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Abstract

The SPH based two-phase mixture model was improved by taking the soil porosity into account.
The soil porosity was treated as a spatial variable but not a constant. A servo-control method
was developed to model the stress boundary condition based on the frictional sliding contact
algorithm. Then a 2-D consolidation numerical analysis was conducted to validate the ability
of the SPH based two-phase model to predict the pore water pressure. Comparison with
previous research proved that the SPH based two-phase mixture could capture the pore water
pressure satisfactorily. In addition, the servo-control method could model the stress boundary
condition well.
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1. Introduction

The well-known Biot-Zienkiewicz consolidation theory has been widely applied to
consolidation and seepage problems in geotechnical engineering field [1]. Generally speaking,
the Biot-Zienkiewicz theory focus on the soil deformation or the stationary state. The
acceleration of the fluid phase is ignored and the soil-water interaction is taken into account
implicitly. Few attention was paid to the flow process or the interaction between pure water
region and the mixture. Therefore, the Biot-Zienkiewicz theory was rarely reported on studying
the fast flows through high permeable porous media such as piping and scouring. By contrast,
the two-phase mixture theory [2], in which soil and water are assumed to occupy part of the
macroscopic mixture, is suitable for dealing with these problems. In the two-phase mixture
theory, the soil and water satisfy their own governing equations and the interaction force is
composed of pore water pressure and viscous drag force. Hence, not only the soil-water
interaction within the mixture but also the interaction between the pure fluid region and the
mixture could be investigated. Detailed theoretically comparison between the mixture theory
and the Biot-Zienkiewicz theory could be found in Coussy [3].

Although extremely large soil deformation has been encountered when solving the
abovementioned problems, smoothed particle dynamics (SPH) has been utilized to avoid the
mesh distortion [4]. Recently, an amount of numerical studies has been reported on problems
involving fast flow through porous media [5] and large soil deformation using SPH. Typical
examples include saturated soil excavation by water jet [6, 7] and liquefaction problems [8-10].
However, the applicability of the SPH based two-phase mixture model has not been sufficiently
validated. The most troublesome one is the ability to predict the pore water pressure. Different
from the Biot-Zienkiewicz theory, in the two-phase mixture theory, the conservation equations
of fluid phase are solved separately but not combined to the soil phase. The pore water pressure
is in fact calculated through density variation. In this study, the ability of the SPH based two-
phase mixture to capture the pore water pressure is validated through a classical 2-D



consolidation problem. In addition, the original SPH mixture model was improved by
considering the effect of the porosity. Besides, a servo-control algorithm has been developed to
model the stress boundary condition. It is proved that the SPH based two-phase model could
also predict the pore water pressure satisfactorily and the servo-control method could model the
stress boundary condition well.

2. SPH background

In SPH, the computation domain is discretized by a finite number of particles, which carry field
variables and material properties [11-13]. All the field variables and functions are interpolated
on the particles and governing equations could be solved. The final particle approximation form
of function and its derivative are given by
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where i and J denote particles; N is the total number of neighbor particles; M is mass
and P is the density; M;/p; actually gives the finite volume AV; that originates in the
infinitesimal volume dx’'. W is the kernel or smoothing function; h is the smoothing length
defining the influence domain of W . Of the several proposed kernels, we apply here the
Wendland type [14] for its accuracy and efficiency,
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where «, is the normalizing factor, «, =7/4zh* for 2-D problems; d is relative distance,
q=|x-x]|/h.

3. Governing equations and SPH formulations

The two-phase mixture theory is based on the assumption that each constitute occupies part of
the macroscopic mixture [2]. The mass conservations are given in the following Lagrangian
forms
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where n s the soil porosity; 2 is the particle density of soil and 2; is the intrinsic density
of the water; o, and p: are the apparent density of soil and water, respectively; v, and V;
are the spatially averaged velocity of soil and water, respectively. Assuming that the particle
density of soil keeps unchanged, the governing equation for the soil porosity could be obtained
by
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It could be seen from equation (6) that the soil porosity was treated as a spatial and temporal
field variable but not a constant. Hence, the effect of soil porosity on the mixture behavior could



be considered. In contrast, the soil porosity was either neglected or treated as a constant in
previous studies, which was not in accord with the reality.
The conservation equation of momentum are given as
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where ¢ isthe total stress tensor decomposed based on the Terzaghi’s concept of effect stress.
¢’ s the effective stress relating to the strain rate in the constitutive model for soil. p, and

£, are the pore water pressure and shear stress of water, respectively. g is the gravity

acceleration. f, is the viscous drag force calculated by Darcy’s law. k is the hydraulic
conductivity.

By applying the particle approximation formulation, equation (5)-(9) could be rewritten in the
following SPH form,
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where i, j denote soil particles and a,b denote water particles. v, =v,-v,, v, =v,-v,.

The second term on the right side of equation (12) is added to avoid density fluctuation and to
obtain accurate pore water pressure, which is based on the &§-SPH method [15].
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and I1, are Monaghan-type artificial viscosity [16] used to remove unphysical penetration,
defined as
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1, could be obtained by simply replace i,j with a,b.a, and g, are respectively set to
0.1 and 1.0 for soil, while for water take values of 0.01 and 1.0.

In this research, serious tensile instability was observed in low permeable soil. The artificial
pressure method proposed by Monaghan [17] has been adopted throughout this study, i.e. the
Wab
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initial particle spacing, 4 is usually taken as W (0,h)/W (Ad,h). For Wendland kernel, n has

term fg(R,+R,). f, istherepulsivetermand specified by f, = . Ad denotes the

the value about 3.24 with h equalsto 1.2Ad . The factor R, and R, are determined in terms

of pressure,
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where ¢ is a small constant and typically taken as 0.2; R, is calculated analogously.

To close the above equations, constitutive models are needed to determine o', p,, #,.In

order to keep consistent with the results to be compared in Boer et al. [18] and Breuer [19] , an
elastic constitutive relationship is adopted. The water is considered as weakly compressible
Newtonian fluid. The final SPH discretized constitutive model for soil and water are given as
follows.
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where « and B denote the Cartesian components x, y,or z. & isthe Kronecker delta

symbol. G is the shear modulus and Kk is the bulk modulus, respectively given by
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deviatoric strain rate tensor, ¢ =&“ -1g75%. B isa problem dependent parameter that sets




a limit to maximum density variation. y is a constant normally setto 7. p,, is the reference
intrinsic density of water. x is the dynamic viscosity of water.

4. Boundary contact and servo-control method

Boundary deficiency is an inherent drawback of SPH. For particles moving near or on the
boundary, the support domain is incomplete and the calculated acceleration is not accurate.
Several attempts have been tried in previous studies. The boundaries of rigid have been modeled
using a) ghost particles, b) fluid particles, ¢) normalizing conditions, d) boundary particle force
and e) particle-to-particle or particle-to-surface contact based on momentum equations [13] .
Regrettably, the above methods can only be applied to completely smooth or rough boundary
conditions. Here we adopt the frictional sliding contact algorithm proposed by Wang et al [20,
21] to simulate the contact between the mixture and boundary. The final form of the contact
force is given by
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where F,, F. are the normal, tangent component of the contact force, respectively. ¢
defines the extent of penetration allowed and was taken as 0.01-0.1. ¢ is the frictional
coefficient. G is the vector from the particle to its perpendicular foot on the boundary. N is
the outward normal vector of the contact surface.

Different from the single phase or quasi-single phase theory, stress boundary condition can not
be applied to the mixture. It is because that the portion of the external load carried by each
phase is uncertain. As shown in Fig.1, a novel method base on the above contact algorithm is
developed here to simulate the stress boundary.

rigid boundary

\ -7 \\\\‘
A ¥ i - -
" soil particle
o \t\ ,’)

water particle

~

Q k\\,/
Fig.1 Schematic diagram of servo-control method

The rigid boundary is assigned velocity along the outward normal vector through
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Z(Z m o+ ma)



A A= (30)

where o, is the target stress, o, is the measured contact stress in the present time step; ™,
and m, represent the mass of soil and water, respectively. N, and N; are respectively the
total number of soil and water particles contacting with the rigid. A is the contact area. o is
a scaling factor used to weaken the oscillation, taken as 0.01. F and F. are calculated
through equation (26).

5. 2-D consolidation modelling and analysis

A 2-D consolidation problem was simulated to validate the two-phase mixture SPH model and
the servo-control algorithm. Boer et al. [ 18] and Breuer [19] studied the same problem by FEM.
The parameters used here were taken the same for comparison. The geometry of the model is
shown in Fig.2. The soil-water mixture was 20.0 m long and 10.0 m wide, with 15KPa
uniformly distributed load at the top. The left, right and the bottom were fixed and undrained,
whereas the top was drained. The soil parameters are: 4, =5583KPa | u =8375KPa |
P, =2000kg/m* | n=033, v=02, k=00lms. The water parameters are: A; =1000 kg/m’
c, =97.5m/s
g=15KPa
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Fig.2 Geometry of the 2-D consolidation model

The initial SPH model is shown in Fig.3. Totally 800 particles were used with initial resolution
Ad =0.5m. The left, right and bottom were all modeled as non-slip using ghost particles. The
velocity of the rigid boundary at the top was assigned velocity through equation (29) to model
the stress boundary condition. Soil and water particles were initially superimposed and then
moved separately according to their own governing equations.

Fig.3 Initial SPH model of the 2-D consolidation problem



The evaluation of the excess pore water pressure at different intervals of time is shown in Fig.4.
FEM results by Breuer [19] are also included for comparison (on the left, in KPa). It is shown
that the excess pore water pressure predicted by SPH corresponds to FEM results well. In the
beginning, i.e.t = 0.01 s, the excess pore water pressure increased to around 14000 Pa quickly.
The reason is that the deformation of soil lagged behind the water. Accordingly, the whole
external load was mainly carried by the water. With the passage of time, the pore water flew
out of the void and the soil skeleton carried more and more external load. As the result, the
excess pore water pressure decreased gradually. After 10 s the excess pore water pressure was
about zero.

It was proved that the excess pore water pressure could be captured satisfactorily by means of
the proposed method. Besides, the servo-control algorithm method could be used to simulate
the stress boundary condition.
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Fig 4 Comparison of excess pore water pressure between FEM (left: in KPa) and SPH
(right: in Pa) at different intervals of time

6. Conclusions

The SPH based two-phase mixture model has been recently applied to geotechnical problems
involving fast flow through porous media and large soil deformation. However, the
applicability of the SPH based two-phase mixture model to the evaluation of pore water
pressure has not been validated.

In this study, the SPH based two-phase mixture model was first improved by taking the soil
porosity into account. The soil porosity was treated as a spatial variable but not a constant and
was interpolated and integrated at all particles. Soil and water particles were superimposed and
then moved separately according to their own governing equations. The interaction force of the
two phases was composed of pore water pressure and viscous drag force. Tensile instability
was properly handled by using the Monaghan’s artificial pressure method. Then a servo-control
method was proposed based on the frictional sliding contact algorithm in order to model the
stress boundary condition. Finally, a 2-D consolidation numerical test was conducted and



compared to previous research. It was proved that the SPH based two-phase mixture model
could satisfactorily predict the pore water pressure. Besides, the servo-control method could
model the stress boundary condition well.
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