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Abstract

This work is concerned with the computation of two- and four-sided lid-driven cavity flows us-
ing a transient higher-order compact (HOC) scheme. The multiplicity of steady states for most
of these configurations through the use of non-compact schemes is well known. In this work,
these cases are re-examined using a spatially fourth- and a temporally second-order compact
scheme. The threshold values of certain parameters such as the cavity aspect ratio (A) and the
flow Reynolds number (Re) are also computed beyond which there is multiplicity of solutions.
It is observed that for the motion of non-facing walls of a square cavity, multiple solutions can
be obtained for Re = 975, which is significantly lower than the previously established value.
For all the other cases, these critical values of parameters are in good agreement with the exist-
ing investigations. Multiple solutions are also obtained for antiparallel wall motion in two-sided
square cavities, which do not feature in any of the previous investigations using non-compact
schemes.
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1 Introduction

Over the years the single lid-driven cavity flow has been used as a benchmark problem to test
the performance of numerical schemes and algorithms for incompressible flows. The problem
has attracted researchers because it contains a wide variety of interesting phenomenon in the
simplest of geometric settings. The single lid-driven cavity flow was extended to two- and
four-sided cavity flows by various investigators [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], who observed that a
plethora of vortex patterns can be generated with different aspect ratios and directions of motion
of the walls.

It is well known that many nonlinear problems exhibit multiple steady solutions even though the
governing equations and boundary conditions remain the same. As the governing equations for
fluid flow are nonlinear in nature, the possibility of multiple solutions exists. Many researchers
have found multiple solutions for parallel wall motion of facing walls for both rectangular and
square cavities, and for antiparallel wall motion for rectangular cavities [1, 2, 3, 4, 5, 6, 7, 8,
9, 10]. Albensoeder et al. [2] were among the first to investigate the nonlinear regime and
find multiple 2D steady states in rectangular two-sided lid-driven cavities. They have found
upto five different flow states for both parallel and antiparallel motion of facing walls. Very
recently Lemée et al. [6] addressed the issue of multiple solutions in square cavity with parallel
motion of facing walls and found out a critical Reynolds number above which multiple solutions
exist, which is consistent with [2]. Similar investigations have been carried out for two-sided
cavities with motion of non-facing walls and for four-sided cavities [1, 8]. All these existing



investigations have been carried out using non-compact schemes. It can be observed from these
investigations, that the additional solutions, if they exist, always exist in pairs.

In this work, we re-examine these solutions using a higher-order compact (HOC) scheme of
spatially fourth- and temporal second-order accuracy. This scheme was developed by Kalita
et. al [11] by differentiating the governing equation to obtain compact approximations for
the leading truncation error terms. Grid independent results are carefully computed so that the
results can be used as means to test other schemes and algorithms. For the two-sided rectangular
cavity, computations are carried out at a fixed Reynolds number (Re) of 600 at various aspect
ratios (A) for parallel motion of facing walls. It is seen that atRe = 600 multiple solutions exist
only above a critical aspect ratio of 0.556. This value is very close to the value 0.559 reported
in [2]. Computations are also carried out for square cavities having antiparallel and parallel
motion of facing walls at various Re’s. For parallel wall motion in a square cavity, a threshold
value of Re = 983.5 is observed below which only stable symmetric solutions exist. This
value is in good agreement with previously reported values in [2, 6]. For antiparallel motion
of facing walls in a square cavity, till very recently, existence of multiple steady solutions was
not experienced. In a recent communication [12], using the same HOC scheme as the one used
here, we demonstrate that existence. This shows the accuracy and effectiveness of the present
scheme, which we use here to compute multiple solutions for the motion of nonfacing walls
in two- and four-sided configurations as well. It is observed that the limiting value of Re for
four-sided cavity is very close to previously reported value in [8], however for motion of non-
facing walls in two-sided cavity, multiple solutions are seen to exist even for Re = 975, which
is significantly lower than the previously reported threshold value of 1071 [8].

This paper is organized in five sections. Section 2 describes the HOC scheme formulation and
associated descritization. In Section 3 the credibility of the present HOC code is established
through a comparison exercise with the results of a previously known benchmark work [13].
Section 4 presents the results and discussion. Concluding remarks are made in Section 5.

2 Scheme formulation

There have been various attempts at developing HOC schemes [14, 11, 15, 16, 17]. The scheme
used in this work was developed by Kalita et al. [11]. We present here a brief description of
their HOC scheme formulation.

The unsteady 2D transport equation for a general variable φ in some continuous domain with
suitable boundary conditions can be written as

a
∂φ

∂t
−∇2

φ+ c(x, y, t)∂φ
∂x

+ d(x, y, t)∂φ
∂y

= g(x, y, t) (1)

where a is const, c and d are convection coefficients and g is forcing function. We take the
steady state form of equation (1), which is obtained when φ,c,d and g are independent of t.

−∇2
φ+ c(x, y)∂φ

∂x
+ d(x, y)∂φ

∂y
= g(x, y) (2)

Discretization with second-order central differencing on a uniform grid with spacing h and k in
the x− and y−directions respectively yields

−δ2
xφij − δ2

yφij + cδxφij + dδyφij − τij = gij (3)



where φij denotes φ(xi, yj); δx, δ
2
x and δy, δ

2
y are the first and second-order central difference

operators along x− and y−directions respectively. The truncation error τij is given by
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)]
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In order to obtain a fourth-order compact formulation for equation (2), each of the derivatives
of the leading term in equation (4) are compactly approximated to O(h2, k2). In order to do
this the original PDE (2) is differentiated to yield expressions for higher derivatives. After these
substitutions (3) yields [11]
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]
φij = Gij (5)

where the coefficients αij, βij, γij, Cij, Dij, Gij are as follows

αij = 1 + h2

12
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)
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12
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γij = 2
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(
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− cijdij (8)
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For unsteady case (1), the equation with variable coefficients will be similar to (2), but the
coefficients c and d are functions of x, y and t; and the expression on the RHS becomes
g(x, y, t) − a[(∂φ)/(∂t)]. Using this we can obtain the semi-discrete form of the unsteady
equation (1) using HOC as

a
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This scheme can be used to solve any 2D unsteady transport equation using a suitable time
integration technique along with proper boundary conditions. In this work Crank Nicholson
scheme has been used for time integration. This makes our HOC scheme fourth-order accurate



in space and second-order accurate in time.
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where δ+
t denotes the forward difference operator and the superscript n stands for the time level.
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3 Code Validation

The above HOC formulation (13) can be used to solve streamfunction-vorticity form of the 2D
Navior-Stokes given by

−∇2ψ = ω (15)

∂ω

∂t
+ u

∂ω

∂x
+ v

∂ω

∂y
= 1
Re
∇2ω (16)

where ψ stands for streamfunction and ω for vorticity. The velocities in x− and y−directions
are given by

u = ψy (17)

v = −ψx (18)

To lend credibility to the present HOC code its results for single lid-driven square cavity flow
(Fig. 1(a)) are compared with the results of Ghia et al. [13] at various Re’s at grids 51 X 51,
71 X 71 and 101 X 101. Fourth-order compact approximations for velocities obtained from
equations (16)-(18) are given by

uij = δyψij + h2

6
(
δyωij + δ2

xδyψij

)
+O(h4) (19)

vij = −δxψij −
h2

6
(
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2
yψij

)
+O(h4) (20)

The value of the streamfunction ψ is taken to be zero on all the boundaries while the Neumann
boundary condition for vorticity is derived using a fourth-order compact scheme. For example,
on the leftmost wall (x = 0, 0 ≤ y ≤ 1), the approximation for ω can be found from the relation
v = −ψx and equations (15) and (16) to get

−δ+
x ψ0j −

[
h

2 + h2

6 δ
+
x −

h3

24
(
Rev0jδy − δ2

y

)]
ω0j = v0j −

h3

24
(
δ+

x δyv0j − δtω0j

)
(21)

where the suffixes 0 and j stand for the leftmost wall and the vertical space index respectively.
Using the boundary conditions for left wall, i.e., v0j = 0 and ψ0j = 0, the vorticity at the left
wall can be explicitly written as
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(a) Single lid-driven Cavity (b) Two-sided lid-driven cav-
ity (parallel motion of facing
walls)

(c) Two-sided lid-driven cavity
(antiparallel motion of facing
walls)

(d) Two-sided lid-driven cavity
(motion of non-facing walls)

(e) Four-sided lid-driven cavity

Figure 1: Geometry and boundary conditions for cavities considered in this work.

(a) Streamlines (b) u velocity along vertical centreline (c) v velocity along horizontal centreline

Figure 2: Code validation: single lid-driven square-cavity (Re = 1000).

The boundary conditions for the other walls can be derived in a similar manner.

For corners it is not possible to obtain fourth-order expressions of vorticity due to geometry
constraints. Hence we use a third-order approximation. For example, for the upper left corner
(x0, yN−1), vorticity can be written by approximating equations (17) and (18) in both x− and
y−directions and approximating the higher-order terms appropriately. This results in[

h

2 + h2

6
(
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x − δ−
y

)]
ω0,N−1 = −

[
δ+

x + δ−
y

]
ψ0,N−1 − u0,N−1 − v0,N−1



(a) Streamlines (b) u velocity along vertical centreline (c) v velocity along horizontal centreline

Figure 3: Code validation: single lid-driven square-cavity (Re = 5000).
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]
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where the suffix N −1 denotes all the points lying on y = 1. The boundary conditions for other
corners can be written in a similar manner. The procedure for boundary conditions is outlined
in [18].

The results presented here are on a 101 X 101 grid for Re’s 1000 and 5000 (Figs. 2 and 3).
The obtained results are in very good agreement even for a relatively high Reynolds number
(Re = 5000) on a coarse grid of 101 X 101. This shows the higher-order nature of the scheme.
Thus the present HOC code stands validated.

4 Results and Discussion
4.1 Two-sided cavity - Motion of facing walls

Figs. 1(b) and 1(c) show the two-sided cavity with parallel and antiparallel motion of facing
walls respectively. All computations are performed at Re = 600 for parallel wall motion of
rectangular cavity (Fig. 1(b)). Multiple solutions are obtained when A ≥ 0.556. This value
is in good agreement to the previously reported value of 0.559 [2]. Fig. 4 shows the multiple
solutions obtained at A = 0.65. It is observed that one symmetric and a pair of asymmetric
solutions exist at this aspect ratio. However at A = 0.875, an extra pair of weakly asymmetric
solutions can also be seen to exist. Thus a total of five solutions exist for A = 0.875. These are
shown in Fig. 5.

Computations are also carried out at various Re’s for parallel motion of a square cavity (Fig.
1(b) with A = 1). It is seen that a total of three solutions exist for Re ≥ 983.5. This threshold
value is again in good agreement with previously investigations [2, 6]. Fig. 6 shows multiple
solutions at Re = 3500 for this configuration.

For antiparallel motion of facing walls in a square cavity (Fig. 1(c)), multiple solutions are
seen for Re ≥ 3203 [12]. Below this Re value, the additional solutions merge to form a single
solution. Fig. 7 shows the multiple solutions at Re = 3300.
4.2 Two-sided cavity - Motion of non-facing walls

Using the same HOC scheme, an attempt is now made to re-examine the existence of multiple
solutions for motion of non-facing walls of a square cavity. Existing literature has shown that a
total of three solutions exist above a critical Re value of 1071 [8]. In this work, we show that



(a) Symmetric solution (b) Asymmetric solution-1

(c) Asymmetric solution-2

Figure 4: Multiple solutions of parallel wall motion for A = 0.65 at Re = 600.

(a) Symmetric solution (b) Asymmetric solution (c) Weakly asymmetric solution

Figure 5: 3 out of 5 multiple solutions of parallel wall motion for A = 0.875 at Re = 600.

these extra solutions can be obtained at a significantly lower Re value of 975. Figs. 8 and 9
show multiples solutions at Re = 975 and 2000 respectively. It may be noted that ψ = 0 along
the main diagonal for the solutions shown in Figs. 8(a) and 9(a).
4.3 Four-sided cavity

The geometric configuration for four-sided cavity flow is given in Fig. 1(e). Wahba [8] obtained
a threshold value of Re = 129 above which multiplicity of solutions was obtained. Using the
HOC scheme (13), multiple solutions are seen for Re ≥ 130. For Re < 130, only a single
symmetric solution can be obtained. Figs. 10 and 11 show all the multiple solutions obtained
at Re = 150 and 300 respectively.



(a) Symmetric solution (b) Asymmetric solution 1 (c) Asymmetric solution 2

Figure 6: All solutions at Re = 3500 for parallel lid motion in a square cavity (Grid: 101
X 101).

(a) Symmetric (b) Asymmetric 1 (c) Asymmetric 2

Figure 7: All solutions at Re = 3300 for antiparallel lid motion in a square cavity (Grid:
101 X 101).

(a) Symmetric solution (b) Asymmetric solution 1 (c) Asymmetric solution 2

Figure 8: All solutions atRe = 975 for motion of non-facing walls in a square cavity (Grid:
101 X 101).



(a) Symmetric solution (b) Asymmetric solution 1 (c) Asymmetric solution 2

Figure 9: All solutions at Re = 2000 for motion of non-facing walls in a square cavity
(Grid: 101 X 101).

(a) Symmetric solution (b) Asymmetric solution 1 (c) Asymmetric solution 2

Figure 10: All solutions at Re = 150 for four-sided square cavity (Grid: 101 X 101).

(a) Symmetric solution (b) Asymmetric solution 1 (c) Asymmetric solution 2

Figure 11: All solutions at Re = 300 for four-sided square cavity (Grid: 101 X 101).



Table 1: Comparison of current computation with previous investigations
Cavity Configuration Threshold Parameter

HOC non-compact
Two-sided rectangular cavity with parallel facing wall motion (Re = 600) A ≥ 0.556 A ≥ 0.559 [2]

Two-sided square cavity with parallel facing wall motion Re ≥ 983.5 Re ≥ 980 [6]
Re ≥ 990 [2]

Two-sided square cavity with antiparallel facing wall motion Re ≥ 3203 -

Two-sided square cavity with non-facing wall motion Re ≥ 975 Re ≥ 1071 [8]

Four-sided square cavity Re ≥ 130 Re ≥ 129 [8]

5 Conclusion

A higher-order compact scheme of fourth-order spatial and second-order temporal accuracy is
used to examine multiple stable steady-state solutions for both two-sided and four-sided cavity
flows. For two-sided cavity flows with parallel motion of facing walls at Re = 600, three to
five multiple steady solutions are obtained depending on the cavity aspect ratio. These solutions
consist of a symmetric solution and one or two pairs of asymmetric solutions. It is seen that
multiple solutions do not exist and only the symmetric solution exists for the movement of
the longer plate below an aspect ratio of 0.556. For parallel lid motion of facing walls in a
square cavity (when aspect ratio equals one) only symmetric solutions exist below Re = 983.5.
The threshold values, of aspect ratio for rectangular and Re for square cavities, are carefully
computed and they are close to those obtained in earlier investigations. Multiple solutions are
also presented for antiparallel of facing walls in a square cavity. For two-sided cavity flows
with motion of non-facing walls, we establish the existence of multiple solutions at Re = 975,
which is significantly below the previously known threshold value of 1071. An exhaustive grid
independence exercise was undertaken in order to obtain this threshold value. Multiple solutions
are computed for four-sided square cavity flows as well. The critical Re value above which the
multiple solutions exist in this configuration is in good agreement with previous investigations.
It is well known that many nonlinear flow problems exhibit multiple solutions and this work
demonstrates the ability of HOC schemes to obtain such solutions that violate the desirable
mathematical condition of well-posedness.
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