Two-dimensional SPH simulation of liquid sloshing in a rotating tank
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Abstract

This paper presents the application of an improved smoothed particle hydrodynamics (SPH)
method to simulate violent liquid sloshing in a rotating liquid tank. The dynamic response of
the sloshing system and the change of the pressure profiles are investigated in detail while the
SPH simulations are conducted under different external excitations and different water waves.
It is revealed that for small amplitude liquid sloshing, the linear wave theory can apply and
free surface does not break up. For liquid sloshing with strong nonlinear effects, free surface
evolves violently with breakup and impinging onto bulky water and solid walls, and therefore
the linear wave theory is no longer valid. A circular frequency deviated from the natural
frequency from linear wave theory may produce bigger maximal pressure load than the case
with equivalent natural frequency.
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1. Introduction

Sloshing refers to the movement of liquid inside a partially-filled container due to external
excitations. As a complex hydrodynamic phenomenon, liquid sloshing involves the change of
free surfaces and the strong coupling between liquid and containers, which are usually thin-
shelled structures. Liquid sloshing can be frequently observed in daily life, engineering and
sciences. When the amplitude of an external excitation is very large or its frequency is close
to the natural frequency of the liquid sloshing system, the liquid inside the container can
exhibit violent oscillations, and exert strong impact load on the container[1]. For example,
large liquid sloshing in an oil or liquefied natural gas ship may result in local breakages and
global instability to the ship, and further lead to leakage of oil, and capsizing of ship. The
sloshing of liquefied fuel inside the fuel tank in an aeronautic or astronautic craft can disturb
or even breakdown normal navigation of the craft.

Liquid sloshing has been a hot research subject attracting much attention over the last decades.
The majority of theoretical publications are restricted to linear theory associated with non-
resonant excitation and small forcing magnitude[2-5]. There are also some works based on
weakly nonlinear semi-analytical theories, which used the assumptions that an inviscid
incompressible liquid is in irrotational flow, the liquid surface does not overturn or break, and
the surface tension does not matter [6-8]. All these theories in general, may result in big errors
in the time-history response when the external excitation is large or near the natural frequency.
Recently more and more researches on liquid sloshing are focused on numerical simulations
with the advancement of the computer techniques [9-11]. However, most of the numerical
simulations are focused on grid-based methods, such as FDM [12, 13], FEM [14, 15] and
BEM [16-19]. Liquid sloshing is a complex fluid motion, which usually involves changing
and breakup of free surfaces, strong turbulence and vortex, and violent fluid-solid interaction.
Traditional grid-based numerical methods have difficulties in tracking changing free surfaces
or moving interfaces, and usually need mesh adjustment or rezoning [20-22].



The meshfree and particle methods provide new alternates for investigating liquid sloshing
problems [23, 24]. Among these methods, smoothed particle hydrodynamics (SPH) [25-27]
combines the advantages of meshfree, Lagrangian and particle methods. In SPH, particles are
used to represent the state of a system and these particles can freely move according to
internal particle interactions and external forces. Therefore it can naturally obtain history of
fluid motion, and can easily track material interfaces, free surfaces and moving boundaries.
There are a few literatures addressing the application of SPH method to liquid sloshing
dynamics. For example, Delorme et al. simulated the sloshing loads in LNG tankers with SPH
[28]. Iglesias et al. simulated the anti-roll tanks and sloshing type problems[29]. Rhee and
Engineer studied liquid tank sloshing with Reynolds-averaged Navier-Stokes[30]. Souto-
Iglesias et al. assessed the liqguid moment amplitude in sloshing type problems with smooth
particle hydrodynamics[31]. Anghileri investigated the fluid-structure interaction of water
filled tanks during the impact with the ground[32]. These works have demonstrated the
feasibility of SPH method in modeling liquid sloshing dynamics. However, previous works
are generally based on traditional SPH method, which have poor computational accuracy, and
it is hard to track the variations of pressure. In this paper, an improved SPH model is used to
simulate the liquid sloshing in a rotating tank.

2. SPH methodology

The governing motion of liquid sloshing in isothermal condition can be described by the
following continuity and momentum equations
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where p is fluid density, v is the velocity vector, P is pressure, u is the dynamic viscosity,
g is the gravitational acceleration, and R is the Reynolds stress tensor. The eddy viscosity
assumption is used to model the Reynolds stress tensor as:
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where v, is the eddy viscosity, S is the mean rate-of-strain tensor, k is turbulence Kinetic
energy and | is a unit tensor. The Smagorinsky model of eddy viscosity v, = (C.Al)? 2S;S;

is widely used, where C, is the Smagorinsky constant usually taken as 0.12 and Al is a
mixing length which is assumed to be the initial particle spacing in SPH. S; is the elements

of S given by:
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Considering k:vi'vj’/z and R, =-v,'v,", the relation between k and the Reynolds stress

tensor can be writtenas k=-R /2.

In SPH, the state of a system is represented by a set of particles, and flow field variables (such
as density, velocity, acceleration) can be obtained through approximating the governing



equations which are discretized on the set of particles. A field function and its derivative can
then be written in the following forms
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where < f(x;)> is the approximated value of particle i; f(x;) is the value of f(x)
associated with particle j; x; and x; are the positions of corresponding particles; m denotes

mass; h is the smooth length; N is the number of the particles in the support domain; W is the
smoothing function representing a weighted contribution of particle j to particle i. The cubic
spline function has continuous second-order derivative, and it is not sensitive to particle
disorder. It is given by
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wherea, is3/2h,10/7zh?and1/ zh®in one-, two- and three-dimensional space, respectively,
so that the condition of unity can be satisfied for all the three dimensions. R =|x-x'|/h.

Through particle approximation, the governing motion of fluid flow in isothermal condition
can be described by the following continuity and momentum equations
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To solve the equations of motion, an artificial compressibility technique is usually used to
model the incompressible flow as a slightly compressible flow. Therefore, it is feasible to use
a quasi-incompressible equation of state to model the incompressible flow. A commonly used
artificial equation of state is

P=C;(p—p0), (10)
where p, is the reference density , and it is taken as the initial density of the water. C,is the
sound speed.

It is known that the conventional SPH method has been hindered with low accuracy as it
cannot exactly reproduce quadratic and linear functions, and even cannot exactly reproduce a



constant. The accuracy is also closely related to the distribution of particles, selection of
smoothing function and the support domain (described by the smoothing length h multiplied
by a scalar factor). In liquid sloshing problem, the changing and breakup of free surfaces as
well as splashing and fall of water particles lead to highly disordered particle distribution,
which can seriously influence computational accuracy of SPH approximations. Therefore
improving the particle inconsistency and hence the approximation accuracy is necessary. In
this work, the KGC model[33] for approximating kernel gradient is used. It is obtained based
on Taylor series expansion on the SPH approximation of a function, and can guarantee the
second order accuracy in the whole computational domain. It is given by
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It is noted that, the new kernel gradients are obtain after searching particles, and then they can
be used for the approximation of and field variables, therefore it can save a lot of computing
time. And there is no need to significantly change the structure of SPH computer programs
and procedure of SPH simulations.

In SPH, solid boundary conditions are not able to be directly and rigorously implemented as
in the grid-based numerical models. In this work, a coupled dynamic solid boundary treatment
algorithm(SBT) [34] (Fig.1) is used to construct the solid boundary, which can predict the
pressure of the solid boundary accurately.

fluid particle
repulsive particle

ghost particle

Figure 1. lllustration of the coupled dynamic SBT algorithm.

In this coupled dynamic SBT algorithm, the information of repulsive particles only comes
from fluid particles, and the information of ghost particles comes from both fluid and
repulsive particles. For non-slip boundary condition, variables of the boundary particles (both
repulsive and ghost particles) can be obtained as follows,
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For particles near the free surface, the support domains are usually cut off, and the kernel
function do not keep the normalized nature. It has great influence to particle approximation.
To resolve the problem, a simple but very effective treatment is presented, which is obtained
based on interpolation of kernel function,

N m.

k =>W,—<09. (16)
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Here, ki is a coefficient, it is calculated each time step. If the value is less than 0.9, it is

considered to be the free surface particle, and the pressure will be equal to atmospheric
pressure, its density is equal to the initial value.

3. SPH modelling of sloshing in a rotating liquid tank

In this section, the liquid sloshing in a rotating tank is investigated under different external
excitations. Fig. 2 shows the geometry of the liquid sloshing system, which is similar to what
Iglesias provided [31]. i.e., L=0.64 m, H=1.15 m, the water depth is h,=0.03 m, and the

centre of rotation is 0.1 m below the baseline.
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Figure 2. lllustration of liquid sloshing in a rotating tank.

The external excitation can be described as 8=6,sin(wt) , where g, is the angular

displacement, w is the circular frequency of the rotating motion. In the left wall, eight probe
points P1-P8 are employed, OP1= P1P2=...= P7P8= 0.01 m. In this model, the water depth is
very small comparing with the size of the tank, therefore the corresponding first resonance
frequency can be obtained from the linear wave theory[31] ,

o= \/g—”tanh(”hwj . 17)
L L

Therefore, the value of the first resonance frequency is 2.65 rad/s.

3.1 Liquid sloshing under different circular frequencies

To investigate the free surface evolution and the pressure load on the tank under different
circular frequencies, the sloshing models are set as 6,=6° and »=1.0, 2.65, 4.34, 8.21rad/s

respectively.
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Figure 3. Pressure field with @ =1.0 rad/s.

When o =1.0 rad/s, the period of the external excitation is 6.28s. Fig.3 shows the
corresponding liquid sloshing mode and free surface evolution of the liquid sloshing system in
a period. In this case, the frequency of the external excitation (1.0 rad/s) is less than the
natural frequency (2.65 rad/s) and the free surface does not break up. Though there are
nonlinear phenomena, the linear wave theory still applies. In the whole process of the sloshing,
the water waves are travelling waves. Fig.4 is the pressure history at P3. It shows that the
water impact the solid wall pearg[?dically, with an amplitude about 380 Pa.

Figure 4. Pressure values at P3, @ =1.0 rad/s.
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Figure 5. Pressure field with @ =2.65 rad/s.

Next, we increase the value of wto 2.65 rad/s, which equals to the natural frequency of
sloshing system. The free surface evolution as well as the pressure field distribution is shown
on Fig.5. Comparing Fig.5 with Fig.3, it is found that, liquid sloshing in this case is more
violent with free surface break up. It can also be observed that with the development of the
liquid sloshing, the water column impacts brutally against the solid wall, generates a bounce-
back flow pattern after a short period of interaction with the vertical wall, and finally forms
some cavities. The cavities change their shapes and disappear finally. The water wave is
breaking wave and the linear wave theory may not be valid. Fig.6 shows that water exerts
strong impact load on the solid wall (left and right wall) periodically, and the pressure

amplitude is about 800 Pa at P3, which is much bigger than that in the above case.
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Figure 6. Pressure values at P3, @ =2.65rad/s.

Increasing the value of »to 4.34 rad/s, the moving condition in Fig.7 can be obtained. The
sloshing is still violent and the water wave has two main wave peaks. The front one is higher
than the later one. These two surge fronts with two water wave peaks then impact the solid
wall (left and right wall) twice, as shown in Fig. 8. The first impact is more violent with an
instantaneous pressure peak (about 1200-1400 Pa). The pressure peak of the second impact is
about 700-1000Pa. One notable observation is that in this case, the strongest wave impact can
happen on the left-top and right-top corners. Also for this case, though the circular frequency
is away from the first natural frequency (2.65 rad/), the maximal impact pressure values both
for the first and second water impacts are bigger than the above case in which the circular
frequency equals to the natural frequency. This is because the liquid sloshing is associated
with strong nonlinear effects (with breaking free surface and violent water slamming on the
solid wall & on the bulky water). For such highly nonlinear liquid sloshing, the linear wave
theory does not apply.
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Figure 7. Pressure field with » =4.34 rad/s.
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Increasing the frequency of the external excitation to 8.21 rad/s, the amplitude of the liquid
sloshing is much smaller than that in Fig.5. It is noted that as the frequency of the external
excitation is so big, the movement of water is not able to follow the movement of the
container. Free surface does not break up and the water wave becomes travelling wave again.
Two and even more wave peaks occurs during the sloshing process (see Fig. 9) At the same
time, the pressure peak will also decrease, as shown in Fig. 10, its value is about 250- 600Pa,
and is different in different periods due to the interaction of different wave surge fronts.
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Figure 9. Pressure field with @ =8.21 rad/s.
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Figure 10. Pressure values at P3, »=8.21 rad/s.

3.2 Liquid sloshing under different angular displacements

To investigate the change of the free surface evolution, and the pressure load on the tank
under different angular displacement, the sloshing models are set w = 2.65 rad/s
(corresponding to the natural frequency), 6, =4° 6° 8° 10° 12° separately. The liquid

sloshing with 6,=4° can be observed in Fig.10. Comparing the pressure field with Fig.5
(6,=6°) and Fig.11 (6,=10°), it is found that the amplitude of the sloshing increase with the
increasing of the angular displacement.

Fig.12 shows the pressure curves in the eight probes with @,= 4°. The peak values of the

pressure change from 180 Pa to 950 Pa. When the angular displacement adds up to 10°, free
surface breaks up and the water wave becomes rougher and the whole flow domain involves
strong turbulence and vortex. To describe the turbulence more accurately, the RANS
turbulence model is necessary. Fig.13 shows the evolution of the cavities in the flow domain.
The water column impacts brutally against the solid wall. When t= 6.3 s, the water front
impacted on the top of the container, and generated a bounce-back flow pattern. Fig. 14
shows that the peak values of the pressure change from 400Pa to 1400 Pa, which is bigger
than that when 6,= 4°. For a specific angular displacement at natural frequency, the pressure

load on the right or left solid wall will reduce with the increase of the height of the
observation points.
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Figure 11. Pressure field with 6, = 4°, @ = 2.65rad/s
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Figure 12. Pressure values at P1-P8, @, =4°
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Figure 14. Pressure values at P1-P8, §,= 10°.

Conclusions

In this paper, an improved SPH model is used for the simulation of liquid sloshing in a
rotating tank which moves under different external excitations. The KGC and density
correction can improve the computational accuracy and obtain smoothed pressure field; the
coupled dynamic solid boundary treatment can remove the numerical oscillation near the solid
boundary and ensure no penetration condition.

From the numerical simulations, the following conclusions can be drawn:

1)

2)

3)

4)

The liquid inside the container can demonstrate different sloshing behaviours with
different circular frequency. For small circular frequencies, liquid sloshing is associated
with smoothly evolving free surface and the linear wave theory is valid. The resultant
water wave behaves as traveling waves and the maximal impact pressure happens on
the left and right walls of the container.

For cases with circular frequencies close to or slightly bigger than the natural
frequency, the sloshing liquid is highly nonlinear, and the linear wave theory is no
longer valid. Therefore, the maximal pressure load obtained with the circular frequency
equivalent to the natural frequency from linear wave theory may not necessary bigger
than those from circular frequencies deviated from the natural frequency from linear
wave theory.

For cases with very large circular frequencies, the movement of water is not able to
follow the movement of the container. Free surface does not break up and the water
wave becomes travelling waves again. Two and even more wave peaks may occur
during the sloshing process.

Changing the angular displacement can also lead to different sloshing patterns.
Increasing the angular displacement can lead to more violent movement. For a specific
angular displacement at the natural frequency, the pressure load on the right or left solid
wall will reduce with the increase of the height of the observation points.
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