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Abstract

The nonlinear vibrations of the moored floating structures under horizontal sinusoidal
excitations are studied in three dimensions. Four mooring lines are connected to the floating
structure and fixed to the sea bed. The nonlinear equations of motions of the mooring lines are
formulated using the cable elements formulated based on the extended Hamilton principle.
The floating structure is considered as a rigid body with six degrees of freedom. Then the
equations of motion of the floating structure and mooring lines are formulated through their
connection conditions. In the last, the equations of motion of the whole structure are analyzed
numerically. The influences of different sag-to-span ratio and inclined angle of the mooring
cables on the responses of the floating structure are studied.
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Introduction

The moored floating structures can find their applications in ocean engineering to exploit
marine resources such as oil, gas and minerals. It consists of the floating platform and
mooring cables. If the floating body is subjected to external excitations, the movements of
floating body can induce the geometry change of mooring lines. The geometric nonlinearity
of the mooring lines plays an important role in the dynamical analysis due to their flexibility.
Therefore accurate modeling of mooring cables is necessary for the vibration analysis of the
whole structure. Some researches simplified the mooring lines as a linear spring [1, 2, 3] to
support the floating body for convenient and efficient analysis. The constant stiffness of the
spring is derived and added to the linear stiffness matrix of the floating body. The mooring
lines were also modeled as nonlinear spring [4, 5, 6, 7]. The restoring forces from mooring
lines are determined on the static analysis of catenary cables with the assumption that the
floating body moves slowly. However, the above two methods cannot reflect the real behavior
of the cable. Therefore, fully modeling of cable is required. The lumped mass model [8, 9, 10,
11] or the bar element [12, 13] was used for the vibration analysis of mooring lines. The
cables were modeled using the finite element method based on the principle of minimum
energy including strain energy due to bending and torsion [14, 15], in which the equations of
motions of the mooring lines and those of floating body were solved separately and iteratively.

In this paper, the nonlinear vibrations of three-dimensional floating structure and mooring
system under the horizontal sinusoidal excitations are studied. The nonlinear equations of
motions of the mooring lines are formulated using the 3D cable elements formulated based on
the extended Hamilton principle [16, 17]. The cable element is simplified as a flexible tension
member without considering its bending and torsion stiffness because of the extremely large
ratio of length over cross-section dimension. The floating body is considered as a rigid body
with six degrees of freedom, i.e., three translational displacements and three rotational
displacements. The equations of motions of both the floating body and mooring system are
formulated through their connection conditions and they are solved numerically as a whole.



Problem Statement

Consider the floating structure and mooring system as shown in Fig. 1. It consists of the
floating body and four catenary mooring lines C;, C;, C3 and C4. The floating body and
mooring lines are connected through four nodes A, B, C and D. O is the centroid of the
floating body. The other ends of the mooring lines are fixed on the sea bed. w,, w, and w, are
the length, height and width of the floating body, respectively; h is the depth of sea; hs is the
submerged height of the floating body in the sea in static state. The top view and side view of
the three-dimensional floating system are shown in Fig. 2. The mooring lines C;, C, and Cs,
C, are symmetric about the y-axis in the plane x;Oy and x,0y, respectively. 6, | and d are the
inclined angle, inclined length and initial sag of the mooring line, respectively. w, is the
distance between the nodes A and B.
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Figure 1. Configuration of the three-dimensional floating system
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Figure 2. (a) Top view (b) Side view of the three-dimensional floating system

The exact catenary profile of the mooring cables in static state is governed by the initial
pretension and self-weight of cable. The catenary profile of cable is needed for given sag-to-
span ratio d/I.

The submerged height hs of the floating body in static state is obtained as follows referring to
Fig. 3. Fa1, Fas Fas, Fsi, Fs2, Fes, Fei, Feo, Fes, Foi, Foo, Fos are the components of cable
pretensions at nodes A, B, C, and D in x, y, z axes, respectively, and

Ff + FAZ + Fsz + Fcz + Foz = Mg (1)

where M is the mass of the floating body; Fs is the buoyancy of the floating body in the sea
and expressed by F, = p.gh,w,w_, in which p, is the density of sea water.
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Figure 3. Static equilibrium of the floating body

Nonlinear Dynamical Analysis of the Moored Floating System

The equations of motions of the mooring lines and the floating body are derived individually

first and then they are assembled together through their connection conditions.

Finite Element Formulation for the Dynamics of Cable

The equations of motion of the mooring cables are formulated with finite element. The cable

element is formulated based on the extended Hamilton principle in the following.

Consider the differential cable element in dynamical state as shown in Fig.4. Let ds and ds’
denote the length of cable element in static state and dynamical state, respectively. u, v and

w are the dynamical displacements in x, y and z directions, respectively. Then

(ds)" =(ax)” +(dy)’
(ds’)2 = (dx+du)2 +(dy + dv)2 +(dw)2
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Figure 4. Differential cable element in dynamical state

Retaining the terms up to second order, the axial strain of cable is given by
ds'—ds
E =
ds

=xu'+ y’v’+%(u’)2 +—(v’)2 +—(W’)2

(2)

©)

where ( )' =0/0s. Taking the derivatives of & with respect to u’,v’ and w', respectively, it

gives
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From which we have the following variation of &,
Se = (X' +U")Su" +(y'+V') OV + WW (5)
The variation of potential energy relative to the unstressed state is given by
ST = [ (T + EAs) Seds (6)
0
The variation of kinetic energy is given by
5K =— jOL PA(USU +VSV +Ww)ds = 0 )
The variation of virtual work associated with gravity and damping force is given by
oW = IOL( PAYSV + f.8u+ f,0v+ f,6W—Ccusu—Cc,Vév—cwow)ds (8)

where f,, f, and f, are the external distributed loads per unit length along x, y and z
directions, respectively; ¢, , ¢, and c, are the damping coefficient per unit length along x,

y and z directions, respectively.
Substituting Eqg. (5) into Eq. (6), the variation of potential energy can be expressed as

Sl = IOL{EAg[&u’(x’+u’)+5v’(y’+v')+§w’w’]+T [5u’(x'+u’)+5v’(y’+v’)+5w’w’]}ds 9)

With Egs. (7)-(9) and applying the static equilibrium equations of cable element into
J.tz(éK—5l'l+éW)dt=O,we have

b ' ' _
J, (6K —oT'+ W'yt =0 (10)

where IT' is the potential energy relative to static equilibrium state and W' is the virtual work
done by the external forces from static equilibrium state and done by the damping forces.

The variation of potential energy relative to the static state is expressed as
oIl = IOL{EAg[éu’(x'+u’)+5v’(y’+v’)+5w’w’]+T (5u'u’+§v’v'+6w’w’)}ds (11)
and the variation of the virtual work done from the state of initial profile is expressed as
OW' = .[OL( f.ou+ f,0v+ f,6w—cudu —c,Vov —c,wsw)ds (12)

Let u® :{ue,ve,vv'c"}T =N°d® and d° :{u‘,v‘,w‘,u",v",w"}T for element e, where i and j

are two node numbers of element e and d° is the displacement vector of element e in local
coordinate system O-x1yz; or O-xoyz, of the cable.

The linear shape function of element e is given as follows,
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where N, =1-s/1°, N, =s/1° and I° is the length of element e. Denoting D* =dN°®/ds

T .
and x°={x,y’,0} forelement e, the strain of element e or&® can be expressed as
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where B =x*'D° +%deT D°D®. The variation of strain d¢° is obtained to be
5¢° = (x” D® +%d” D" Dejéde =BSod° (15)

where B =x°"D°+d* D' D°. Therefore, the variation of the potential energy is given by
=3 " EA(5:") 84T 0u U fos
=
- i [ [EAGHTBIB.d" + T*5d DDA Jds (16)
p
- i&d [ [ EABIB, +T*D"D* Jdds
=

where N° is the total number of elements. The stiffness matrix of element e is then obtained
to be

Ke = j(: [ EAB]B, +T°D*'D* |ds (17)
The variation of kinetic energy of the whole system is given by
Ne € Ne € .o
SK=->" j; pASUT G0 ds = 5d°T j; AN NEdEds (18)
e=1 e=1
Thus the mass matrix of element e is obtained to be
(2 001 0 O]
020010
e AlE/0 0 2 0 0 1
m°={ pANN°ds=~ 19
Jo P 100200 (19)
01 0020
0 01 00 2]

The lumped mass matrix m; of element e is
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In the following numerical analysis, the lumped mass matrix of element e is used for
simplicity.

The equations of motion for the element e in local coordinate systems O-x1yz; and O-xpyz, are
given as follows.
m°d® +c°d® +k°(d°)d® =f° (22)

where ¢® and f° are the damping matrix and force vector of element e .

Denote df ={u;,vg,wg,u;,vg,wé}T for element e , which is the displacement vector of
element e in global coordinate system O-xyz of the cable. Using the transformation matrix T
between the local and global coordinate systems and the relationship d® =Td; , Eq. (21)
becomes

MedS +Code + K (dS)d: =F: (22)

where M; =T'M{T, C; =T'CT, K; =T'K/T, and F; =T'F’, which are the stiffness
matrix, damping matrix, stiffness matrix and force vector of element e in global coordinate
system O-xyz of the cable.

The equations of motion of the mooring cables are then formulated as follows using the above
cable element when p is replaced by p—p,.

M. U +C U +K (U)U =0 (23)

where the subscript m denotes the number of mooring lines and m=1, 2, 3 or 4 for this
structure. U, denotes the global displacement vector of the mth mooring cable; K (U,,)
denotes the global stiffness matrix of the mth mooring cable; M denotes the global mass
matrix of the mth mooring cable; C_ denotes the global damping matrix of the mth mooring
cable; and F, denotes the force vector of the mth mooring cable.

Dynamics of the Floating Body

The floating body is considered as a rigid body with six degrees of freedom, which are
displacements us, vi, W; along x, y, z axes and rotations a, S, y in xOy, xOz, yOz planes,
respectively. The equations of motion of the floating body are given as follows referring to
Fig. 5.
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Figure 5. Forces applied on floating body
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where Fy(t) is the external force applied on floating body in x axis; J,, J, and J, are the
moment of inertia of the floating body in xOy, xOz and yOz planes, respectively; Fas, Fay, Fa
Fex, Fay, Fez Fox Fey Fezn Fox, Foy, Fo. are the dynamical tensions of the cable at node A, B, C,
and D in x, y, z axes, respectively, which are induced by the displacements of the elements of
mooring lines connected to floating body; Fy, Fy; and Fy, are the dynamical buoyancy of the
floating body due to the change of submerged volume of the floating body, which are
expressed as

I:b = ps gWaWch

Fiu = WG (30)

1
I:b2 = g pngaWczy



Connection Conditions

In order to formulate the equations of motion of the mooring cables and the floating body as a
whole, the connection conditions between the mooring lines and floating body are needed.
Their relationships are

uA=u+%a+%ﬂ, vA=V+%a+%}/, WA=W—%,B+%]/ (31)
uB=u+%a—%ﬁ, vB=V—%a—%y, WB=W+%ﬂ+%7 (32)
uC:u+%a—%ﬁ, vczv+%a—%7, Wczw—%ﬂ+%}/ (33)
uD:u+%a+%ﬂ, VD:V—%Q+%]/, WD:W+%ﬂ+%}/ (34)

where Ua, Va, Wa, Ug, Vg, Wg, Uc, V¢, We, Up, Vp, Wp are the displacements of the nodes A, B, C,
and D in x, y, z axes, respectively. Then the equations of motion about the nodes A, B, C and
D in Eq. (23) are removed and replaced by Eqgs. (24)-(29) using the connections conditions
given by Egs. (31)-(34). The variables of displacements related to nodes A, B, C and D in
other equations of motion in Eq. (23) are also expressed by Eqgs. (31)-(34). Thus the final
equations of motion of the whole system are obtained to be

MU+CU+K(U)U=F (35)

where U is the global displacement vector of the whole system; K(U) is the global stiffness
matrix of the whole system; C is the Rayleigh damping matrix.

Numerical example

Consider the mooring cables and floating body with their parameter values shown in Table 1
and Table 2, respectively. The density of sea water is p, =1.025x10° kg/m®.

Table 1. Properties of mooring cables

Parameter Value
Young’s modulus E (N/m?) 2x 10
Diameter D (m) 0.1
Mass density p (kg/m®) 8x10°
Damping ratio & 0.03
Sea depth h (m) 100
Inclined angle & (degree) 50

Sag-to-span ratio d /| 1/60




Table 2. Properties of floating body

Parameter Value
Length w, (m) 26
Height w, (m) 5
Width w, (m) 10
Mass M (kg) 1.2x10°

The submerged height of the floating body in static state is calculated with Eq. (1) to be
h, =0.896 m, Consider that the floating body is subjected to the sinusoidal force

F, (t) = Asin(at) with amplitude A being 10° N and w=1.6 rad/s. Each mooring line is

divided into 11 elements. The system starts to move from static state. The time history of the
responses of the floating body and the maximum cable tensile force is shown in Fig. 6.
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Figure 6. Time history of (a) Displacement along x-axis (b) Displacement along y-axis (c)
Rotational angle in xOy plane (d) Maximum tensile force in cable

with d/1=1/60 and 6 =50°

When the initial inclined angle equals 502 the response amplitudes of the floating body and
the maximum tensile force in the cable at steady state are presented in Fig. 7 for different sag-
to-span ratios of cable. It is seen that the displacements along x-axis, y-axis and the rotational
angle in xQOy plane of floating body decreases obviously as the sag-to-span ratio decreases



from 1/45 to 1/80. This means that the displacements along x-axis, y-axis and the rotational
angle in xOy plane of floating body are much influenced by the sag-to-span ratio of the cable.
The maximum cable tensile force decreases as the sag-to-span ratio decreases from 1/45 to
1/60. After that, it increases as the sag-to-span ratio decreases from 1/60 to 1/80. It means that
the maximum cable tensile force is much influenced by the sag-to-span ratio of the cable.
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Figure 7. Amplitude of (a) Displacement along x-axis (b) Displacement along y-axis (c)
Rotational angle in xOy plane (d) Maximum tensile force in cable

at steady state for different sag-to-span ratios of cable with ¢ =50°

When the sag-to-span ratio equals 1/60, the response amplitudes of the floating body and the
maximum tensile force in the cable at steady state are presented in Fig. 8 for different initial
inclined angles of cable. It is seen that the displacements along x-axis, y-axis and the
rotational angle in xOy plane of floating body decreases obviously as the inclined angle
increases from 40°to 542 This means that the displacements in x-axis, y-axis and the
rotational angle in xOy plane of floating body are much influenced by the initial inclined
angle of the cable. The maximum cable tensile force decreases as the inclined angle increases
from 40°to 502 After that, it increases as the inclined angle increases from 50°to 54< It

means that the maximum cable tensile force is much influenced by the inclined angle of the
cable.
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Rotational angle in xOy plane (d) Maximum tensile force in cable
at steady state for different initial inclined angle of cable with d /1 =1/60

Conclusions

The nonlinear vibrations of the three-dimensional floating structure moored by cables are
analyzed. The floating body is modeled as a rigid body with six degrees of freedom. The
mooring cables are modeled with the 3D nonlinear cable elements which are formulated with
the extended Hamilton principle. The connection conditions between the mooring cables and
the floating platform are introduced and hence the nonlinear equations of motions of both the
mooring cables and floating platform are formulated as a whole through these connection
conditions. Then the nonlinear equations of motion of the system under horizontal sinusoidal
excitations are solved numerically as a whole. The influence of the mooring cables on the
responses of the floating body and the maximum cable tensile force are discussed for different
values of initial sag-to-span ratio or initial inclined angle of the mooring cables. It is seen
from the numerical results that the initial sag-to-span ratio and the initial inclined angle of the
mooring cables at static state have much influence on the dynamical displacements and
rotations of the floating platform and the cable tensile forces.
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