figure 2. a) Reconstructed damage location image (white cross: actual damage location), b) 
reconstructed plate thickness reduction percentage image (close up view at the damage region 
(black ellipse: actual size and shape of the damage), and profile across the damage in c) x-axis 
and d) y-axis (black solid line: reconstructed thickness reduction percentage; red dashed line: 
actual thickness reduction percentage) for Case E1 
Using the stage-one of the proposed methodology, a reconstructed damage location image for Cases 
E1, E2 and E3 are shown in Figs. 2a, 3a and 4a, respectively. The while circles indicate the 
transducer locations and the white cross indicate the center of the actual thickness reduction. The 
reconstructed damage location image correctly determines the actual damage location for all three 
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cases. Figs. 2b, 3b and 4b show the reconstructed plate thickness reduction percentage image using 
stage-two of the proposed methodology, i.e. the Lamb wave diffraction tomography. In these 
figures, the actual thickness reduction size and shape are indicated by black ellipses. The images 
show that there is a good agreement between the reconstructed and actual plate thickness reduction 
size and shape. 

a)  b)  

c)  d)  
Figure 3. a) Reconstructed damage location image (white cross: actual damage location), b) 
reconstructed plate thickness reduction percentage image (close up view at the damage region 
(black ellipse: actual size and shape of the damage), and profile across the damage in c) x-axis 
and d) y-axis (black solid line: reconstructed thickness reduction percentage; red dashed line: 
actual thickness reduction percentage) for Case E2 
 

Figs. 2c, 2d, 3c, 3d, 4c and 4d show the thickness reduction percentage profile across the damage 
for Cases E1 to E3. The black solid line is the reconstructed thickness reduction percentage and the 
red dashed line is the actual thickness reduction percentage. These figures show that the 
reconstructed profiles are able to provide a reasonable estimation of the actual thickness reduction 
percentage.  

Conclusions 

This paper has presented study of employing a two-stage approach for quantitative imaging of 
damage in metallic plates. The damage type considered in this study is an elliptical thickness 
reduction. In stage-one of the approach, the location of the thickness reduction was first determined. 
The size and shape of the thickness reduction were then determined in stage-two using the Lamb 
wave diffraction tomography. Numerical cases studies have been carried out using the 3D explicit 
FE simulation. Three cases were considered in the study, which considered the same size of the 
elliptical thickness reduction but with different orientations of the major axis. The results show that 
the two-stage approach could accurately determine the damage location and provide a reasonable 
estimation of the size and shape of the thickness reduction. 
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a)  b)  

c)  d)  
Figure 4. a) Reconstructed damage location image (white cross: actual damage location), b) 
reconstructed plate thickness reduction percentage image (close up view at the damage region 
(black ellipse: actual size and shape of the damage), and profile across the damage in c) x-axis 
and d) y-axis (black solid line: reconstructed thickness reduction percentage; red dashed line: 
actual thickness reduction percentage) for Case E3 
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