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Abstract 
A non-local bond-based peridynamic method is employed to simulate the hydraulic fracture 
process since it involves propagation of massive cracks in a brittle solid where crack 
branching and interaction present. Traditional numerical methods (e.g. XFEM) developed 
specially for cracks are awkward to simulate hydraulic fracture process because of its huge 
amount of cracks. Instead, peridynamic as a recently developed theory of solid mechanics 
replaces the partial differential equations of the classical continuum theory with integral 
equations. Hence, its basic equations are valid everywhere, regardless of continuities. This 
prominent advantage enables peridynamic to simulate hydraulic fracture process. This paper 
applies the peridynamic method to simulate the hydraulic fracturing of shale, containing 
horizontal well fracking with multiple perforations and initial natural cracks. A new scheme 
of tracing crack path and applying hydraulic fracture pressure is proposed. And some 
preliminary 2D results are presented to illustrate the validity of the proposed method. The 
numerical results show that hydraulic fracture cracks can restrain each other when they get 
close. With different angles of initial natural cracks, the crack pattern presents big difference. 
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Introduction 

Shale gas as a new energy source receives increasingly attentions these years. British 
Petroleum expects the shale gas revolution that has already transformed the U.S. natural gas 
market to continue apace. However, shale gas exploration faces many severe problems 
because of the depth of shale format, lean ore, environment pollution, etc [1]. To increase 
output, a mainstream technique called hydraulic fracture was developed. Hydraulic fracture, 
also known as fracking, injects high-pressure fluid into rocks deep underground, inducing the 
release of fossil fuels. Hence, using modern computer to simulate hydraulic fracture and 
consequently giving guidance on practical engineering is especially important.  
 
Computational simulation is developed rapidly on account of its economic advantage. It's 
rather challenge to simulate problems involving massive cracks propagation, branching and 
interaction, such as hydraulic fracture process. Traditional numerical method such as finite 
element method, based on classical continuum mechanics which is the most popular adopted 
in commercial software, for example, has the assumption of continuity. This assumption, 
which contradicts the fact of physics, leads to the invalidation when it comes to discontinuity. 
Other numerical method such as extend finite element method specially developed for cracks 
also suffers severe problem dealing with massive cracks problem as fracking.  
 
In light of the inadequacies of local classical continuum mechanics theories, the peridynamic 
theory, which is nonlocal, was introduced by Silling [2] in an attempt to deal with the 



discontinuities. Basically, the peridynamics theory is a reformulation of the equation of 
motion in solid mechanics that is better suited for modeling bodies with discontinuities, such 
as cracks [3]. Consequently, peridynamic model is adopted in this paper to simulate hydraulic 
fracture, which many researchers have proved reliable [4]-[7].  
 
This paper is organized as follows: section 2 introduces the basic theory of peridynamic 
model. Hydraulic fracture process is briefly introduced as well. The numerical implement of 
hydraulic fracture is discussed in section 3, containing the hydraulic fracture pressure applied 
by crack path tracing scheme developed in this paper. In section 4, several numerical results 
are presented. And conclusion is given in section 5.  
 

Peridynamic model of hydraulic fracturing 

Peridynamic basic theory 

Peridynamic theory is a non-local theory which assumes that an arbitrary material point in a 
body interacts with other material points within its range, called horizon, as shown in Fig 1. It 
can be regarded as a continuum version of molecular dynamics. Each material point follows 
Newton's Second Law in the form of 

 ( )( ) ( )tdHttt
H

,'),,'(,),()( xbxxxuxufxux +−−= ∫ρ  (1) 

in which ρ  is the material density. ( )t,xu  is the displacement of point x . b  is the applied 
force in the form of body force. H  denotes the range of point x  can act on, named horizon. 
All others points in a certain material point's horizon together is called this material point's 
family. The interaction between two family points is defined as a bond. f  describes the 
internal force between each couple of material points, called pairwise force function. It has 
the dimension of force per volume squared.  
 

 
Figure 1.  Peridynamic theory 

 

 
Figure 2.  Relationship between relative position vector and relative displacement vector 

 



Pairwise force function can be derived from bond's micro-potential ω . In micro-elastic 
material, for example: 
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x'xξ −=  is the initial bond vector called relative position vector. u'uη −=  is the deformed 
bond vector called relative displacement vector as shown in Figure 2. In this paper, a PMB 
(prototype micro-elastic brittle) material [8] is considered, defined by 
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where ξ=ξ , η=η  are the magnitudes of the corresponding vectors. s  is the bond stretch 
which represents the elongation of bond defined as 
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ηξζ +==ζ  is the bond vector in the current reference configuration. ( )ξc  is a material 
parameter describes the stiffness of a single bond, called micro-modulus.  
 

 
Figure 3.  Peridynamic bond and micro-potential 

 
Additionally, the pairwise force function for PMB material is obtained by differentiating the 
micro-potential 

 csf == f  (5) 
By Equaling strain energy density in the classical theory and peridynamic theory this 
peridynamic material parameter can be associated with bulk modulus k  in classical theory. 
For linear elastic material, consider a large homogeneous body under isotropic extension 

 ξξη ∀= s  (6) 
Thus 

 ξη /ccsf ==  (7) 
It follows that 
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The strain energy density for peridynamic theory can be obtained by integrating the micro-
potential associated within a certain point's horizon 
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1/2 means that each bond's strain energy density is shared by two connected points. Therefore, 
strain energy density for peridynamic theory can be obtained. For example in 3D 
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where δ  is the radius of horizon. CMPD WW =  leads to  
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where E is the elastic modulus, ν  is the possion ratio [9]. In the bond-based peridynamic 
theory  
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Failure is introduced at bond level. A bond breaks when its elongation s  exceeds the critical 
relative elongation 0s  
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Once a bond is broken, it stays broken. That means bonds can't heal. And it makes the model 
historical dependent.  
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Figure 4.  Damage status 
 
Additionally, a quantity describing the damage status of a certain point is defined by 
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Simulation of hydraulic fracture via peridynamic 

The hydraulic fracture process is shown in Figure 5. Fracking fluid is injected after 
perforating on the wall of horizontal well. Horizontal well is the one of the most widely used 
technique in shale gas production process because of its long length in horizontal direction. 
The difficulty in simulating horizontal well fracking is obvious: it involves massive cracks. 
Thus peridynamic theory mentioned above is applied for simulation in this paper.  
 



Material parameters used are adopted from Nongan oil shale field in Jilin Province of China 
as listed in Table 1 below. Perforations are applied as initial cracks by cutting off all the 
bonds crossing the initial crack paths.  
 

Table 1. Shale parameter 

E(Gpa)            Density( 3kg/m )              Possion ratio                    0s  
 19.03 2400  1/3 0.00003  

 

 
Figure 5.  Schematic of hydraulic fracture process 

Numerical implementation 

Time integration 

Velocity-Verlet algorithm [10] is adopted here as time integration, which is an explicit 
method. The Velocity-Verlet algorithm is 
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where u , u  and u  are acceleration, velocity and displacement respectively.  
 



 
Figure 6.  Schematic of crack network caused by hydraulic fracture 

Hydraulic fracture pressure applied by crack path tracing scheme 

One of the most important features of hydraulic fracture is that hydraulic fracture pressure 
needs to be applied on both initial cracks and new born cracks, as shown as in Fig 6. Thus a 
new scheme is proposed in this paper to trace the hydraulic fracture crack paths in 
peridynamic model, and the corresponding normal directions can also be obtained. Cracks 
might be very chaotic when cracks branching, especially fragmentation occurred, as Fig 7. To 
find the effective material points on crack paths, points with damage at certain level are 
adopted in this paper:  

 50.035.0 << ϕ  (16) 
And the normal direction of a certain point on the crack path illustrated in Fig 8 is calculated 
by weighted average of its associated bonds' lengths 
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in which ip  is the coefficient of fitting polynomial. Consequently the corresponding direction 
of a certain point i  can be obtained by 
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where the subscript b  donate the bond's number associated with point i .  
 

 
Figure 7.  Schematic of several kinds of crack path 

 



 
Figure 8.  Determination of hydraulic fracture pressure direction 

 

Results 

In this section, longitudinal section of horizontal well is studied as shown in Figure 9. Half of 
the longitudinal section is omitted because of its symmetry. The domain is mm 2040 × , with 
perforations on the bottom wall of horizontal well. The hydraulic fracture pressure applied is 
shown in Figure 10 which is increasing over time. Time step is st 510−=∆ , perforation depth 
is ma 0.1= , and the mesh size is mx 1.0=∆ .  
 

 
Figure 9.  Schematic of longitudinal section of horizontal well 

 

 
Figure 10.  Fracking load 

 

Numerical results of different numbers of perforations 

The influence of perforations is studied here. One, two and three perforations on the wall of 
horizontal wells are set, as in Figure 11. The simulation results are shown in Figure 12. 
Cracks branching and secondary branching path occur. It proves that peridynamic model is 
convenient to deal with hydraulic fracture problem.  
 



 
Figure 11.  Schematic of horizontal well with different numbers of perforations  

 

 
Figure 12.  Different numbers of perforations fracking result 

 
Additionally, it illustrates that in the hydraulic fracture process cracks can be restrained by 
each other when distance between cracks reduces during propagation. Figure 13 shows the 
relationship between time step and crack paths length which is most concerned. The crack 
paths lengths are represented by the numbers of material points applied in hydraulic fracture 
pressure. An interesting phenomenon is that the single perforation crack paths length reaches 
the maximum at last and nearly the same order of magnitude as the others all the time. Thus it 
proves that simply addition of perforation number in a certain area can't increase the crack 
path length proportionally. It's not wise to set perforations too dense to get better fracking 
results.  
 

 
Figure 13.  Relationship between time and crack path length 

 



Numerical results of various angles of initial natural cracks 

Furthermore, cases of two perforations with different angle of initial natural cracks fracking 
are investigated to discuss the influence of initial natural cracks. The computational domain is 
same as above. Fracking pressure applied, mesh size, perforation depth, time step are same as 
the previous case, too.  
 

 
Figure 14.  Various angles of initial natural cracks fracking result 

 
The results are shown above in Figure 14. It reveals different angles of initial natural cracks 
influence the crack results remarkably. As shown in Figure 15 at mst 100=  °0  natural crack 
case reaches the maximum by 1496 crack path points, while case with °45  natural crack gets 
the minimum crack path points by 1000. Since the shale is lamellar structure full of natural 
cracks with certain angles, investigation of the geological structure would be particularly 
important.  
 

 
Figure 15.  Relationship between time and crack path length 

 



Conclusions 

Peridynamic is a powerful method to deal with the problem involving massive cracks. In this 
paper, hydraulic fracture process is simulated by peridynamic model we developed. With the 
crack path tracing scheme we developed, crack branching and coalescence are observed in the 
numerical results which prove it is convenient and suitable for hydraulic fracture problems. 
The results also revealed that hydraulic fracture perforation numbers at a certain area are 
closely associated with crack patterns. And perforations restrain the cracks propagation when 
they set close enough. That means increasing the number of perforation simply in a certain 
area can't guarantees the increasing of crack proportionally. Besides, initial natural cracks 
distances remarkably influence the fracking results. Therefore, investigation of geologic 
structure is significant meaningful for hydraulic process before engineering construction. 
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