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Abstract:

The sandwiches cantilever beam which often appeared in composite materials science. Firstly,
we give the governing equations and interface condition for solid mechanics problems from
the elastic theory. Then a stress function is supposed, which can be used to describe the strain
and displacement function.Finally according to the boundary conditions, we can achieve the
stress and displacement solution.
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1. Introduction

Most problems in engineering mechanics can be described in the form of differential equation,
integrals and all kinds of algebraic form. While we hope to obtain the analytical solutions for
the most of the practical problems, we can only achieve the numerical solution insteFds].
Therefore most numerical methods have been developed, such as Finite Element MeTt odst!,
Finite Difference Meth?sd§ Finite Volume Methods, and recently Meshfree Methods™. And
the analytical solution I are always used to check the accuracy and reliability of the
numerical methods. In this paper, we obatain the analytical solution of the sandwiches
cantilever beam which is fixed in one end. The analytical solution can be used to as a
standard problem to test the the accuracy and reliability of the numerical methods.

2. Preliminary knowledge

Based on elastic mechanics® the discontinuous material problem defined in domain Q
bounded by I', .(Fig.1l) can be described by equilibrium equation. o, . +b =0 ,

Q=0Q"UQ", where o;is the component of stress tensor and b, is the component of body

jivj

force, and Q" and Q~are two different materials. Boundary condintions are given as follows
oyn; =h(x,y) el s u=T,(x, y) e T, .where t;is the vector of tractions, u, is the vector of
displacement , n;is the unit outward normal of Q.By the continuity of displacements and
tractions on I", ,we can obtain

[t 1=t -t =0. @
[y, |]:ui+_ui_ =0. (2)
Where [|-|]denotes the jJump on the surface of the material,i.e. discontinuity of the Q. By
Cauchy’s equation, the equation (1) can be written as
o;'n;"—o;n; =0. (3)
Where n*and n~are the unit outward normal of Q" and Q" respectively.

Constitutive equation oy, = Cy, &, ,where Cy, is the elasticity modulus and ¢, :E(uk" +U, ) is

the strain tensor.



3.The Expression of strain, stress and displacement functions.

Consider a two-dimensional multilayer material problem. Suppose that &;,0;, v;, E;are the

ij? i
strain, stress, Poisson’s ration,and Young’s modulus respectively, where i, j=1,2,3. For
each layer of the multilayer material, all have the same elasticity equation form. Firstly, the
static equilibrium equation
oo, N 0T, _o, oo, . 07, o 4
ox oy oy OX
By constitutive equations of plane problem o=Ds ,we can obtain

1 1 1+v
&, :E(O'X—vay),gy :E(O'y—vax),yxy :2?%. 5)
By ¢=Lu
b= =, ML ©)
OX oy oy Ox
From the formula (6) we can get the equation of strain compatibility
2 82 82
a ‘C’;x + iy — 7xy (7)
oy OX OXoy
Let U,,U,,U, be the stresses from top to bottom in Sandwiches Cantilever Beam problem,
which satisfy the following equations respctively
2, 2, 2,
aixz%,aiyz%,riw——aui,i:l,2,3. (8)
X
By the elastic theory™®, we can obtain
.o,
oy v =f,(y)- 9)
Integrating both sides of (9) the stress can be expressed as
X2
Ui== T+ xf, () + £ (). (10)
Substituting (10) into (8), we have
LU, X2 o o’ f, o°f,
O':( — 0 U2| :X_a flgy) + |,12(y) |,22(y) (ll)
o 2 oy oy oy
. 4. _ of
i __a U| :_X8f|(y)_ |,1(y) (12)

-V VY
Substituting (9),(11),(12) into (5) we have
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i _i X_Zaz f.(y) o’ f..(y) 0 fi.(y) 3
gx - Ei [ 2 8y2 +X ayz + 8y2 Vi f|(y)]’

i_i _ X_Zazfi(Y) azfi,l(y) 82fi,z(Y)
ey—Ei[fi(y) WG T o ) (13)

i 1+ Vi afl af, (Y)
}/Xy — 2 (_X (y) _ 1

E oy oy
We need to confirm the expressions of f(y), f,,(y), f;,(y)to obtain U,, by (5) and (13) we

have

).

Pel 1ty (OO FL0) | 2,

o> E 2 oy oy oy oy

825yi 1, o’ f.(y)

o E o ) 4
a27/xyi __21+Vi o fi(y)

ooy  E oyt

Substituting (14) into (7) and simplifying ,we have
20*f, o'f o'f 2f
X Tty .,14(y) . .,24(y) +22W) og.
2 oy oy oy oy
Since f,(y), f;,(y), f,,(y)can be taken arbitrarily, we have
“f o'f, o'f. 2f
d af},/gy) o, é;“(y) -0, a';fy) 420 af),lgy) 0.
Integrating the first two equations of (15) we can get the expressions of f;(y), f;,(y)
f.(y)= A1y3 + Biy2 +Cy+D, f.(y)= Fiy3 +Giy2 +H,y.
By the third equation of (15) and (16) we have
B.
fi,z(y) = _% y5 _EI y4+Miy3 + Niyz'
Substituting (16),(17) into (10) the stress can be expressed as

(15)

2
U, :%(Ay3+Biy2+Ciy+ D)+ x(Fy* +G,y? + H,y) -

A s_B s 3 2
— Yy ——Ly"+M.y*+N.y°,
10y 6y iy iy

Where A, B, C, D, F, G, H,, M,, N, i=123areundetermined coefficients.
Thus o,,0,,,,can be denoted as

(18)

2, 2

in :%yuzi =X7(6A|y+28i)+x(6Fi+26i)—2A,y3—28iy2+6Miy+2Ni,
2,

ayi:aalii:Ay3+Biy2+Ciy+Di, (19)
X

7, __9Y, =-X(3AYy’+2By+C,)-3Fy*-2G,y-H

Xy 6X8y i i i i i

By (6) and (19), the strain can be expressed as



i X*(BAY+B)+Xx(6F, +2G)-2AYy’ - 2By’ +6M,y + 2N,

X Ei
y Ay’ +By*+Cy+D
1 EI 1
. AY*+By’+Cy+D
g, = 3 -
. X*(3AY +B,)+ X(6F +2G,) - 2Ay® - 2B,y* + 6M,y + 2N,
i Ei ’
i __2(1+vi)[—x(3Ay2 +2By+C)-3Fy’-2Gy—H]
Xy E :

Integrating both sides of the following formulae ¢, = Z—u,gy =%, we have
X

—(Dyv; - 2N, _6Miy+2A1y3+ZBiy2 +CiViy+A1Viy3+ Biviyz) X+

i = Ei
G, +3FRy 24 B, +3AYy &

= 3E X +h(y),
:(y(Di_ZNivi)+y4(A1+2A1Vi)+y3(B +ZBV) y*(C, —6Mv )) _
' E, 4E, 3E, 2E,
viy(ZGiE+3Fiy) o — vy(ZB2 £3Ay) X+ . (%)

By the formulae y,, = ZH?VTW and y,, :%u+(;ﬂ , We have
X

6Fy+4G,y+3v,Fy’ +2v.Gy+ dh(‘j(y) E, +2XG, +X°A +3x°F, +
y

6M;x+2H, +v,C,x+2v;H, +%Ei =0
X

where i=1,2,3.
Since h,(y)and g;(x) can be taken arbitrarily then suppose that

6Ey+4G.y+3vFy’ +2vGy+ MW g -

2XG, + X*A +3%°F, +6M x+2H, +v.C.x+2v,H, +%Ei =0
X
Then we obtain

(2+v)(F y3 +Giyz)

h(y)=- E +Ly+J;,
4 3 2 2 2
gi(x):—A‘X +4F X +4G;x +12|:1/||i:x +2v,C,x +8(1+V‘)H‘X—Iix+Li.

Substituting h (y), g;(x) into (23),(24), the expression of displacement

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)



— —(Dw; —2N, _6Miy+2Ay3+ZBiy2 +Civiy+A1Viy3+BiViy2) X +

i E

' (28)
3 2
Ci+3RY 2 B+3AY s RHWI(RY +Gy) oy
Ei 3E| Ei
4 3 2
" :[y(Di -2N,v,) N y' (A +2Av) 4 y (B +2Bw) N y (G, —6Mv;) _
E, 4E, 3E, 2E,
2(L+v)H, x [21Y(2G, +3Fy) +2G, +6M, +vCipo (29)
E, 2E,
viY(2B +3AY) +2F, 3 — A x*+ L.
2E. 4E;

4.Determine the coefficients by the boundary conditions
The following is to determine the coefficients A,B,,C,,D,,F,G,,H,,1,,J;,L;,M,,N,, where
i =1,2,3. The natural boundary conditions:
On the top layer, i.e. y =h,,where ai =0, riy = 0. By the second equation of (19) we have
Ah®+Bh?*+Ch +D, =0. (30)
Combine the third equation of (19) we obtain
riy =-x(3Ah’+2Bh +C,)-3Fh —2Gh —H, =0,
since the value of xis not unique,then

3Ah*+2Bh +C,=0,3Fh+2Gh +H, =0 (31)
On the bottom layer, i.e. y=—h, wherec’ =0,7;, =0. Similarly
_A3h13 + B3h12 —-GC;h +D, =0, (32)
3A,(~h,)’ +2B,(~h) +C,=0, (33)
3F,(~h)+2G,(~h)+H, =0. (34)
When x =1, the integral form of the natural boundary condition should satisfy the following
[ oddy+ " oidy+ [ oldy =0, (35)
-, hy hy
[, otvdy+ [ olydy+ [ olydy =0, (36)
7h2 h2 hl
.[_hl 7y dy + j_hz 75 dy + J.hz 7, dy =—q. (37)

Substituting oy, 7,, (i =1,2,3) in (19) into (35)~(37), deforming obtain the equations of A,
B,F.G,M,N,(i=123).

IE(hz2 —h)EI” = (h; + ) A +(=h, +h)(1* —%(hf +hh, +13)B, +3I(h; - )R, +
21(=h, + )G, +3M, (hZ =h2) + 2N, (=h, + h) + h, (21 —%hj)Bz +4h,IG, +4h,N, +

Ig(hf —h)EI” = (0 + ) A +(h —h,)(1® —%(hf +hh, +h;))B, +

3I(hlz _hzz)F1+2|(hl_h2)Gl +3M1(h12 _h22)+2N1(hl_h2) =0
(38)



11 )~ (0~ REYJA, +2 (0 ~ )"~ (b -+ hE B, + 21 ~RE)F, +

I(h2 —h?)G, +2(=h5 + h})M, + (hZ —h?)N, +2h3(1° —%hzz)Az +4IRSF, + (39)

AREM +1%( )~ S ~R)IA +2 (1 —hE)(7 — (h? +RE) B +
21(h’ —h)F, +1(h —=h2)G, +2(h} —h3)M, + (h? —hZ)N, =0.
I(hY =h) A +1(h; —h?)B, +1(h, —h,)C, + (W — ) F, + (h; —h7)G, +
(h,—h)H, +2IR’A +2Ih,C, + 2h°F, + 2h,H, +I(h’ —h3) A + (40)
I(h? —1)B, +1(h, —h,)C, + () —h;)F +(h? —h;)G, + (h —h,)H, = -q.
The essential boundary conditions :
When (x,y) =(0,0) ,we have u,(0,0)=0,v,(0,0) = 0,%(0,0) = 0. By the displacement
expressions (28),(29) obatin

32 =0, |_2 =0,_M+|
EZ
By the continuity of displacement and stress and (2),(3) obtain

_ _ 1 _ 2 1 _ 2 > _ 5
U =U,,V, =V,,0, =0,,T,, =Ty, =1y =—h, I,

,=0. (41)

Uy =U,, V3 =V,,0, = 05,7y, =T, 2 y=h, i,
Since u, =u, ,where y =—h, then
{—( Dy, — 2N, +6M,h, - 2Ah + 2B, —Cyv,h, — Av;h] + By,hy ) .
El
(D,v, —2N, +6M,h, —2AN + 2B,h —C v h, — A, 1] + B,v,h3 )
E2

Bl _3A1h2 _ Bz _3Azh2)X3 _

X+

(Gim3Rh G, 3Ry
E, E, 3E, 3E,
(2+V1)(_F1h23 +Glh22) —lh, 4+ (2+V2)(_F2h§ +Gzh22) o
El El
And the value of x is not unique, we have
—(Dy, —2N, +6M,h, —2Ah; + 2Bh; —Cyv;h, — AvihS + Byvh? ) .
El
(D,v, —2N, +6M,h, —2A S +2B,h7 —C,v,h, — Ay, + By )
E, -
G, -3Fh, G,-3Fh, _, B-3Ah, B,-3Ah, _,
E, E, 3E, 3E, ’
_ (2+V1)(_F1h23 +G1h22) _ |1h2 + ‘J1+ (2+V2)(_F2h23 +G2h22) + |2
El El
Similarly sincev, =v, ,when y =—h, then we have

,—J,=0.

(42)

(43)

h,—-J,=0. (44)



_ hZ(Dl _2N1V1) + h;(Al + Alvl) _ h;(Bl +281V1) + hzz(cl _6M1V1) _ 2(1+V1)H1 _

|
E, 4E, 3E, 2E, E, '
h,(D, —2N,v,) hy (A, + Av,) n h7 (B, +2B,v,) _ h; (C, —6M,v,) n 2(1+v,)H, 11.=0
E, 4E, 3E, 2E, E, L
(45)
_~2vh,(2G, ~3R,) +2G, +6M, +v,C,  —2v,h,(2G, ~3F,n,) +2G, +6M, +v,C, _
2E, 2E, ’
(46)
_vih,(2B +3AY) +2F, | —v;h, (2B, +3AY)+2F, )
2F, 2F,
A LA (48)
4E, A4E,
L,—-L,=0. (49)
From o, = o} obtain
_(Ai_Az)h23+(Bl_Bz)h22_(Cl_cz)hz+D1_D2 =0. (50)
From 7, =7, obtain
—X(3Ah; -2Bh, +C, —3Ah; +2B,h, —C,)—3Fh. - 2Gh, -
H, +3F,h +2G,h, + H, =0.
And the value of x is not unique, we have
3AhZ —2Bh, +C, —3Ah? +2B,h, —C,=0, (51)
~3Fh? - 2G,h, — H, +3F,h? + 2G,h, + H, =0. (52)
Similarly when y =h, ,sinceu, =u,
Dy, —2N,—6M,h, + 2A 0 +2B,h; + Cyvh, + Ay,h) + B,y .
E
’ (53)
D,v, —2N, +6M,h, + 2AhS + 2B,hZ +C,v,h, + Av,h’ + B,v,h} 0
E, ’
G,+3F;h, G,+3Fh, o, (54)
E, E,
B,+3Ah, B,+3A), 0. (55)
3E, 3E,
3 2 3 2
— (2+V2)(Féh2 +GZh2) +|2h2 + ‘]2 + (2+V3)(Féh2 +GSh2) _ |3h2 _J3 =0. (56)
2 3

sincev, =v, then
h,(D; —2N,v;) N hy (A, +2Av,) . hs (B, +2B,1,) N h; (C;—6Myv;)  2(1+vy)H,

|, —
E, 4E, 3E, 2E, E, ’
h,(D, —2N,v,) _ h;(Az +AV,) _ h;(Bz —2Bv,) _ hzz(cz —6M,v,) n 21+vy))H, +1.=0
E, 4E, 3E, 2E, E, 2
(57)
_ 20, (2G, +3Fihy) +2G, +6M; +viCy | 2v,h,(2G, +3F;h,) +2G, +6M, +v,C, _ (58)

2E, 2E,



_1/3h2(ZB3 +3Ay) +2F, N v,h,(2B, +3A,h,) +2F, _
2E, 2E,
L W L T )
4E, 4E,
L,-L,=0.

0,

By o, =0, and ,, =7, obtain
(A3 - Az)hs + (Bs - Bz)h22+(C3 _Cz)hz +D,-D, =0,
3Ah+2B.h, +C, —3AhZ —2B,h, —C,=0,
3F,h? —2G;h,+H, - F,h? —2G,h, - H, = 0.
From the above we can solve equations (30)~(34),(38)~(64) for the coefficients
A,B.,C,D,F,G,H,I,J, L, M, N, i=12 3. then substitute them into the analytical

solutions of displacement and stress as following

1
u (X, y) = -g[6h,E,(h? —h?)1+v,) +
1( y) 4E2(E2h23—E3h§+h13E3) q[ 2 3( 2 hl)( V2)

E,(6(1+v,)(h, — y)h? +3h7y(v, —v,) - (4v, +2v, +6)h; +
Y2 (2+v,) +3xy (2l — X)),
—qI3(1 = x)(vsy + hz2 (v, =va)) + x> (31 = )]

4(E2h23 o E3h23 + hlsEa) '
yal(L+v,)(6E,(h; —h’) + E, (2y* —6h7)) +3xE, (2 - x)] ,

V1(X' y) =

u,(x,y) =
:(Y) 4E, (E,h} —E,h +h°E,)
qBy*v,l +3x°1 — x* —3y?v,x)
) = e e
( 22 3 2+hl 3)
1
U3(X, Y) = 'Q[Ez(hz + y)(Vs(Y(y_h2)+4h22 _6h12)_6h12)+

A'Ez(Ezhz3 - Eshz3 + hlgEs)

(59)

(60)
(61)
(62)

(63)
(64)

E2 (6Xy| _3X2y+ 2y3) _6E3h2 (1+V2)(h22 - hlz) - Ezhz2 (Vz (3y_2h2) —6h2)],

_ a3 = X)(vay + 13 (v, =v)) + X* (31 = X)]
4(E2h§ o E3h§ + hlaEs)
In the top layer [h,h,]x[0, L],the analytical solution of stress
_ 2 2
o3 (-XyEa ot=0,z =3 O7-h)EG
2 E,h, —E,h; + h'E, 4 E,h, —E;h; + h'E,
In the top layer [h,,—h,]x[0, L],the analytical solution of stress
, 3 (I-x)yEq ) , 3 (-hE,+Yy’E, +hE,—E;h’)q
Ox =S FE s a0y =07y =— 3 313 :
2 E,h, —E,h; + h'E, 4 E,h, —E;h, + WE,
In the bottom layer [-h,,—h ]x[0, L] the analytical solution of stress
_ 2 K2
s 3 (-X¥Ed 03=0,7% =3 O -h)EG
2 E,h, —E,h; + h'E, 4 E,h; —E;h; +WE,

Vy (X, y) =




Fig.3 Distribution of stress for sandwich beam (a) normal stress o, ans (b) shear stress 7, .

5.Conclusions

This paper focus on the analytical solution of the sandwiches cantilever beam. Firstly, we
obtain the governing equations and the parametric expressions of stress and displacement by
the elastic theory. Then by the interface condition and the boundary conditions we can
achieve the analytical expression of stress and displacement.
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