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Abstract 

This paper presents a computational procedure for the determination of the stochastic material 
properties of defective graphene sheets. The lattice of graphene is modeled using the 
molecular structural mechanics approach, which is a continuum based nanoscale modeling 
technique, where the C-C covalent bonds are replaced by energetically equivalent beam 
elements. The statistical properties for each component of the elasticity matrix are obtained by 
performing Monte Carlo simulations on randomly generated finite element models of 
defective graphene sheets. Moreover, computational homogenization of graphene sheet 
reinforced composites is performed considering material and geometrical uncertainty. The 
results demonstrate the effect of combined uncertainty on the homogenized properties of the 
composite material.  

Keywords: Graphene, Vacancy defects, Microstructural uncertainty, Homogenization, 
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Introduction 

Graphene is an allotrope of carbon consisting of a single layer of carbon atoms arranged in an 
hexagonal lattice exhibiting superb mechanical and physical properties (approximately 
Young’s modulus 1 TPa, ultimate strength 130 GPa, thermal conductivity 3000 W.m-1.K-1, 
electric conductivity 2.5x105 cm2V-1s-1). These exceptional properties of graphene along with 
its high aspect ratio make it ideal reinforcement in composite materials. This is illustrated 
among others in Aluko et al. [1], where the elastic response of graphene nanoplatelet (GNP) 
reinforced composites was shown to increase with increased GNP volume fraction, 
dispersion, and strain rates. Bending and buckling analyses of functionally graded polymer 
composite plates reinforced with GNP conducted in Song et al. [25] have shown that an 
addition of a very small amount of GNPs into the polymer matrix can significantly reduce the 
bending deflections and increase the critical buckling load.  
 
In order to study the mechanical behavior of graphene reinforced polymers, the 
characterization of the mechanical properties of isolated graphene is important. For this 
purpose, a lot of experimental [4][11][18] and numerical [16][13][10][24] studies have been 
conducted. However, there are limited studies computing the mechanical properties of 
defective graphene lattices (e.g. [2][28][19][20]). A direct experimental evidence for the 
existence of defects (e.g. topological defects, vacancies and adatoms) in graphene layers has 
been provided by Hashimoto et al. [5]. 
 



In this paper, statistical properties for the components of the elasticity tensor of graphene 
lattices, which contain randomly dispersed single vacancy defects are computed first. Then, 
composites containing randomly dispersed graphene sheets to which homogenized stiffness 
properties have been assigned, are analyzed. The presented numerical results demonstrate the 
effect of combined material and geometrical uncertainty on the homogenized properties of 
graphene sheet reinforced composite materials. 

Computation of random material properties of graphene sheets 

Structure of graphene 

Graphene is an allotrope of carbon in the form of a two-dimensional, atomic-scale, hexagonal 
lattice in which one atom forms each vertex. Each atom has four bonds, one σ-bond with each 
of its three neighbors and one π-bond that is oriented out of plane. The distance LC-C between 
the carbon atoms is about 1.42 Å. Graphene's stability into a single layer of carbon atoms is 
due to its tightly packed carbon atoms and a sp2 orbital hybridization. The thickness of a 
monolayer graphene is about 0.34 nm, which corresponds to the interlayer spacing of graphite 
and the thickness of one carbon atom. 
 
Graphene is the basic structural element of other allotropes, including graphite and carbon 
nanotubes which can be formed via stacking and wrapping of the graphene's layers, 
respectively. Specifically, the helicity of a carbon nanotube is characterized by the roll-up 

vector hC


. This is called the chiral vector and it is defined as: 
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Figure 1. Graphene lattice structure and definition of chiral vector hC


. 

 



The molecular structural mechanics approach 

The molecular structural mechanics (MSM) approach is a continuum based nanoscale 
modeling technique developed by Li and Chou [12], which has attracted great attention 
because of its simplicity and effectiveness. In this framework, the potential energy produced 
by the C-C atomic interactions is equating to the sum of energies produced by the 
deformations of a beam element, which substitute the C-C chemical bond. Thus, the method 
results in a space frame model built by connected beam elements, which is equivalent to the 
atomistic model of the graphene's lattice. In principle, this approach provides a linkage 
between molecular mechanics and continuum structural mechanics by which geometry and 
material properties of the beam elements are obtained. 
 
In the context of molecular mechanics, graphene can be regarded as a molecular system 
consisting of carbon atoms. The lattice deformation under a specific load is governed by the 
atomic motions which are regulated by a force field. This force field, which is generated by 
electron-nucleus and nucleus-nucleus interactions, is usually expressed in the form of a steric 
potential energy. The general expression of this total steric potential energy is a sum of 
energies due to valence or bonded and non-bonded interactions as follows: 

    r vdW esU U U U U U U             (3) 

where Ur, Uθ, Uφ, Uω are the bond-stretching energy, the bond-angle variation energy, the 
dihedral-angle torsion energy and the inversion (out of plane torsion) energy, respectively. 
UvdW and Ues are associated with non-bonded van der Waals and electrostatic interactions, 
respectively, which are usually negligible and therefore are omitted. The corresponding 
interatomic interactions are schematically represented in Fig. 2. 
 

 
Figure 2. Interatomic interactions in molecular mechanics: a) stretching, b) bending, c) 

dihedral angle torsion, d) out of plane torsion and e) van der Waals. 
 

By adopting a quadratic potential force field to account for linear covalent C-C interactions 
and a circular beam element in the context of the finite element (FE) method, the following 
relationships between structural mechanics parameters and molecular mechanics force field 
constants are derived 
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Substituting the force field constant values kr=938 kcal.mole-1.Å-2=6.52 x10-7 N.nm-1, kθ=126 
kcal.mole-1.rad-2=8.76x10-10 N.nm.rad-2 and kτ=40 kcal.mole-1.rad-2=2.78x10-10 N.nm.rad-2, 
defined by Cornell et al. [3], the values of diameter d=0.147 nm, Young's modulus E=5.49 
TPa and shear modulus G=0.871 TPa of the beam elements are obtained.  
 



Random material properties of defective graphene sheets 

Various structural defects are generated during the production or chemical functionalization 
process of graphene sheets such as Stone-Wales (SW), single vacancy (SV) and double 
vacancy (DV) defects [5][14][26]. The most common types of defects are the vacancy defects 
which are characterized by the number of the absent atoms from the lattice of graphene. In 
this paper, we will examine graphene sheets containing only SV defects which are formed by 
removing one carbon atom and its three adjacent bonds from the lattice. 
 
The FE model of a defective graphene sheet is constructed using 2d Bernoulli beams with 
properties obtained from the MSM approach described in the previous section. The defects 
are uniformly distributed on the lattice. Each defect is treated as an individual scattering 
center (independently of the defect type or the number of atoms that forms it). The defect 
density is defined as Nd/Na×100 where Nd and Na are the number of defects and number of 
atoms in the pristine graphene, respectively. A FE model of a defective graphene sheet 
containing 3% randomly dispersed SV defects is shown in Fig. 3. 
 

 
Figure 3. FE model of a defective graphene sheet containing 3% randomly dispersed SV 

defects. 
 

The homogenized in-plane anisotropic stress-strain relation of the graphene material can be 
expressed by: 
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with [σ1 σ2 σ3]
T=[σxx σyy σxy]

T and [ε1 ε2 ε3]
T=[εxx εyy εxy]

T the stress and strain tensors 
respectively and C the homogenized anisotropic elasticity tensor. Notice that, due to 
symmetry, only six components Cij, with i, j=1,2,3 are needed to fully determine the 
homogenized elasticity matrix. In order to solve for these unknown parameters, three 
independent uniform strain (Dirichlet) boundary conditions are applied on a square graphene 
sheet of size 10×10 nm2, which are derived from the following set of strain deformation cases: 
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Substituting the first strain vector in Eq. (5), the components C11=σ1/ε1, C21=σ2/ε1 and 
C31=σ3/ε1 can be directly calculated, while the remaining unknown components of C are 
computed in a similar way by applying all other strain vectors of Eq. (6). The statistical 
properties for each component Cij of the elasticity matrix are obtained by performing 1000 
Monte Carlo simulations on randomly generated FE models of defective graphene sheets 
containing 3% randomly dispersed SV defects. The mean and standard deviation of the 
average axial stiffness (Cii/2, i=1, 2) are calculated as μ=910.73 GPa and σ=29.95 (COV=σ/μ 
≈3%), respectively and of the shear stiffness C33 as μ=413.63 GPa and σ=16.41 (COV≈4%), 
respectively. The histograms of Cii/2 and C33 are depicted in Fig. 4. 

 
 

 

 
Figure 4.  Histograms for average axial stiffness and shear stiffness of graphene sheet 
with 3% randomly dispersed SV defects obtained from 1000 Monte Carlo simulations. 

Determination of effective material properties for graphene sheet reinforced composites 

The computational procedure for the determination of effective material properties for 
graphene sheet reinforced composites is illustrated in Fig. 5. In the first step, 1000 Monte 
Carlo simulations are performed in order to compute the statistical properties for the 
components of the elasticity tensor of defective graphene lattices containing 3% randomly 
dispersed SV defects. The graphene lattices are analyzed using the MSM approach described 
previously. Then, homogenized graphene sheets with material properties considered as 



random variables are randomly dispersed into a polymer matrix. The resulting composites are 
analyzed using the extended finite element method (see Savvas et al. [23]) and homogenized 
mechanical properties are computed by performing Monte Carlo simulations as described in 
the next section. 

 
Figure 5. a) Graphene lattices with random vacancy defects, b) Homogenized graphene 

sheet derived from Monte Carlo simulation and homogenization, c) Graphene sheet 
reinforced composite material with random dispersion of inclusions. 

 

Computational homogenization 

The homogenization scheme adopted in this paper is based on the fundamental assumption of 
statistical homogeneity of the heterogeneous medium [6] which means that all statistical 
properties of the state variables are the same at any material point and thus a representative 
volume element (RVE) can be identified. It has been shown in the literature that the size of 
the RVE is related to a scale factor δ=lmeso/lmicro (under the condition lmicro<<lmeso with lmicro 
the length scale of the reinforcement (e.g. diameter, thickness, length) and lmeso the length 
scale of the examined volume element [17] [27][21][22]. Satisfaction of this condition leads 
to homogenized material properties independent of the type of the boundary conditions 
imposed on the model. Note also that the relation lmeso<< lmacro, with lmacro denoting the 
characteristic length over which the macroscopic loading varies in space, must always hold 
for complete separation of scales. In this case, the uniformity of microscopic stress and strain 
fields near the boundary surface ∂Ω of the mesoscale model Ω, required in the context of 
Hill's homogenization theory, is valid [8]. 
 
The Hill-Mandel homogeneity condition postulates that the strain energy computed on a 
material point of the macro-continuum medium has to be equal to that computed over the 
mesoscale volume element in an average sense: 

     1
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where V is the volume of the mesoscale volume element and the macroscopic stresses and 
strains are computed as: 
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Eq. (8) is valid provided that the following constraint is satisfied: 
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which is a priori satisfied by both kinematic uniform boundary conditions (KUBCs) and static 
uniform boundary conditions (SUBCs) as shown in Huet [9]. The constraint of Eq. (9) can be 
also satisfied by orthogonal uniform mixed boundary conditions (OUMBCs) [7] and periodic 
boundary conditions (PBCs) [15]. 
 
Miehe and Koch [15] proposed a computational procedure to define homogenized stresses 
and overall tangent moduli of microstructures undergoing small strains. They have shown that 
homogenized properties can be defined in terms of discrete forces and stiffness properties on 
the boundary of discretized microstructures. Using these deformation-driven algorithms, the 
homogenized elasticity tensor of a mesoscale model can be calculated by solving a kinematic 
uniform or a static uniform boundary value problem. 
 
Specifically, for the case of kinematic uniform boundary conditions, a prescribed uniform 
strain tensor  11 22 12,  ,  2      is applied on the boundary ∂Ω of a discretized mesoscale 

model Ω through displacements in the form: 
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where Db is a geometric matrix which depends on the coordinates of the boundary node b and 
is defined as: 
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Note that the stiffness matrix K of the extended finite element model of the graphene sheet 
reinforced composite can be rearranged into sub-matrices associated with interior nodes i and 
boundary nodes b. Thus the static problem is denoted by: 
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Then the homogenized elasticity tensor C(θ) can be calculated in terms of the condensed 

stiffness matrix 1
bb bb bi ii ibK K K K K   in the form: 
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where  1 2 MD  D DD   with M the total number of boundary nodes. Note that θ denotes the 

randomness of the computed homogenized elasticity tensor due to material uncertainty related 
to the random properties assigned to graphene sheets and to geometrical uncertainty related to 
the random dispersion of the inclusions (graphene sheets) within the composite material. 



Numerical results 

In this section, the two sources of microstructural uncertainty (material and geometrical) are 
considered simultaneously and their effect on the homogenized constitutive properties of the 
composite material is assessed. Note that the composites are assumed to be under plane stress 
conditions. The statistical properties of the homogenized material for the graphene sheets 
have been calculated in a previous section. The material of the matrix is considered isotropic 
and linearly elastic with Young’s modulus Em=1 GPa and Poisson’s ratio vm=0.3. Fig. 6 
illustrates the empirical distribution and the statistical convergence of mean and COV of the 
axial stiffness Cii/2 (i=1,2) of the graphene sheet reinforced composite material. Similar 
results are presented in Fig. 7 for the shear stiffness C33. Note that all composites are 
reinforced with 40% vf of graphene sheets with arbitrary shape (see Fig. 5). It is noted that the 
first two statistical moments of the average axial and shear stiffness of the above composites 
seem to converge sufficiently within 1000 Monte Carlo simulations. 
 
 
 

a)

b) c)  
Figure 6. a) Histogram of average axial stiffness Cii/2, b) Statistical convergence of 
mean(Cii/2) with respect to the number of Monte Carlo simulations, c) Statistical 

convergence of COV(Cii/2) with respect to the number of Monte Carlo simulations. 
 



a)

b) c)  
Figure 7. a) Histogram of shear stiffness C33, b) Statistical convergence of mean(C33) 
with respect to the number of Monte Carlo simulations, c) Statistical convergence of 

COV(C33) with respect to the number of Monte Carlo simulations. 

Conclusions 

In this paper, the effect of the two sources of microstructural uncertainty (material and 
geometrical) on the homogenized elastic properties of graphene sheet reinforced composites 
was assessed. The lattice of graphene was modeled using the molecular structural mechanics 
approach. The statistical properties for each component of the elasticity matrix were obtained 
by performing Monte Carlo simulations on randomly generated finite element models of 
defective graphene sheets. Subsequently, computational homogenization of graphene sheet 
reinforced composites was performed considering material and geometrical uncertainty. A 
magnification of uncertainty was observed, as the COV of the material properties of the 
composite was larger than the corresponding COV of the reinforcements, especially in the 
case of shear stiffness. 
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