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Abstract 
Modeling and studying the impact of single angular particles are very helpful in 
understanding the fundamental mechanisms of erosive wear. However, the majority 
of previous studies focused on well-defined symmetrical particles, which are not well 
representative of the abrasive particles. Hence, this study develops a mesh-free model 
based on the smoothed particle hydrodynamics (SPH) method to simulate impact(s) 
of single arbitrary-shaped particles on ductile material. A novel procedure is proposed 
to model the particle as a polygonal rigid body through measuring the corner vertices. 
The ductile material properties are modeled by using the Mie– Grüneisen equation 
of state and the Johnson–Cook model. Simulations are carried out by varying the 
initial input conditions and by using different types of angular particles. Common 
erosion mechanisms such as cutting, machining, ploughing, prying-off are 
successfully reproduced by the model. The predicted crater is compared with 
available experimental data, and good agreement has been achieved. The proposed 
SPH model and out present study could be useful in the study of erosive wear on the 
surface of metal devices that carries granular substances. 

Keywords: smoothed particle hydrodynamics (SPH), arbitrary-shaped particles, 
ductile material, erosion mechanisms, erosive wear 

Introduction 

Studies on the impingement of single angular particles of known geometry are very 
helpful in understanding the fundamental mechanism of material removal in erosive 
wear. Through experimental and theoretical studies of single square particles (8mm), 
Hutchings [1] identified two types of cutting deformations: Type-1 cutting and Type-
2 cutting (machining). Papini et al. observed that a rhombic particle (6.36mm) with 
backward spin can lead to a "prying-off" action, which is different from the 
machining action of square particles [2,3]. Winter and Hutchings [4] revealed that 
angular-type particles, at largely negative rake angles, could result in ploughing 
deformation, while the ploughing was generally accepted as the method by which 
spherical particles remove material [5].  
 
However, the majority of known studies focused on well-defined symmetrical 
particles, such as square [1,6] and rhombic particles [3,7,8] (see Figure 1). One reason 
is that symmetrical particles are relatively easy to control in experiments. 
Nevertheless, computer models are not subject to this limitation. The rigid-plastic 
model developed by Papini and Spelt [9] was able to handle arbitrary-shaped 
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particles, but no relevant work was reported. In recent decades, numerical models 
based on the finite element method (FEM) or SPH method have been gradually used 
in the field of erosive wear [13,14,15,16] or similar fields (e.g. shot peening [17,18]). 
Papini first applied the FEM to simulate single rhombic particle impacting on a 
copper target [7]. Azimian employed a similar model to investigate the effect of 
incident parameters on the rebound kinematics and erosive craters [19]. However, 
large deformation of materials due to the impact of angular particles may lead to a 
mesh distortion problem [6], which is not conducive to the numerical stability. The 
SPH method, which is a mesh-free method, became more popular in recent. The 
relevant applications include simulation of single particle impact [6,8,20], particle 
embedment [21], and multiple and overlapping impacts [10,11]. In this study, an 
erosion model based on SPH method is developed to model the erosion process due to 
the impact(s) of angular particles. 

 
Figure 1. Several types of  angular-type particles 

This paper is organized into five sections. In section 2, the SPH model is introduced. 
The procedure to model an arbitrary-shaped particle is proposed. In section 3, the 
SPH model is validated by comparing the simulated results with the available 
experimental data. In section 4, the model is applied to simulate the impact(s) of 
single angular-type particles on OFHC copper target. Three irregular-shaped particles 
are selected from the SEM images of abrasive powder from the literature [22]. In 
section 5, the simulation results are analyzed. 

`Model description 

 
Figure 2. Coordinate system 

This study is concerned with impact of single angular-type particle having constant 
thickness (B), given an initial impact velocity (𝑉𝑉𝑖𝑖), an impact angle (𝛼𝛼𝑖𝑖) and an initial 
orientation (𝜃𝜃𝑖𝑖). Referring to Figure 2, the impact and particle tumbling all occur in a 
single plane, the XY plane (Z=0). Therefore, the impact could be considered two 
dimensional. The surface of target materials is defined by Y=0.  
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Figure 3. SPH erosion model 

The computing domain consists of two parts: the target block and the angular particle 
(see Figure 3). The target is considered as elastic-plastic material. The angular 
particle is treated as a rigid body. L is the length of the target block, H is the height of 
the target block. The target is expressed by a series of uniformly distributed SPH 
nodes, of which initial spacing is inid . 

 SPH equations for the target 

The target is discretized by a set of SPH nodes, and each node represents a volume of 
material (∆𝑉𝑉𝑖𝑖 = 𝑚𝑚𝑖𝑖

𝜌𝜌𝑖𝑖
), carries the field information such as density (𝜌𝜌𝑖𝑖), velocity (𝑣𝑣𝑖𝑖), 

stress (𝜎𝜎𝑖𝑖) and so on. The following are the governing equations comprising mass and 
momentum conservation equations in SPH approximation form[24]: 
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Here, the subscript j represents the neighbor of i. N is the total number of neighboring 
nodes within the supporting domain, 𝛼𝛼  and 𝛽𝛽  are the indices for the Cartesian 
coordinates x and y, respectively. 𝑥𝑥𝛼𝛼 is the position vector. 𝜎𝜎𝛼𝛼𝛼𝛼 is the stress tensor, 
𝑓𝑓𝛼𝛼  is the external force. The term (𝛱𝛱𝑖𝑖𝑖𝑖 ) is the artificial viscosity [31]. 𝑊𝑊𝑖𝑖𝑖𝑖 =
𝑊𝑊��𝒙𝒙𝒊𝒊 − 𝒙𝒙𝒋𝒋�,ℎ�, W is the weight, or kernel. A cubic spline kernel [25] is employed in 
this study.  
 
The stress tensor 𝜎𝜎𝛼𝛼𝛼𝛼 in Eq.(1) is normally divided into two parts: isotropic pressure 
𝑝𝑝 and deviatoric stress 𝜏𝜏𝛼𝛼𝛼𝛼, 𝜎𝜎𝛼𝛼𝛼𝛼 = −𝑝𝑝𝛿𝛿𝛼𝛼𝛼𝛼 + 𝜏𝜏𝛼𝛼𝛼𝛼. The pressure is computed by using 
Mie– Grüneisen form of the equation of state [23]: 

𝑝𝑝 =
𝜌𝜌0𝐶𝐶02𝜂𝜂 �1 + �1 − 𝛤𝛤0

2� 𝜂𝜂�
(1 − (𝑆𝑆𝑎𝑎 − 1)𝜂𝜂) + 𝜌𝜌0𝛤𝛤0𝑒𝑒 (2) 

where 𝜌𝜌0 is the reference density of the target material, 𝜂𝜂 = 𝜌𝜌
𝜌𝜌0
− 1. e is the internal 

energy of unit mass. 𝐶𝐶0 is the reference sound speed, 𝛤𝛤0 is the Gruneisen coefficient, 
𝑆𝑆𝑎𝑎 is a linear Hugoniot slope coefficient.  
The deviatoric stress (𝜏𝜏𝛼𝛼𝛼𝛼) is estimated in the following equation [25]: 
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strain rate tensor, 𝑟̇𝑟𝛼𝛼𝛼𝛼 = 1
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� is the rotation rate tensor.  

 
The materials are transited from elasticity to plasticity at the limitation of combined 
stress (𝜎𝜎𝑦𝑦, yield stress) according to von-Mise criterion. In this study, oxygen-free 
high thermal conductivity (OFHC) copper is selected as the target material. The 
purely empirical Johnson–Cook model [26] is adopted to model the viscoplastic 
behavior of copper target. The study of Banerjee shown Johnson–Cook model (for 
deviatoric behavior) combined with the Mie– Grüneisen  equation (for hydrostatic 
behavior) work well for OFHC Copper[27]. The Johnson–Cook model associates the 
instantaneous yield stress (𝜎𝜎𝑦𝑦) with the initial yield stress (A), the equivalent strain 
(𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝 ), the equivalent strain rate �𝜀𝜀𝑒̇𝑒𝑓𝑓𝑓𝑓

𝑝𝑝 �, and the temperature (𝑇𝑇), expressed as, 

𝜎𝜎𝑦𝑦 = �𝐴𝐴 + 𝐵𝐵�𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝 �
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�
𝑀𝑀

� (4) 

where 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  is melting temperature of concerned material, 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟  is reference 
temperature and 𝜀𝜀0̇ is reference strain rate. A, B, C, N, and M are material dependent 
constants. The material parameters of OFHC Copper for Johnson-Cook equation and 
Mie– Grüneisen equation are taken from the literatures[26][28]. 

Rigid body equations and contact forces with SPH 

 
Figure 4. Description of an irregular-shaped particle through corner vertices 

and boundary points 
As shown in Figure 4, an irregular-shaped particle is modeled as a polygon-shaped 
rigid body, which is described by the corner vertices of the actual particle. Boundary 
points are generated along the outline surface of the body using a fixed spacing. 
These boundary points are used to calculate the boundary normal vector. An array 
defined as Surface_List(k,k+1,k-1) is established to store the boundary points (see 
Figure 5), where k is an boundary point, k+1 and k-1 are the adjacent points of k.  
 

The motion of the rigid body is divided into two parts: translational velocity and 
rotational velocity. The following are the motion equations: 

𝐷𝐷𝑋⃗𝑋𝑐𝑐
𝐷𝐷𝐷𝐷

= 𝑉𝑉�⃗𝑐𝑐     
𝐷𝐷𝑉𝑉�⃗𝑐𝑐
𝐷𝐷𝐷𝐷

=
𝐹⃗𝐹𝑡𝑡𝑡𝑡𝑡𝑡
𝑀𝑀

 (5) 
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𝐷𝐷𝛺𝛺�⃗ 𝑐𝑐
𝐷𝐷𝐷𝐷

=
𝑇𝑇�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡
𝐼𝐼𝑧𝑧

 
(6) 

where 𝑉𝑉�⃗𝑐𝑐, 𝛺𝛺�⃗ 𝑐𝑐, 𝑋⃗𝑋𝑐𝑐, 𝑀𝑀, 𝐼𝐼𝑧𝑧 denote the translational velocity, the rotational velocity, the 
position vector of the centre of mass, the mass and the moment of inertia of the rigid 
body. 𝐹⃗𝐹𝑡𝑡𝑡𝑡𝑡𝑡 = −∑ �𝑓𝑓𝑛𝑛𝑛𝑛 + 𝑓𝑓𝜏𝜏𝜏𝜏�

𝑁𝑁𝑐𝑐
𝑗𝑗=1  and 𝑇𝑇�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡 = −∑ 𝑓𝑓𝑗𝑗𝑗𝑗

𝑁𝑁𝑐𝑐
𝑗𝑗=1 × �𝑥𝑥𝚥𝚥���⃗ − 𝑋𝑋𝑐𝑐����⃗ �  are the contact 

force and moment acting on the rigid body. 𝑁𝑁𝑐𝑐  is the number of SPH points 
interacting with the rigid body, 𝑓𝑓𝑛𝑛𝑛𝑛 is the normal force acting on the SPH point j, 𝑓𝑓𝜏𝜏𝜏𝜏 
is the tangential force acting on the SPH point j.   

 
Figure 5. Boundary points for the angular particle 

For the rigid body, the boundary normal vector 𝑛𝑛𝑘𝑘����⃗  at an arbitrary boundary point k 
can be calculated by the following equation: 

𝑛𝑛𝑘𝑘����⃗ = ± �
𝑦𝑦𝑘𝑘+1 − 𝑦𝑦𝑘𝑘−1

|𝑥𝑥𝑘𝑘+1���������⃗ − 𝑥𝑥𝑘𝑘−1���������⃗ | ,−
𝑥𝑥𝑘𝑘+1 − 𝑥𝑥𝑘𝑘−1

|𝑥𝑥𝑘𝑘+1���������⃗ − 𝑥𝑥𝑘𝑘−1���������⃗ |� (7) 

where 𝑥𝑥𝑘𝑘+1���������⃗ = (𝑥𝑥𝑘𝑘+1,𝑦𝑦𝑘𝑘+1), 𝑥𝑥𝑘𝑘−1���������⃗ = (𝑥𝑥𝑘𝑘−1,𝑦𝑦𝑘𝑘−1).  
 
Once the boundary normal vectors are determined, the next is to evaluate whether 
contact occurs or not. In this study, the following criterion is used: 

𝑝𝑝 = �ℎ𝑖𝑖𝑖𝑖2 − 𝑟𝑟𝑖𝑖𝑖𝑖2 + (𝑛𝑛𝑎𝑎𝑎𝑎������⃗ ∙ 𝑟𝑟𝚤𝚤𝚤𝚤����⃗ )2 − |𝑛𝑛𝑎𝑎𝑎𝑎������⃗ ∙ 𝑟𝑟𝚤𝚤𝚤𝚤����⃗ | > 0 (8) 

where p is the penetration, ℎ𝑖𝑖𝑖𝑖 = ℎ𝑖𝑖+ℎ𝑘𝑘
2

, ℎ𝑖𝑖 and ℎ𝑘𝑘 are the smoothing lengths of SPH 

node i and rigid body point k, 𝑛𝑛𝑎𝑎𝑎𝑎������⃗  is the average normal vector, 𝑛𝑛𝑎𝑎𝑎𝑎������⃗ = 𝑛𝑛𝑘𝑘�����⃗ −𝑛𝑛𝚤𝚤����⃗
2

, 𝑟𝑟𝚤𝚤𝚤𝚤����⃗ =
𝑟𝑟𝑘𝑘���⃗ − 𝑟𝑟𝚤𝚤��⃗ . Thereby, the contact force is function of penetration (if the criterion in Eq.(8) 
is met) and expressed as follows, 

𝑓𝑓𝑛𝑛 = (1 − χ) ∙ �𝑚𝑚𝑚𝑚𝑚𝑚 �
𝑚𝑚𝑖𝑖𝑝𝑝
∆𝑡𝑡2

,
2𝑚𝑚𝑖𝑖𝑐𝑐𝑖𝑖𝑝𝑝
∆𝑡𝑡 ∙ |𝑟𝑟𝚤𝚤𝚤𝚤����⃗ |�� (9) 

where  defines the extent of the residual penetration, and =0 means no penetration is 
allowed, 𝑚𝑚𝑖𝑖 is the mass of SPH point i. 
 
According to basic principles presented above, a SPH procedure is established based 
on the SPH code written in Fortran[24]. 

Model validation using scaled-up particles 

The model is validated by reproducing the experiment in reference [7] . The scaled-up 
rhombic particles (side length 5.46mm) were used to impact on OFHC copper target. 
The model parameters are 𝑉𝑉𝑖𝑖 = 85m/s , 𝛼𝛼𝑖𝑖 = 50° , 𝜃𝜃𝑖𝑖 = 50° . In Figure 6(a), the 
predicted crater profile is compared with the measured result. It can be seen that not 
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only the crater shape but also the dimensions are in good agreement with the 
measured data. The predicted particle trajectory (see Figure 6 (b)) shows that 
backward impact occurs. As observed by the experiment, the backward impact leads 
to two craters on the surface: a primary crater and secondary crater, this phenomenon 
is also well reproduced by the model. The ability of the model on accurately 
predicting the material deformation is verified. 

 
          (a)                                                          (b) 

Figure 6. Backward impact results in chip separation of the material. (a) crater 
profiles (b) particle trajectory 

Particles used for simulation 

 
Figure 7. Irregular-shaped particles used for simulation (Top: images are cited 

from reference [22]; bottom: SPH models) 
Figure 7 shows the images of abrasive powder (quartz, silicon carbide and alumina) 
obtained by scanning electron microscopy (SEM) in the literature[22]. It was 
observed that alumina particles are more angular than quartz and silicon carbide. The 
average shape factor of alumina particles is lowest as 0.3695 whereas it is 0.7195 and 
0.4699 for quartz and silicon carbide particles. Therefore, we pick a particle from 
each type of powder for numerical simulation, they are particle A (quartz), particle B 
(silicon carbide), particle C (alumina), respectively. The corner vertices are measured, 
and the SPH models are built (see Figure 7). The hardness of the particles is much 
higher than OFHC copper target with a Brinell hardeness of 26 [7], which meet the 
requirement of rigid-plastic assumption.  

The parameters for single angular-type particle are divided into two categories (see 
Figure 8): one is defined on the center of mass, and the other is defined on the most 
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downstream vertex (the impacting vertex). The initial orientation (𝜃𝜃𝑖𝑖) is defined as the 
angle between the centroid line and the vertical direction (Y axis). Figure 8 (b) shows 
the parameters defined on the most downstream vertex. Three parameters , including 
the rake angle (𝜃𝜃𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟), the offset-angle of centroid (𝛾𝛾) and the angularity (A), are 
defined. The rake angle (𝜃𝜃𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟) is the angle between the leading edge of the particle 
and the vertical direction. 

 
(a)                                                           (b) 

Figure 8. Definitions of parameters (a) parameters defined on the center of mass, 
(b) parameters defined on the most downstream vertex 

Previous studies about symmetrical particles shown that 𝜃𝜃𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 has a significant effect 
on the mechanism of deformation through influencing the tumbling behavior of the 
particle[1,3]. The angularity of the impacting vertex is also an important factor 
influencing the deformation mechanism[2]. Besides, Winter and Hutchings [4] 
qualitatively analyzed the influence of location of center of mass on particle rotation, 
and believed that the it introduces a further factor affecting the pattern of 
deformation. For a given shape of the particle, the initial orientation of the particles 
influences the erosion process through changing the values of three parameters 
(𝜃𝜃𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, A, 𝛾𝛾). 

Results and discussion 

In order to investigate the erosion dependency on particle orientation, the impact 
angle and impact velocity are fixed at 30° and 100m/s, and the initial orientation (𝜃𝜃𝑖𝑖) 
is varied from −180° to 180° with an interval of 30°.  

 Surface morphology 

 
(a) cutting               (b) ploughing        (c) prying-off action        (d) machining 

Figure 9. Impact craters predicted by the SPH model. 
The model is able to reproduce the entire impact process. It allows tracking the 
motion of the particle, so that the rebound parameters can be obtained. The 
mechanism of deformation can be evaluated through the impact craters (see Figure 9). 
Impact craters for typical mechanisms, such as cutting (Figure 9 (a)), ploughing 
(Figure 9 (b)), machining (Figure 9 (c)) and prying-off action (Figure 9 (d)) are 
successfully reproduced by the model.  
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Figure 10. Predicted surface morphology due to impacts of particle-A (the 
ellipses mark the impact craters, and two or three ellipses means that the multi 

impacts occur) 

When initial orientations of particle A are adjusted from −180° to 180°, the rake 
angle (𝜃𝜃𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟) varies in the range of −83.88°~ − 30.08°. The rake angles of particle 
A are more negative than that of the other two particles B and C, thus particle-A is 
more likely to result in ploughing. For particle-A, as shown in Figure 10, all 12 
simulated cases cause ploughing deformation except the data point 9 (at 𝜃𝜃𝑖𝑖 = 60°). 
The only cutting deformation is caused by the secondary impact, not the primary 
impact.  

 
Compared to particle-A, particle-B is more angular and has a wider range of rake 
angles involving positive values. A positive rake angle tends to result in cutting 
deformation [1]. For example, at 𝜃𝜃𝑖𝑖 = 30° and −90°, the rake angles of particle B are 
15.7° and −14.22° respectively, and cutting deformations are observed. The former is 
machining action (Type-2 cutting), the latter is Type-1 cutting action (see Figure 11).  

 
Figure 11. Predicted surface morphology due to impacts of particle-B 
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Particle-C has the largest slender ratio and more angular (𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 = 46.49° ) than 
particle A and particle B. By comparing the energy loss (δ) of the three particles, 
particle C corresponds to the highest level of energy loss. In particular, 11/12 of the 
data points of particle C have δ> 0.5, especially when 𝜃𝜃𝑖𝑖 is between 60° and 90°, the 
values are very close to 1. Taking 𝜃𝜃𝑖𝑖 = 0°, 30° and 60° for example, Figure 12 shows 
the crater profiles at three initial orientations, at which the same impacting vertex is 
used (𝐴𝐴 = 46.49°). It can be seen that the deformation mechanism changes from 
ploughing to Type 1 cutting with the increase of the rake angle.  

 
Figure 12. Crater profiles at 𝜃𝜃𝑖𝑖 = 0°, 30° and 60° (Particle C) 

 Particle kinematics 

The particle trajectories can be obtained by superimposing the particle locations at 
different moments. Figure 13 (a) and (b) show the predicted trajectories of the 
particles, from which one can easily identify the tumbling direction of the particle. 
Besides, the time history of the angular velocities of the particles is obtained, which 
helps to understand the tumbling behavior (see Figure 14).  

 
                                   (a)                                                                 (b) 

Figure 13. The predictions of motion trajectory of (a) particle B  at 𝜽𝜽𝒊𝒊 = −𝟗𝟗𝟗𝟗°, 
(b) particle C at 𝜽𝜽𝒊𝒊 = 𝟎𝟎° 

Figure 13 (a) and (b) show the forward impacts of particle B and particle C. For 
particle B, as shown in Figure 14, there exists a transition point from backward to 
forward (positive value means backward rotation). While for particle C, the particle 
keeps tumbling forwards from the beginning to the end.  
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Figure 14. The predictions of time history of the angular velocities of the 

particles 
An angular particle rotating forward can produce two or three impacts, which was 
defined as "forward and multiple impact"[3]. Taking Particle-A for example (see 
Figure 15), the first impact occurs at a highly negative 𝜃𝜃𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = −82.9°  and at a 
negative γ = −25.43°, which makes the particle rotate forwards. Then, the sharper 
vertex contacts the surface at a relatively positive 𝜃𝜃𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = −9.8°  and a positive 
γ = 11.49° for the second impact, resulting in the cutting deformation of the surface.  

 
Figure 15. Illustration of "forward and multiple impacts"  

Conclusions 

This paper proposes a modeling procedure to simulate angular-type particles 
impacting on ductile surfaces using SPH method. An arbitrary-shaped particle is 
modeled as a polygonal rigid body using measured corner vertices. Boundary points 
are generated along the outline surface of the rigid body, which helps to detect the 
contact and to enforce the contact condition. Through this modeling procedure, the 
shape features of the abrasive particles, such as shape factor, distribution of 
angularities, position of centre-of-mass, etc, can be retained. Simulations are 
conducted for several irregular-shaped particles over a wide range of initial 
orientations from −180° to 180°, at a constant impact angle (𝛼𝛼𝑖𝑖 = 30°) and impact 
velocity  (𝑉𝑉𝑖𝑖 = 100m/s). As observed by simulations, the probability of occurrence 
of cutting behavior increases as the shape factor increases. However, the type of 
erosion mechanism depends mainly on the three parameters at the moment of impact, 
which are the rake angle (𝜃𝜃rake), the angularity of the impacting vertex (𝐴𝐴), and 
offset-angle of centroid (𝛾𝛾). For a given shape of the particles, the three parameters 
are determined by the initial orientation of the particles. When the initial orientation 
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(𝜃𝜃𝑖𝑖) changes from −180° to 180°, the impact(s) of an irregular-shaped particle may 
cause either ploughing or cutting deformation. 
 
The application of the model on three-dimensional case is easy to be realized without 
too much additional efforts, which will be considered in the future work. 
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