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ABSTRACT

The node-based smoothed point interpolation method (NS-PIM) is developed for soil
consolidation analysis based on the Biot’s theory. Both the shape functions for displacements
and pore pressures are constructed using the point interpolation method which is easier to be
Frogrammed than the other meshless methods. Then, a 2D consolidation problem under ramp
oad is solved. The results show good agreement with those certified results. Meanwhile,
convergence features of different solutions are studied and useful convergence features are
found. Thus a simple method is introduced to estimate the errors of the model with rough
grids. Obviously, it is promising to apply NS-PIM to the analysis of consolidation problems.
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1 INTRODUCTION

Consolidation analysis is necessary in many situations such as foundation settlement analysis,
earth and rock fill dam analysis and so on. L 1[2] Generally, the consolidation analysis in one
dimensional field is based on the Terzaghi theory[3] in soil mechanics, while the Biot’s
consolidation theory[4][5] is usually applied in two dlmen5|onal and three dimensional fields,

The finite element method[6] has been developed to solve lots of problems and great
achievements has been madeP] With the development of finite element method and the
improvement of computer performance, numerous programs using the Biot’s theory based on
the finite element method have been developed to solve practlc% problems in consolidation
analysis. Those programs using the finite element method are relatively easy to be
programmed and the results can be checked in many commercial soft wares and
monographs[8]. However, the building and mesh of models takes place of most of the time
for the analysis of FEM solution. Many mistakes may also take place during the building of
the models. And it is also hard to get accurate results, unless the dense of the grid is sufficient.

Thus, the mesh-free(or meshless) method[9] was put forward to deal with the problems
mentioned above. And there are many kinds of element-free or mesh-free methods, such as
reproducing kernel particle method (RKPM), HP-cloud method, point interpolation method
(PIM) and so on. The node-based smoothed point interpolation method (NS-PIM or LC-PIM)
[10][11], as one of the mesh free methods, has been developed using the node-based strain
smoothing operation[12]. Formulated by polynomial PIM [13] or radial PIM (RPIM) [14]
shape functions, it possesses the Kronecker delta property and the boundary can be enforced
like that of the FEM solution[15], so that the programming of the NS-PIM can be easier than
the programming of many other mesh free methods.

It has been certified that the NS-PIM and FEM solutions possess different convergence
features[16][17]. And it is significant to apply the NS-PIM solution to consolidation problem
in order to é:]et more accurate results with the comparison to those by the FEM solution[18].
Also, the adaptability of mesh free methods to large deformation as the shape functions are
based on nodes is meaningful for consolidation problems like foundation settlement.



Recent years, some PIM programs for elastic problem and consolidation problem[19] have
been developed, but NS-PIM solution is rarely applied to consolidation problems. With all the
features mentioned above, it is meaningful and necessary to apply NS-PIM to the analysis of
consolidation problems and do some further research.

In this work, the node-based smoothed point interpolation method(NS-PIM) is built and
coded for Biot’s consolidation analysis. Then, the NS-PIM solution is applied to a classic
example to check the correctness and validation together with the FEM solution. It is
confirmed that the results of the NS-PIM solution fit well with the certified FEM results. So
that it is feasible to apply the NS-PIM solution to the Biot’s consolidation analysis. Further
more, different mesh schemes are applied to investigate the convergence features of different
solutions. The investigation shows that the NS-PIM and FEM solutions still possess the
certified convergence features which can be used as a method to get more accurate results. So
that a simple method is introduced to estimate the errors of the results with rough grids.

2 BRIEFING ON FORMULATIONS AND SHAPE FUNCTIONS

Some basic formulations and shape functions for NS-PIM are introduced in this part. The
programming of the solution is also introduced.

2.1 Basic equations for Biot’s theory
The basic theory used to write the NS-PIM program is the Biot’s consolidation theory .

On the one hand, the sets of partial differential equations for two dimensional equilibrium in
consolidation problems are listed as follows :
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where wu,, is the excess pore pressure ,t,,, is the shearing stress , f, f, are the forces in x-,
y- directions and oy, oy, are the effective stresses.
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where [D] is the constitutive matrix and {e} is the strain matrix.

In linear elastic problem, the constitutive matrix [D] is an elastic matrix. Then,
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where &, is the volumetric strain, ¢, &, are the X- y- strain, y,,, is the shearing strain, E’
Is the effective Young’s modulus and v" is the poisson’s ratio.

Further more, assuming small strains , the geometric equation is

{e} = [0]{u} (4)



where {¢} is the strain matrix , {u} is the displacement matrix and [d] is the partial
differential operator matrix .

Thus, equation (1) can be rewritten as follows:
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where u, is the x-displacement and w,, is the y-displacement .

On the other hand, assuming fluid incompressibility and 2D continuity ,the  continuity
equation takes the following form :
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where ¢, =% + aiyy is the volumetric strain , t is the time, k is the matrix of
2 2
permeabilities in the x- and y-directions , y,, is the unit weight of water and V2= % + ;—yz

is the Laplace operator .

Now ,the coupled ‘Biot’ equations for a 2D homogeneous poroelastic material can be listed as
follows by combining equations (5) - (6) :
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2.2 Discretization of Biot’s theory

To solve the set of simultaneous equations in equation (7), the displacement variables wu,,u,
and excess pore pressure u,, need to be discretized in the equations showed as follows ,

Uy = [N]{uy}
u, = [N]{uy} 8
uy, = [N]{uw}



where u,, 4, are the element or nodal displacements in x-, y- directions, u,, is the element
or nodal excess pore pressure and [N] is the corresponding shape function matrix.

In practice, it may be more appropriate to use higher order shape functions for u, and u, to
avoid oscillation[20]. But, in this work, all three variables are described by the same order of
shape functions which means the solution in this work may have the problem of oscillation
under some extreme conditions.

After all the discretization and Galerkin process , equation (7) can be rewritten as follows :
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where [k,,] is the elastic stiffness matrix , [k,] is the fluid conductivity matrix and

]—ff ‘N dxdy is the coupling matrix where N; is the shape function of the

displacement filed and N; is the shape function of the excess pore pressure filed .

The following equations for writing the program can be obtained by integrating Equation (9)
in time and doing interpolation using 6, and then Equation (10) can be obtained :
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where 6 is the time-stepping parameter (0.5 < 6 < 1). To avoid oscillatory results ,the fully
implicit method with 6 = 1 is used in the NS-PIM solution. In this work, the left side matrix
6kml 6c]
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l in Equation (10) is called ‘Kt> and the right side matrix

]l iIs called ‘Kd’. Also, in equation (10)
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where [B] is the strain—displacement matrix , [D] is the stress—strain matrix, [T] is the ‘[B]
matrix’ for fluid and [K] isthe ‘[D] marix’ for fluid.

2.3 Simulate load in construction period

The load is usually applied step by step in a construction period. To simulate this process, the
total load should be divided into several part according to the construction period. The
previous load {Rtp}, the current load {th} and the effective stress {Rp} generated by the
previous load is needed to calculate the load {Rc} for the current time. An

{Rc} = {Rtc} + ({Rtp} — {Rp}) (12)

This Ilpadd{Rc} would be the external force applied in current time step. Thus, the simulation
is realized.

2.4 Shape functions for NS-PIM

Triangular cells are used for the mesh of models, since the triangular cells are more adaptive
to complex geometry. Polynomials which are usually built utilizing Pascal triangle are used in
the interpolation to create shape functions for NS-PIM. The Figure 1 is the Pascal triangle of
which the first two lines are used for complete polynomial basis of first order and the first
three lines are used for complete polynomial basis of second order in two-dimensional
domain, as is listed below.

pT(x) ={1xy} (13)
pT(x) ={1 x y x* xy y?} (14)

Wh%re %T(x) is the complete polynomial basis mentioned above , x y are the coordinates of
each node.
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Figure 1. Pascal triangle for two-dimensional domains

The vector of shape functions is

T =p P () = {1 92 @n} (15)



where n is the number of nodes, ¢ is the shape function of each node, B, *(x) is the
moment matrix and

1 x3 y1 xy1 - pa(x1)
P.(x) = 1 X2 Yz XY pn(:Xz) (16)
1 Xn Yn XpYn o pn(xn)

2.4.1 Supporting nodes for interpolation

For NS-PIM, there are two schemes available to create the needed shape functions,
T3-scheme and T6/3-scheme [21]. The T3-scheme is a scheme utilizing the vertexes of each
cell to create the shape functions. In the T6/3-scheme, the vertexes of an interior cell that has
no edge on the boundary of the problem domain and its neighboring cells sharing one edge
with this interior cell are needed to create the shape functions, while the vertexes of a
boundary cell that has at least one edge on the boundary are enough to create the
corresponding shape functions .

As is showed in Figure 2, cell 1 (ABD) is a boundary cell and cell 2 sBPD) is an interior cell.
Node A, B, D would be enough to create shape functions of cell 1 and cell 2 for the
T3-scheme of NS-PIM. However, six nodes (node A, B, D, E, F, P) are needed to create the
shape functions of cell 2 for the T6/3-scheme of NS-PIM.
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Figure 2. Background cells and the construction of smoothing cells

2.4.2 Integral domain

Shape functions for NS-PIM can be constructed by the nodes attached to the cells. In practice,
to ensure the continuity of the shape functions ,the problem domain of NS-PIM needs to be
divided into smoothing domains based on background cells [22].

As shown in Figure 2, the solid lines is the lines for the background cells and the smoothing
domains are constructed by the dotted lines that is connecting the mid-edge-point to the
centroids of the cells. For example, in Figure 2 ,the sub-domain (., is the domain for the
point P.

2.5 Programming of the NS-PIM solution

The consolidation analysis program for NS-PIM solution is based on the Fortran90 language
and applicable for linear elastic Biot’s consolidation analysis.



The programming of the NS-PIM solution is best explained by the flowchart of Figure 3.
There are two main loops in thls(frogram: node-looping and time-looping. Many global
matrices of equation (10) are formed in the node-looping and the results of each loading step
can be obtained in the tlme looping. Table I is the list of some main subroutines and their

functions.
A 4
Constrain the boundary
Input data Form the load vector f
I
Enter the time looping
A 4
Process input data Calculate current time
and current load
A 4 Y
Finish loopping
Form D matrix and K matrix Calculate pore pressure
in the previous step using Kd
| and superpose current load
Loop the nodes l
Solve the equations
Form B matrix and T matrix Get the displacement
of each node and pore pressure results
) '
Form Km matrix, Kp matrix and C matrix Post process
of each node
v Output the
Form the left side matrix Kt p?ocess.ed relsults
and the right side matrix Kd UL SUedl Hine
of the global system

I

Finish looping

END

Figure 3. Flowchart of NS-PIM program



Table I. Main subroutines and functions

Subroutine Name

Function

D_Form, K_Form
FormBCT
Stiff_point_Km, Stiff_point_Kp
Stiff_point_ KN
Stiff_point_ KD
Form_BG
Form_Pb
Traction

EBCs
EquaSolvBand
Tecout_mult

Form the D matrix and K matrix

Form the B T and C matrices of each node
Form the Km and Kp matrices of each node
Form the left side matrix of each node
Form the right side matrix of each node
Form the global left side matrix

Form the global right side matrix

Form the total load vector

Constrain the boundary

Solve the equations

Output the results

3 NUMERICAL EXAMPLES

Firstly, a classic 2D Biot elastic solid example is anIied to certify the correctness and
validation of the PIM solution and T3-scheme is appli

NS-PIM. Then, the mesh of the same model is refined to investigate the convergence feature
of the NS-PIM and FEM solutions.

3.1 Classic 2D consolidation problem

3.1.1 Model and Material parameters

ed to create the shape functions for

A classic homogeneous 2D Biot elastic solid example is simulated in this part[8]. For
convenience, the permeabilities in the x- and y-directions are considered numerically equal to
the unit weight of water which means the effect of Mandal would not be observed easily. Also,
the effective Young’s modulus and the poisson’s ratio is taken respectively as 1 and 0.

A plane strain consolidation model is built in this problem, as shown by the mesh and

constraints given in Figure 4. The width and depth of the model is 1m and 10m. The base
and sides of the mesh are impermeable boundaries and both restrained in the normal direction
of the boundaries. The top of the model is drained, and subjected to the ramp loading shown
in Figure 5 ,which indicates a linearly increasing load reaching a maximum of 1.0 at time t,.
In thlzI case, there are ten load steps, twenty time steps, and the duration of each step is one
second.
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3.1.2 Distributions of the results

The distributions of Y-displacement and pore pressure results using NS-PIM solution are
calculated and the results of step 1, step 5, step 10, step 11, step 15 and step 20 are shown in
Figure 6 and Figure 7.
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Figure 6 Distributions of Y-Displacement by NS-PIM(T3) in different steps (mm)

Figure 7 Distributions of pore pressure by NS-PIM(T3) in different steps (Pa)

Pore Pressure

0.00
-0.11
-0.22
-0.33
-0.44
-0.56
-0.67
-0.78
-0.89
-1.00

Extracting the Y-displacement of different steps from top to bottom(‘P1°-°P5”) to plot a graph
gf the glstrlbutlon of Y-displacement by different solutions as is showed in Figure 8 and
igure 9.
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Figure 8 Distributions of Y-Displacement at different times by NS-PIM(T3)
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Figure 9 Distributions of Y-Displacement at different time by FEM

As is described in the figures above, the Y-displacement values by both solutions increase
gradually from bottom to top, while the pore pressure values increase graduaIIP]/ from top to
bottom. Also, the Y-displacement values at each point keep increasing, while the pore
pressure values first increase then decrease with the increase of time. Comparing with the
general rules, the distributions of the results obtained by both the FEM solution and the
NS-PIM solution described above are reasonable.

3.1.3 Time history of the results

In order to study the time-dependent change of the results obtained by NS-PIM, five points
from top to bottom (‘P1’-‘P5’) in the middle of the model are selected to plot the time series
graphs of the Y-Displacement results and pore pressure results. The graphs are shown in
Figure 10 and Figure 11.

To take a close investigation of different solutions, combining the displacement values of ‘P1’
and the pore pressure values of ‘P5” by NS-PIM and FEM. The graphs are shown in Figure 12
and Figure 13.
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The relations between the results and time is well simulated by NS-PIM, that is the
Y-Displacement values increase graduall%/ over time and the pore pressure values first
increase then decrease with the increase of time. Also, the results are equivalent to those of
the FEM solution. However, the time series curve in Figure 11 is a little abnormal during the
time from Os to 4s, and this is considered to be the computational error of the NS-PIM
program.

Although the distributions and time series graphs of NS-PIM and FEM solutions share the
similar rules as is described above, there are still some differences between the results of two
solutions which can be found from careful comparison. Thus, it is necessary to compare the
results with those of the certified results in Schiffman RL’s report(1960) [8,23] to confirm the
correctness and validation of the NS-PIM solution.

3.1.4 Certification of the results



In order to compare the calculated results in this example with the certified results in
Schiffman RL’s report(1960), the time of the simulation is extended to 1000 seconds. Also,
the dimensionless ‘time factor’ T is defined as

cyt
T=—=; (17)

Where D is the ‘maximum drainage path’(depth) of the model, t is the time of the simulation
and ¢, is the coefficient of consolidation. c,, is defined as

v Mt

where k,, is the permeability in the y-direction, y,, is the unit weight of water and m,, is
defined as

_@-vH(-2v')

=TT — v (19)

where E’ is the effective Young’s modulus and v’ is the poisson’s ratio.

At the beginning of this part ,it is mentioned that D is 10m, k, equalsto y,, E' island v’
is 0. Thus, the dimensionless ‘time factor’ T eguals_to 0.01t, and the pore pressure of different
solutions at the base of the mesh (P5) is plotted against time in Figure 14 .
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Figure 14 Pore pressure response to ramp loading at ‘P5’ by different solutions

As is described in the figures above, the pore pressures of both solutions rises to peak(1.0Pa)
till the time factor is 0.1, then the pore pressure decreases slowly to zero. Comparing the
figures above with the corresponding figures in Schiffman RL’s report (1960)[23],
conclusions can be drawn that the results calculated by both solutions are correct and valid.



3.1.5 Mesh refinement

Further research is carried out in order to study the convergence features of the NS-PIM
solution. The same model as Figure 4 is created in this part. Main parameters are also listed in
part 3.1.1.

The Figure 15 is the same model using different mesh schemes. Details of the models and the
results calculated by the NS-PIM and FEM solutions in the 20th time step(last time step of the
analysis) are listed in Table Il . Figure 16 and Figure 17 are the logarithmic graphs of the
maximum Y-Displacement and maximum pore pressure in the 20th time step which indicate
that the results of both solutions possess good convergency .
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Figure 15 Six different mesh schemes



Table Il. Results of different mesh schemes

Mesh Scheme 1 2 3 4 5 6
Number of nodes 15 45 231 451 1701 3381
Number of cells 16 64 400 800 3200 6400
Maximum Y-Displacement

in the 20th time step -4.29540 -4.36070 -4.37970 -4.38250 -4.38310 -4.38330

(NS-PIM(T3))

Maximum Pore pressure

in the 20th time step -0.88144 -0.85975 -0.85398 -0.85312 -0.85292 -0.85286
(NS-PIM(T3))

Maximum Y-Displacement

in the 20th time step -4.39280 -4.38450 -4.38350 -4.38340 -4.38340 -4.38340
(FEM)
Maximum Pore pressure
in the 20th time step -0.87418 -0.85822 -0.85369 -0.85305 -0.85289 -0.85285
(FEM)
-4.40
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Figure 16 Maximum Y-Displacement in the 20th time step by FEM and NS-PIM
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Figure 17 Maximum pore pressure in the 20th time step by FEM and NS-PIM

The graphs of Figure 16 and Figure 17 indicate that the calculated displacement values of
NS-PIM and FEM solutions converge towards the exact values from different sides , while
the calculated pore pressure values of both solutions converge towards the exact values from
the same side. Thus, more accurate results and computational error can be obtained by
comparing the results calculated by the NS-PIM and FEM solutions.

3.1.6 Error Estimation

Based on the convergence features of the NS-PIM and FEM, equation (20) and equation (21)
is defined to estimate the errors of the current model.

ERR = IDexact - Dnumerl (20)

|Dexact |

Dys_piy — D
ERR1 = |Dns—pim FEM| (1)

min{|Dys_piml, [Drem |}

where ERR is the exact error, ERR1 is the calculated error, and D,yqct, Dnumers Dns—pim,
Drgp mean the exact maximum value, maximum value from numerical method, NS-PIM and
FEM, respectively.

As regard to the displacement values, it can be seen from Figure 16 that |Dys_piyr — Drgm| >
|Dns—pivt — Dexacel  @nd  |Dys—pry — Dpgm| > |Dexget — Dpem| . hence  ERR1 > ERR
which means the ERR1 for displacement Is an overestimate of ERR.

As for the pore pressure values, the exact value is less than the calculated values by both
solutions. But, it still can be found from Figure 17 that the values by both solutions getting
closer to each other, while they are approaching the exact value. Thus, Equation (21) can still
be used as an estimation of the error.

Take the results of mesh scheme 1 for example, the ERR1 for displacement is equal to 2.27%
and the ERR1 for pore pressure is equal to 0.83%. If the accuracy is enough, mesh scheme 1
would be enough to get the results. Otherwise, finer mesh schemes should be used to get the
satisfactory results.



This approach for estimating the calculation error is quite useful ,as the estimated error can be
obtained with #ust one set of model and cells which means more time can saved from the
boring work of modeling and remeshing.

4 CONCLUSIONS AND DISCUSSIONS

Node-based smoothed point interpolation method is applied to the Biot’s consolidation
analysis in this work. Results are compared to those of the certified FEM solution to check the
correctness and validation of the NS-PIM solution. Also, a simple method is introduced to
estimate the errors of the results with rough grids.

The conclusions of the comparison are listed as follows:

1) It is feasible to apply the NS-PIM solution to the Biot’s consolidation analysis. And the
results of the solution fit well with the certified results.

2) The NS-PIM solution applied to Biot’s consolidation still possesses different convergence
in displacement results and similar convergence in pore pressure results compared to the FEM
solution. This property can be used to determine the computational errors of the solutions and
get more accurate results. According to the results of this work, when the ERR1 for
displacement is less than 0.5% and the ERR1 for pore pressure is less than 0.15%, the
accuracy would be enough for general analysis.

3) The proposed method for estimating the computational error makes it possible to obtain
accurate results with fewer ‘remeshing works’. NS-PIM solution as one of the mesh free
methoo]Ic?_ definitely makes the meshing and calculation for consolidation analysis easier and
more efficient.

Thus, it is promising to apply the NS-PIM to the consolidation analysis. Also, more accurate
and convincing results can be got based on the different convergence features between the
FEM and NS-PIM solutions.

Meanwhile, it cannot be denied that the calculation of NS-PIM solution takes more time than
that of the FEM solution, as the point interpolation for NS-PIM shape functions involves
more nodes and procedures than that of the FEM solution. Although optimizations like node
renumerating have been done in the solutions, more works are still necessarP/ to be carried out
to optimize the NS-PIM solution. Also, in further study, the feasibility of nonlinear,
elastoplastic and 3D model can still be probed in the NS-PIM solution.
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